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Overarching themes 


e@ Overarching themes 


The following three overarching themes have been fully integrated throughout the Pearson Edexcel 
AS and A level Mathematics series, so they can be applied alongside your learning and practice. 

1. Mathematical argument, language and proof 

¢ Rigorous and consistent approach throughout 

* Notation boxes explain key mathematical language and symbols 

¢ Dedicated sections on mathematical proof explain key principles and strategies 

* Opportunities to critique arguments and justify methods 


2. Mathematical problem solving The Mathematical Problem-solving cycle 
¢ Hundreds of problem-solving questions, fully integrated cr specify the problem 

into the main exercises ‘} 
* Problem-solving boxes provide tips and strategies interpret results ssliaee orange 
¢ Structured and unstructured questions to build confidence 
* Challenge boxes provide extra stretch lt process and 


‘ f represent information 
3. Mathematical modelling 


* Dedicated modelling sections in relevant topics provide plenty of practice where you need it 
« Examples and exercises include qualitative questions that allow you to interpret answers in the 
context of the model 


* Dedicated chapter in Statistics & Mechanics Year 1/AS explains the principles of modelling in 
mechanics 


Finding your way around the book Access an online 
digital edition using 
the code at the 

Complex numbers 1 front of the book. 


Each chapter starts with Qe epost 


1 Sites eee chromate <7 


a list of objectives pained 


The real world applications 
of the maths you are about 
——— to learn are highlighted at 
the start of the chapter with 
links to relevant questions in 
the chapter 


The Prior knowledge check 
helps make sure you are 
ready to start the chapter 
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Overarching themes 
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examples focus on _ 
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Problem-solving boxes 
provide hints, tips and 
strategies, and Watch 
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areas where students 
often lose marks in their 
exams 
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Exercise questions are 
carefully graded so they 
increase in difficulty and 
gradually bring you up 
to exam standard * Seeder ain 04; yea malcom om 


wee 


48 yates 
weeesed 


ear eres qe ttang 


joeeceeee inpeet ee 
Exam-style questions = 
ESHA ND © Exercises are Challenge boxes Each section Each chapter 
Problem-solving packed with exam- give youachance _ begins with ends with a Mixed 
questions are flagged _ style questions to tackle some explanation and _ exercise anda 
with ® to ensure you more difficult key learning Summary of key 
are ready for the questions points points 
exams 
Every few chapters a Review exercise 
helps you consolidate your learning 
with lots of exam-style questions Exam-style practice 
Ae ace tathematics 
Paper 1: Cc 
et afilrstonly Pure Mathematics 


a Statistical Tabs, Caeator 


Review exercise 2 


anys aes 


A full AS level practice paper at 
the back of the book helps you 
or. prepare for the real thing. 


Extra online content 


e Extra online content 


Whenever you see an Online box, it means that there is extra online content available to support you. 


SolutionBank 


every question in the book. 
t Online ) Full worked solutions are bs 
available in SolutionBank. 


Download all the solutions as a PDF or 
quickly find the solution you need online 


SolutionBank provides a full worked solution for 


Use of technology 


Explore topics in more detail, visualise 
problems and consolidate your understanding 
using pre-made GeoGebra activities. 


GeeGebra 


GeoGebra-powered interactives 


using GeoGebra's easy-to-use tools 


Interact with the maths you are learning 


t online ) Find the point of intersection © 


graphically using technology. 


yor anya 


enktone Go) 61,8) 


Access all the extra online content for free at: 


www.pearsonschools.co.uk/cp1imaths 


You can also access the extra online content by scanning this QR code: 
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After completing this chapter you should be able to: 


e@ Understand and use the definitions of imaginary and complex 


numbers 
Add and subtract complex numbers 


Multiply complex numbers 


Divide complex numbers. 


Complex numbers contain a real and an 
imaginary part. Engineers and physicists 
often describe quantities with two 
components using a single complex 
number. This allows them to model 
complicated situations such as air flow 
over a cyclist. 


Understand the definition of a complex conjugate 


3THSEC 


~ page2 
> pages 2-3 
~ pages 5-6 
~ pages 6-8 


~ pages 7-8 


Solve quadratic equations that have complex roots > pages 8-10 


Solve cubic or quartic equations that have complex roots 
~ pages 10-14 


Simplify each of the following: 
a y50 b 108 c 180 


« Pure Year 1, Chapter 1 


In each case, determine the number of 
distinct real roots of the equation f(x) = 0. 


a f(x) =3x2+8x+10 


b f(x) =2x?-9x+7 
¢ f(x) =4x2+12x+9 
€ Pure Year 1, Chapter 2 


Find the solutions of x? —- 8x + 6 =0, 
giving your answers in the form a + Vb 
where a and b are integers. 

€ Pure Year 1, Chapter 2 
Write 7 u Z in the form p + qv3 

=) 

where p and q are rational numbers. 

€ Pure Year 1, Chapter 1 


Chapter 1 


(1.1) Imaginary and complex numbers 


The quadratic equation ax? + bx + c =0 has 


. : t Links ) For the equation ax* + bx + c= 0, the 
solutions given by 


discriminant is b* — 4ac. 


_ b+ Vb? - 4ac + If b? — 4ac > 0, there are two distinct real roots. 
a 2a * If b? — 4ac = 0, there are two equal real roots. 
If the expression under the square root is negative,  * !f4*~4ac<0, there are no real roots. 
there are no real solutions. ‘+ Pure Year 1, Section(2.5 


You can find solutions to the equation in all cases by extending the number system to include V—1. 
Since there is no real number that squares to produce —1, the number y=1 is called an imaginary 
number, and is represented using the letter i. Sums of real and imaginary numbers, for example 

3 + 2i, are known as complex numbers. 


a j=y-1 { Notation } The set of all complex numbers is 


= An imaginary number is a number of the written as C. 
form bi, where b € R. For the complex number z = a + bi: 


* Re(z) =ais the real part 


= Acomplex number is written in the * Im(2) = Is the Imaginary part 


form a + bi, where a,b € R. 


Example 


Write each of the following in terms of i. 
a \-36 b /-28 


a vV-36 = 36 x (-1) = V3GvV-1 = Gi 
. 7 An alternative way of writing (2V7)i 
b V-28 = 26 x (-1 is 2iv7. Avoid writing 2V7i as this can easily be 


(2v7)i confused with 2V7i. 


(28 /- 
=V4V7V=1 


In a complex number, the real part and the imaginary part cannot be combined to form a single term. 


= Complex numbers can be added or subtracted by adding or subtracting their real parts and 
adding or subtracting their imaginary parts. 


= You can multiply a real number by a complex number by multiplying out the brackets in the 
usual way. 


Example 


Simplify each of the following, giving your answers in the form a + bi, where a, b € R. 


a (2+5i) +(7+3i) b (2-Si) -(5-1li) ¢ 2(5-8i) a raed 
=9+ 6i 


b (2 - Si) — (5 - 11i) = (2 — 5) + (-5 -(-11))i 
=-3+6i 
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Complex numbers 


d 10+6i _ 10 


6. : 


Do not use your calculator in this exercise. 
1 Write each of the following in the form bi where b is a real number. 


a v-9 b y-49 ¢ v-121 d y-10000 e V-225 
f v5 g v-12 h V-45 i v-200 j v-147 


2 Simplify, giving your answers in the form a + bi, where a,b € R. 


a (5 +2i) + (8 +9i) 

© (7+ 6i) + (-3- Si) 

e (20+ 12i) - (11 + 3i) 

g (-4-6i) -(-8 - 8i) 

i (-2-7i) + (1 + 3i) -(-12 +) 


b (4+ 10i) + (1 — 8i) 

d ($+4i) + ($+3i) 

f (2-i)-(-5 +3i) 

h (v2 +i) - (v2 -i) 

j (18 +5i) - (15-21) -G +71) 


3 Simplify, giving your answers in the form a + bi, where a, b E R. 


a 2(7 + 2i) b 3(8 -4i) 
¢ 2(3 +i) + 3(2+i) d 5(4 + 3i) — 4(-1 + 2i) 
o 6-41 f 15 + 25i 
2 5 
9+1hi p 8t3i_ 7-2i 
3 4 2 
® 4 Write in the form a + bi, where a and 4 are simplified surds. 
“ 4-2i b 2-61 
v2 143 


5 Given that z = 7 - 6i and w = 7 + 6i, find, 
in the form a + bi, where a, b € R: 


az-w 


® 6 Given that 2, = a+ 9i, 2) =—-3 + bi and 2) — 2, = 7 + 2i, find a and b where a, bE R. 


Complex numbers are often 


represented by the letter z or the letter w. 
bwt+z 


(2 marks) 


® 7 Given that z; = 4+ iand z, =7 — 3i, find, in the form a + bi, where a, b € R: 


b 4:2, 


a 24-2) 


e@ 22, +52) 


® 8 Given that z = a+ biand w =a — bi, a, b E R, show that: 


a z+wisalways real 


b z-vwis always imaginary 


You can use complex numbers to find solutions to any quadratic equation with real coefficients. 
= If b? - 4ac < 0 then the quadratic equation ax? + bx + c = 0 has two distinct complex roots, 


neither of which are real. 
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Chapter 1 


Solve the equation 2? + 9 =0. 


Solve the equation 2? + 6z + 25 = 0. 


| Method 1 (Completing the square) 
| 22+ 67+ 25 =(2+3)?-9+25=(2+3) +16 
|(@+3)+16=0 
(¢+3)? =-16 
2+3=4V-16 = +41 


erence 
a 
VB eR VE T= 8 


Method 2 (Quadratic formula) 


-6 + 67-4 x1x 25 
2 

_ 6 + V-64 
os ius 


ES 8.3 2 ai 
-34+4, 2=-3-4i 


Exe 


Do not use your calculator in this exercise. 

1 Solve each of the following equations. Write your answers in the form +bi. 
a 2?+121=0 b 27+40=0 ¢ 227+ 120=0 
d 322+ 150 = 38 -z? e 22430 =-3z?- 66 f 622+ 1=22? 


2 Solve each of the following equations. 
Write your answers in the form a + bi. ‘The left-hand side of each equation is 
a (7=3)2 =9'=-16 in completed square form already. Use inverse 
b 2-72 430=6 operations to find the values of z. 


e 162+1)?+11=2 
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Complex numbers 


3 Solve each of the following equations. Write your answers in the form a + bi. 
a 2+27+5=0 b 2-27+10=0 ¢ 2 4+42+29=0 
d 2+410z+26=0 e 24524+25=0 f 24+3z+5=0 


4 Solve each of the following equations. Write your answers in the form a + bi. 
a 227+5z2+4=0 b 72° -324+3=0 e 522°-z+3=0 


5 The solutions to the quadratic equation z? — 8z + 21 = 0 are z, and 25. 
Find z, and z,, giving each in the form a + ivb. 


6 The equation z* + bz + 11 = 0, where b € R, has distinct non-real complex roots. 
Find the range of possible values of b. (3 marks) 


® Multiplying complex numbers 


You can multiply complex numbers using the same technique that you use for multiplying brackets in 
algebra. You can use the fact that i = /—1 to simplify powers of i. 


a ?=-1 


Express each of the following in the form a + bi, where a and b are real numbers. 
a (2+ 3i)(4 + Si) b (7-4i) 


a (2 + 3i)(4 + 5i) = 2(4 + 5i) + 3i(4 + 5i) 
= 6 + 10) + 121 + 151? 
=6+10i+ 121-15 
= (6 — 15) + (10) + 12i) 
=-7 + 22) 


b (7 - 41)? =(7 - 4i(7 - 4i) 
= 7(7 - 4i) - 4i(7 - 41) 
| = 49 - 26) - 28) + 16i° 


= 49 - 281 - 281-16 


= (49 — 16) + (-26i — 28i) 
| = 33 - 56) 


Simplify: a i b it e (218 


a Pairs 


|b it#sixixix = (-1) x (-1) =1 
e (21° = 2i x 2i x 2i x 2i x 2i 


i 
= 32(i xi xi xix i) =32(2x i2x i) 
= 32 x (-1) x (-1) x i = 321 


u 
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Chapter 1 


Exercise 


! 


Do not use your calculator in this exercise. 
1 Simplify each of the following, giving your answers in the form a + bi. 


a (5+ i)(3 + 4i) b (6 + 3i)(7 + 2i) ¢ (5 —2i)(1 + Si) 

d (13 - 3i)(2 - 8i) e (-3-i)(4 + 7i) f (8 + Si? 

g (2-9iP h (1+i2 +3 +i) EBD For part h, begin by multiplying the 
i (3 —2i)(5 + i)(4 — 2i) j (243i) first pair of brackets. 


® 2 a Simplify (4 + 5i)(4 — Si), giving your answer in the form a + bi. 
b Simplify (7 - 2i)(7 + 2i), giving your answer in the form a + bi. 
¢ Comment on your answers to parts a and b. 
d_ Prove that (a + bi)(a — bi) is a real number for any real numbers a and b. 
® 3 Given that (a + 3i)(1 + bi) = 25 — 39i, find two possible pairs of values for a and b. 
4 Write each of the following in its simplest form. 
a ié b (3i)* e +i d (4i)> - 418 


® 5 Express (1 + i)® in the form a — bi, where a and / are integers to be found. 


6 Find the value of the real part of (3 — 2i)*. 
® 7 f(z) =222-2+8 You can use the binomial theorem to 
Find: a f(2i) b £(3 -6i) expand (a + 5)". @ Pure Year 1, Section 8.3 
8 f(2)=22- 22417 
Show that z = 1 — 4i is a solution to f(z) = 0. (2 marks) 


9 a Given that i! =i and i? = -1, write i? and i* in their simplest forms. 
b Write i>, i°, i? and i® in their simplest forms. 


¢ Write down the value of: 
Si | ce | Oe a 


Chall 
{ Notation } The principal square root of 


a Expand (a + bi)*. a complex number, vz, has a positive real 
b Hence, or otherwise, find V40 — 42i, giving your answer in part. 
the form a — bi, where a and b are positive integers. 


® Complex conjugation 


= For any complex number z= a + bi, the CED together = and =* are called 
complex conjugate of the number is a complex conjugate pair. 
defined as z* =a — bi. - 


Given that z = 2 - 7i, 
a write down z* b find the value of z + z* ¢ find the value of zz* 
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Complex numbers 


b z4+2* = (2 -7i) + (2 + 7i) 
S242) HEF ATS { Note } Notice that z + 2*is real. 
ce z2* = (2 - 7il(2 + 7i) 
= 44 141 - 141 - 4972 
=44+49=53 | { Note } Notice that zz* is real. 


For any complex number z, the product of z and 


z* is a real number. You can use this property t Links } TioaeaNslues: kncivibacammlla 
to divide two complex numbers. To do this, pur Gers Ig sirailar to the mathiod used'ta 


a multiply pemitne numerator. and the rationalise a denominator when simplifying surds. 
denominator by the complex conjugate of the epureVesr ii sedion Le 


denominator and then simplify the result. 
Example 


5+4i * 
730 the form a + bi. 


5+4i _5+4i 243i 
2-3) 2-3) 2+3i 
_ (5 + 4i)l2 + 3i) 


(2 - 3i2 + 3i) 
| +4xe+a=se+20+<2+2 | | ieienetlesiale saben 


= 10 + 151 + 8) + 12/7 


= -2 + 23 
(2 = 3i(2 + 3i) = 2(2 + 3i) - 3i(2 + 3i) 
=44+6i-Gi-9i2=13 


+ 
= 


Write 


S44i_-2423i_ 2 | 23, 
ae © ee a 


Exercise 


Do not use your calculator in this exercise. 


1 Write down the complex conjugate z* for: 


a z=8+2i b z=6-5Si ce 2=3-H d z=V5+iv10 
2 Find z + z* and zz* for: 
a 2=6-3i b z=10+5i ¢ 2=34+4i d 2=V5-3iV5 
3 Write each of the following in the form a + bi. 
3-5i b 3+5i 28 - 31 a 2ti 
2 143i 6-8: eli 144i 


=~ 
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Chapter 1 


(/P) 11 
@ wv 
® 133 


ip) 14 


. (3 -4i)? 2 
Write Ti the form x + iy where x,y ER. 


Given that z; = 1 + i, z) = 2 +iand z; =3 +i, write each of the following in the form a + bi. 
(2) Pes + 523 


Zy 22 


3 
Given that 2 + 


S28 + aa giving your answer in the form a + bi. 


ze 2 -i, find z in the form a + bi. (2 marks) 


Simplify 


w= 


-i 
Express w in the form a + bi V2, where a and b are rational numbers. 
w=1-9i 
Express as in the form a + bi, where a and b are rational numbers. 
z=4-iv2 
Use algebra to express itt in the form p + giv2, where p and g are rational numbers. 

The complex number = satisfies the equation (4 + 2i)(z — 2i) = 6 - 4i. 
Find z, giving your answer in the form a + bi where a and are rational numbers. (4 marks) 


The = numbers 2, and z, are given by z, = p — 7i and z) = 2 + 5i where p is an integer. 


Find > sin the form a + bi where a and + are rational, and are given in terms of p. (4 marks) 


z= Bs 5 + 4i. z* is the complex conjugate of 2. 


Show that = = a + biv5, where a and b are rational numbers to be found. (4 marks) 
7 +5i 

The complex number z is adele! by z= p pon? ER, p>o. 

Given that the real part of z is 5. 5, 

a find the value of p (4 marks) 

b write z in the form a + bi, where a and b are real. (1 mark) 


1.4 ) Roots of quadratic equations 


An 


For real numbers a, 4 and c, if the roots of the quadratic equation az? + bz + c=Oare 
non-real complex numbers, then they occur as a conjugate pair. 


other way of stating this is that for a real-valued quadratic function f(z), if z, is a root of f(z) =0 


then z,* is also a root. You can use this fact to find one root if you know the other, or to find the 


ori 


ginal equation. 


If the roots of a quadratic equation are . 

a and (3, then you can write the equation aC Roots of complex-valued polynomials 

as (z- a)(z- 8) =0 are often written using Greek letters such as 
pha), ta) and mma). 

ee er ee (alpha), 3 (beta) and + (gamma) 
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Complex numbers 


Example 


Given that a = 7 + 2iis one of the roots of a quadratic equation with real coefficients, 
a state the value of the other root, 3 

b find the quadratic equation 

¢ find the values of a + 3 and af and interpret the results. 


a BP=7-2i 
b (2 - az - 8) =O 
(2 - (7 + 2i)(z - (7 - 2i)) =O 

2? — 2(7 - 2i) — 2(7 + 2i) + (7 + 2i(7 - 2) =O 
2-72 + 2iz - 2i7+ 49 - 141+ 141-477 =0 
2? -142+49+4=0 

22 -142+53=0 


¢ a+ f=(7 + 2i) + (7 - 2i) 


=(7 +7) + (2 + (-2))i =14 Problem-solving 


The coefficient of z in the above equation is ~(a + 8). Fann ccieroudlesmmnerestite 
af = (7 + 2i7 - 2i) = 49 - 141 + 141 - 472 : 


ztz*=2a 
SADR 4 = 5S) _ ey Sain 
The constant term in the above equation is a3. 
You can use these to find the quadratic 
equation quickly. 


Exercise 


1 The roots of the quadratic equation =? + 2z + 26 = 0 are a and (3. 


Find: a aand bat+s ec af 
2 The roots of the quadratic equation z? — 82 + 25 = 0 are a and 3. 
Find: a aand’ ba+3 e af 
® 3 Given that 2 + 3i is one of the roots of a quadratic equation with real coefficients, 
a write down the other root of the equation (1 mark) 
b find the quadratic equation, giving your answer in the form z? + bz +c =0 
where d and ¢ are real constants. (3 marks) 


® 4 Given that 5 -i is a root of the equation z? + pz + q = 0, where p and g are real constants, 


a write down the other root of the equation (1 mark) 
b find the value of p and the value of g. (3 marks) 


(E/P) 5 Given that z, = —5 + 4i is one of the roots of the quadratic equation 


z?+ bz +c =0, where b and c are real constants, find the values of b and c. (4 marks) 


6 Given that 1 + 2i is one of the roots of a quadratic equation with real coefficients, 


find the equation giving your answer in the form z* + bz + c = 0 where b and c 
are integers to be found. (4 marks) 


ir) 
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7 Given that 3 — Si is one of the roots of a quadratic equation with real coefficients, 
find the equation giving your answer in the form 2? + bz + c = 0 where b and c 


are real constants. (4 marks) 
5 
8 255; 
a Find z in the form a + bi, where a and b are real constants. (1 mark) 


Given that z is a complex root of the quadratic equation x? + px + q = 0, where p and q 
are real integers, 
b find the value of p and the value of q. (4 marks) 


9 Given that z = 5 + qi is a root of the equation z* — 4pz + 34 = 0, where p and q are positive 
real constants, find the value of p and the value of g. (4 marks) 


@® Solving cubic and quartic equations 


You can generalise the rule for the roots of quadratic equations to any polynomial with real coefficients. 


= If f(z) is a polynomial with real 
coefficients, and z, is a root of f(z) = 0, { Note } If z, is real, then 2y* = 2). 
then z,* is also a root of f(z) = 0. 


You can use this property to find roots of cubic and quartic equations with real coefficients. 
= An equation of the form az? + bz? + cz + d= Ois called a cubic equation, and has three roots. 


= For a cubic equation with real coefficients, either: AreatWalledcuble 
+ allthree roots are real, or equation might have two, or three, 
* one root is real and the other two roots form a repeated real roots. 


complex conjugate pair. 


Example 


Given that -1 is a root of the equation 23 - =? + 32 +k =0, 
a find the value of k b find the other two roots of the equation. 


a If -1 is a root, 
(-1)3 = (-1)? + 3(-1) +k =0 


-1-1-3+k=0 
k=5 
b -lisa root of ie equation, soz+1lisa Problem-solving 
factor of z° — 2° + 3z +4 5. 


Use the factor theorem to help: if f(a) = 0, then 
avis a root of the polynomial and z — a is a factor 
of the polynomial. 


Smee eraroemmin 
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2-2? +3245 =(2 + Iz? -274+5)=0 
Solving 22 - 22 +5 =0, 

2? —-2z=(z-1)?-1 
22-2245 5 (2-1)? -14+5= (2-1)? +4 


z-1=+tV-4 = +2) 
+ 2i 
+ 2i,2=1- 2i 


non 


So the other two roots of the equation are 
1+ 2i and 1 — 2i. 


= An equation of the form az‘ + bz} + cz? + dz + e = Ois called a quartic equation, and has four 
roots. 


= Fora quartic equation with real coefficients, either: ANC 
+ all four roots are real, or quartic equation might have 
* two roots are real and the other two roots forma repeated real roots or repeated 
complex conjugate pair, or complex roots. 


* two roots form a complex conjugate pair and the 
other two roots also form a complex conjugate pair. 


Given that 3 + i is a root of the quartic equation 2z4 — 3z3 — 392? + 120z - 50 = 0, solve the 
equation completely. 


Another root is 3 -i. 
So (z -— (3 + i)\(z — (3 — i) is a factor 
323 — 392? + 120z - 50 

(2 - (3 + iz - (3 - i) 


- 23 =i) = 23 +1) +(3 + i3 -1) 
z-6z+10 
So z? — 6z + 10 is a factor of = 325 = 392? + 120z— 50. 
(2? — Gz + 10)(az? + bz +c) = = — 3927 + 120z — 50 
Consider 224: 
The only z* term in the expansion is z* x az*, so a = 2. 
(2? — Gz + 10)(2z? + bz + c) = 224 — 323 — 392? + 1202 - 50 


Problem-solving 


Consider -3z3: 
The 23 terms in the expansion are z2 x bz and —Gz x 222, It is possible to factorise a 
so bz3 — 1223 = —323 polynomial without using a 


formal algebraic method. Here, 
the polynomial is factorised by 
50 (22 — 6z + 10)(22? + 9z + 0) = 2z4 — 323 — 3922 + 1202 - 50 ‘inspection’. By considering each 
term of the quartic separately, 
it is possible to work out the 
missing coefficients. 
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| Consider —50: 
| The only constant term in the expansion is 10 x ¢, 50 ¢ = —5. 


| 224 — 323 — 3922 + 1202 — 50 = (2? — Gz + 10)(222 + 9z - 5) 


Solving 22? + 92-5 =0: 
| (22 - 12 + 5) =O 


5 


| So the roots of 224 — 323 - 392? + 1202 - 50 =O are 
$,-5,3 +iand3-i 


Show that z? + 4 is a factor of 24 - 225 + 212? - 82 + 68. 
Hence solve the equation z* — 223 + 21z? — 8z + 68 = 0. 


| Using long division: 
2? — 22417 
24 — 225 + 212 - z+ 6S 


|2244 


| So x4 — 223 + 2122 — Br + CB = (22 + 4)(22 - 22 417) =0 
| Either 2? + 4 = O or 2? - 22417 =0 

| Solving 22 + 4 =0: 

)z2=—4 

jz = #2i 

| Solving z? - 27 +17 =0: 

| (2-1) +16 =0- 


| 1+ 4i 
| So the roots of 24 — 229 + 212? - 82 + 66 = O are 
| 2i, -2i, 1 + 4i and 1 - 4i 
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You could use your 


calculator to solve 

2? —2z +17 =0. However, you 
should still write down the 
equation you are solving, and 
both roots. 


Complex numbers 


Exercise 


® 1 f(c)=23- 622+ 212-26 
a Show that f(2) = 0. (1 mark) 
b Hence solve f(z) = 0 completely. (3 marks) 
® 2 f(c) = 223+ 5224+ 92-6 
a Show that (5) = 0. (1 mark) 
b Hence write f(z) in the form (22 — 1)(z? + bz + c), where ) and ¢ are real constants 
to be found. (2 marks) 
¢ Use algebra to solve f(z) = 0 completely. (2 marks) 
3 g(z) =223-422- 52-3 
Given that z = 3 is a root of the equation g(z) = 0, solve g(z) = 0 completely. (4 marks) 


® 4 pe)=23+42?- 152-68 
Given that z = —4 +i is a solution to the equation p(z) = 0, 


a show that 2? + 82 + 17 isa factor of p(z). (2 marks) 

b Hence solve p(z) = 0 completely. (2 marks) 
® 5 f(z) =23 + 922 + 3324 25 

Given that f(z) = (z + 1)(z? + az + 5), where a and b are real constants, 

a find the value of a and the value of b (2 marks) 

b find the three roots of f(z) =0 (4 marks) 

¢ find the sum of the three roots of f(z) = 0. (1 mark) 


6 a: 


Given that 6 and 3 + i are roots of the equation g(z) = 0, 

a write down the other complex root of the equation (1 mark) 

b find the value of c and the value of d. (4 marks) 
7 h(z)= 223432243241 

Given that 2z + | is a factor of h(z), find the three roots of h(z) = 0. (4 marks) 
8 f(z) =23- 622+ 2824+k 

Given that f(2) = 0, 

a find the value of k (1 mark) 

b find the other two roots of the equation. (4 marks) 


23-1222 + cz +d=0, wherec,deER. 


9 Find the four roots of the equation z4- 16 =0. 


© 10 f(z) = 24 - 1223 + 312? + 108: - 360 
a Write f(z) in the form (z? — 9)(z? + bz + c), where b and ¢ are real constants 
to be found. (2 marks) 


b Hence find all the solutions to f(z) = 0. (3 marks) 
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@®) Ul g(z)= 244 223-27 + 382 + 130 
Given that g(2 + 3i) = 0, find all the roots of g(z) = 0. 


12 f(z) =24- 1023 + 7122 + Qz + 442, where Q is a real constant. 


Given that z = 2 — 3iis a root of the equation f(z) = 0, 
a show that z? — 62 + 34 isa factor of f(z) 

b find the value of Q 

¢ solve completely the equation f(z) = 0. 


Challenge 


Three of the roots of the equation => + bz‘ + cz? +dz*+ez+f=0, 
where 5, c,d, e, fe R, are —2, 2i and 1 + i, Find the values of b, c, d,e 
and f: 


Mixed exercise @ 


1 Given that z, = 8 - 3i and 2) = —2 + 4i, find, in the form a + bi, where a,b € R: 


a 2,42) 
b 3z) 
© 62,;-2) 


2 The equation z? + bz + 14 =0, where b € R has no real roots. 


Find the range of possible values of b. 


3 The solutions to the quadratic equation z? — 6z + 12 = 0 are z, and 2). 


Find z, and 2», giving each answer in the form a + ivb. 


using the binomial expansion, or otherwise, show that (1 + 2i)° = 41 — 38i. 
4 By using the bi ial expansi herwise, show that (1 + 2i)° = 41 - 38i 


G) 5 f(z)=22-62+10 
Show that z = 3 +1 is a solution to f(z) = 0. 


6 2,;=442i,2,=-3 +i 
Express, in the form a + bi, where a, b € R: 
az b 22, ic z 
(7 = 2i)? 


7 writ 
me Wd 


in the form x + iy where x, y ER. 


8 Given that += a = 3 +i, find z in the form a + bi, where a, b € R. 


1 
aa 
Express in the form a + bi, where a, b € R: 


az? bz- 
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(4 marks) 
(1 mark) 
(2 marks) 


(3 marks) 


(3 marks) 


(2 marks) 


(2 marks) 


10 


1 


2 
13 
4 


15 


16 
17 


18 


0000 


19 


20 


© 


@) 21 
@P) 2 


> 2 p2 9 
Given that z = a + bi, show that = = (2 a ) + ( ab ii 


a+b] \a2 +b? 
, 3+qi 
The complex number z is defined by z = qeait where g € R. 


Given that the real part of z is + 
a find the possible values of g 


b write the possible values of z in the form a + bi, where a and b are real constants. 


Complex numbers 


(4 marks) 


(4 marks) 
(1 mark) 


Given that 2 = x + iy, find the value of x and the value of y such that z + 4iz* = —3 + 18i 


where z* is the complex conjugate of z. 
2=9+6i,w=2-3i 
Express 5; in the form a + bi, where a and are real constants. 


+3i 
The complex number z is given by z = ia where g is an integer. 


Express z in the form a + bi where a and / are rational and are given in terms of gq. 


Given that 6 — 2i is one of the roots of a quadratic equation with real coefficients, 

a write down the other root of the equation 

b find the quadratic equation, giving your answer in the form z? + bz + ¢=0 
where b and ¢ are real constants. 


Given that z = 4 — ki is a root of the equation z* — 2mz + 52 = 0, where k and m 

are positive real constants, find the value of k and the value of m. 

h(z) = 23 - 112 +20 

Given that 2 + i is a root of the equation h(z) = 0, solve h(z) = 0 completely. 

f(z) = 23 + 62 + 20 

Given that f(1 + 3i) = 0, solve f(z) = 0 completely. 

f(z) = 23 + 322 +kz+48,kKER 

Given that f(4i) = 0, 

a find the value of k 

b find the other two roots of the equation. 

f(z) = 24 - 23 - 162? - 742 - 60 

a Write f(z) in the form (2? — 5z — 6)(z? + bz + c), where b and ¢ are real constants 
to be found. 


b Hence find all the solutions to f(z) = 0. 

g(z) = 24 - 625 + 192? - 362 + 78 

Given that g(3 — 2i) = 0, find all the roots of g(z) = 0. 
— 223-52? + pz+24 

Given that f(4) = 0, 

a find the value of p 

b solve completely the equation f(z) = 0. 
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(5 marks) 


(4 marks) 


(1 mark) 


(2 marks) 


(4 marks) 


(4 marks) 


(4 marks) 


(2 marks) 
(3 marks) 


(2 marks) 
(3 marks) 


(4 marks) 


(1 mark) 
(5 marks) 


15 


Chapter 1 


Challenge 


a Explain why a cubic equation with real coefficients cannot have a 


repeated non-real root. 


b By means of an example, show that a quartic equation with real 


coefficients can have a repeated non-real root. 


mmary of key points 


1 
2 
3 
4 


10 


at 


12 


16 


i=\V-1 andi?=-1 
An imaginary number is a number of the form di, where b E R. 
A complex number is written in the form a + bi, where a,b ER. 


Complex numbers can be added or subtracted by adding or subtracting their real parts and 
adding or subtracting their imaginary parts. 


You can multiply a real number by a complex number by multiplying out the brackets in the 
usual way. 


If b? - 4ac < 0 then the quadratic equation ax* + bx + ¢ = 0 has two distinct complex roots, 
neither of which is real. 


For any complex number z = a + bi, the complex conjugate of the number is defined as 
z*=a-bi, 

For real numbers a, 6 and ¢, if the roots of the quadratic equation az* + bz + c = 0 are non-real 
complex numbers, then they occur as a conjugate pair. 

If the roots of a quadratic equation are a and 3, then you can write the equation as 
(c-a)(¢- 8) =00rz?- (a+ Bz +aB8=0. 

If f(z) is a polynomial with real coefficients, and z, is a root of f(z) = 0, then z,* is also a root of 
f(z) =0. 

An equation of the form az? + bz? + ez + d= is called a cubic equation, and has three roots. 
For a cubic equation with real coefficients, either: 

« all three roots are real, or 

* one root is real and the other two roots form a complex conjugate pair. 

An equation of the form az‘ + bz} + cz* + dz + e = Ois called a quartic equation, and has four 
roots. 

For a quartic equation with real coefficients, either: 

« all four roots are real, or 

* two roots are real and the other two roots form a complex conjugate pair, or 


* two roots form a complex conjugate pair and the other two roots also form a complex 
conjugate pair. 
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After completing this chapter you should be able to: 
@ Show complex numbers on an Argand diagram 

~ pages 18-19 
@ Find the modulus and argument of a complex number 

> pages 20-23 
@ Write a complex number in modulus-argument form 

> pages 23-28 
@ Represent loci on an Argand diagram — pages 28-36 


@ Represent regions on an Argand diagram — pages 36-38 


Write down an equation of a circle with 
centre (-3, 6) and radius 5. 
© Pure Year 1, Chapter 6 


2 Given z, = 6 + 3i and z, = 3 -i, find in the 
form a + bi: 


* ay 
az bz422 € = €Section1.2 
mt 4 


3 For the triangle shown, find the values of: 
ax bo 


5cm 
Q 


12 
seh : Complex numbers can be used to model 


electromagnetic waves. Rosalind Franklin 
helped discover DNA by using complex 

4 Find the solutions of the quadratic numbers to analyse the diffraction patterns of 
equation z* - 8z + 24=0. € Section 1.4 X-rays passing through crystals of DNA. 


« GCSE Mathematics 
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@ Argand diagrams 


= You can represent complex numbers on an Argand diagram. The x-axis 
on an Argand diagram is called the real axis and the y-axis is called the 
imaginary axis. The complex number z = x + iy is represented on the 
diagram by the point P(x, y), where x and y are Cartesian coordinates. 


Show the complex numbers z, = —4 + i, 2) = 2 + 3i and 2; = 2 — 3i on an Argand diagram. 
lm 3-2 43i The real part of each number describes its 
7 2 oe + '—————— horizontal position, and the imaginary part 
describes its vertical position. For example, 


Zz, =-4 +i has real part -4 and imaginary part 1. 


| | t+ t—}—} Note that =, and =, are complex conjugates. On 
| an Argand diagram, complex conjugate pairs are 
| symmetrical about the real axis.  « Section 1.3 


we 
u 
iS) 
gy 


Complex numbers can also be represented as vectors on the Argand diagram. 
= The complex number z = x + iy can be represented as the vector ie ) on an Argand diagram. 


You can add or subtract complex numbers on an Argand diagram by adding or subtracting their 
corresponding vectors. 


Example 


2, =4+iand z, =3 + 3i. Show 2), z, and z, + z, on an Argand diagram. 


| 
+20 =(44+3)4(14 3744 
ae et pamela oe The vector representing z, + 22 is the diagonal of 
the parallelogram with vertices at O, z, and zp. 


You can use vector addition to find z, + z2: 


()+G)=() 


z= 2+ Siand z, =4 + 2i. Show 2, z) and z; — z) on an Argand diagram. 
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Argand diagrams 


The vector corresponding to z, is () so the 


vector corresponding to —z, is (ae) 


The vector representing z, — z, is the diagonal of 
the parallelogram with vertices at O, z, and —2,. 


Cp Explore adding and subtracting 


complex numbers on an Argand diagram 
using GeoGebra. 


Exercise @) 


1 Show these numbers on an Argand diagram. 


a 7+2i b 5-41 ce -6-i d -2+5i 
e 3i f 242i g -3+5i h -4 

2 2, =11 + 2iand z, =2 + 4i. Show 2), z, and z, + z, on an Argand diagram. 

3 2, =-3 + 6i and z, = 8 — i. Show z,, z, and z, + z, on an Argand diagram. 
z,=8 + 4i and z, = 6 + 7i. Show 2), 2) and z, — z, on an Argand diagram. 


5 2, =-6 — Si and z, =—4 + 4i. Show 2), z, and z; — z) on an Argand diagram. 


@) 62)=7- Si, 2) =a + bi and 2; =-3 + 2i where a, b € Z. Given that 2; = =) + 2, 

a find the values of a and b b show 2), 2) and z; on an Argand diagram. 
® 72, =p +t qi, 2)=9 —Siand z; =-8 + Si where p, q € Z. Given that 2; = 2, + 2, 

a find the values of p and q b show 2), z and z; on an Argand diagram. 
® 8 The solutions to the quadratic equation =? — 6z + 10 = 0 are z, and z,. 


a Find z, and 2, giving your answers in the form p + gi, where p and g are integers. (3 marks) 
b Show, on an Argand diagram, the points representing the complex numbers z, and z,. (2 marks) 


9 f(z) = 223 - 192? + 642 - 60 


a Show that (3) =0. (1 mark) 
b Use algebra to solve f(z) = 0 completely. (4 marks) 
c Show all three solutions on an Argand diagram. (2 marks) 


Challenge Gp There will be 6 distinct roots in total. 


a Find all the solutions to the equation z® = 1. Write 2°= 1 as (=? — 1)(c? + 1) = 0, then find three 
b Show each solution on an Argand diagram. distinct roots of z3 - 1 =O and three distinct 
Show that each solution lies on a circle with roots of 23 +1=0. 

centre (0, 0) and radius 1. 
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@® Modulus and argument 


The modulus or absolute value of a complex number is the magnitude of its corresponding vector. 


= The modulus of a complex number, |z|, 
is the distance from the origin to that 
number on an Argand diagram. For a 
complex number z = x + iy, the modulus is 
given by |z| = /x?+y?. 


{ Notation } The modulus of the complex number 


zis written as r, |z| or |x + iy]. 


The argument of a complex number is the angle its corresponding vector makes with the positive 


real axis. 


= The argument of a complex number, arg z, 
is the angle between the positive real axis 
and the line joining that number to the 
origin on an Argand diagram, measured in 
an anticlockwise direction. For a complex 
number z = x + iy, the argument, 0, 


satisfies tan 0 = Z 


nist 


Im 


T O 


2=2+7i, find: 
a the modulus of z 


* z=2+7i 


Re 
Modulus: |2| = |2 + 7i] = 22472 
=V53 
b Argument: tana=% a= 1.2924... radians 
arg z = 1.29 radians (2 dp) 


[ Notation } The argument of the complex 


number z is written as arg =. It is usually given in 
radians, where 
* 27 radians = 360° 


+ x radians = 180° Pure Year 2, Section 5.1 


The argument @ of any complex number is usually 
given in the range —7 < @ < z. This is sometimes 
referred to as the principal argument. 


b the argument of z, giving your answer in radians to 2 decimal places. 


Sketch the Argand diagram, showing 


the position of the number. 
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Argand diagrams 


If z does not lie in the first quadrant, you can use the Argand 
diagram to help you find its argument. 


a Let a be the positive acute angle made with the real axis 
by the line joining the origin and z. 
+ Ifz lies in the first quadrant then arg z = a. 
+ Ifzlies in the second quadrant then arg z = 7 - a. 


+ Ifzlies in the third quadrant then arg z = -(7 - a). arg: =—(7-a) args =-a 
+ If zlies in the fourth quadrant then arg z = -a. 


z=-4-i, find: 
a the modulus of z b the argument of z, giving your answer in radians to 2 decimal places. 


Sketch the Argand diagram, showing the position 
Re of the number. 


Modulus: |z| = |-4 -i| = V(-4)? + (-1 
=V17 
b Argument: tana=z a= 0.2449... radians 


Here zis in the third quadrant, so the required 


arg z = -(n - 0.2449) 
argument is —(7 — a). 


= -2.90 radians (2 dp) 


Exercise 


1 For each of the following complex numbers, 


i find the modulus, writing your answer in surd form if C Hint ) Inteenne 
Pevessary. complex number is in the 
ii find the argument, writing your answer in radians to second quadrant, so the 
2 decimal places. argument will be 7 - a. 
a z=124+5i 3 ce 2=-346i In part d, the complex 
_ a eet number is in the fourth 
ete quadrant, so the argument 
will be -a. 
2 For each of the following complex numbers, 
i find the modulus, writing your answer in surd form 
ii find the argument, writing your answer in terms of 7. 
a 2+2i b 5+5i c -6+ 6i d -a-ai,aeER 
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® 3 


®4 


®© 7 


22: 


z=-40-91 

a Show z on an Argand diagram. 

b Calculate argz, giving your answer in radians to 2 decimal places. 
z=34+4i 

a Show that z? =—7 + 24i. 

Find, showing your working: 

b Ie? 

¢ arg (z?), giving your answer in radians to 2 decimal places. 

d Show z and z* on an Argand diagram. 


The complex numbers z, and z, are given by z,; = 4 + 6i and z, = 1 +i. 
Find, showing your working: 


in the form a + bi, where a and b are real 


The complex numbers z; and z, are such that z, = 3 + 2pi an 
a Find z) in the form a + bi, giving the real numbers a and b in terms of p. 
Given that arg z, = tan”! 5, 

b find the value of p 

¢ find the value of |z5| 


d_ show 2), 2) and ZH on a single Argand diagram. 


nN 


a zin the forma + ib where a, bE R 

b 2 in the form a + ib where a,b ER 

e |z| 

d arg (z’), giving your answer in radians to 2 decimal places. 


244i, 23=a+ bi where a,bER. 
a Find the exact value of |z, + z,]. 


Given that w = 


b find w in terms of a and 4, giving your answer in the form x + iy, x,y ER. 


3 


Given also that w = + - +i, find: 
¢ the values of aand b 
d argw, giving your answer in radians to 2 decimal places. 
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(1 mark) 
(2 marks) 


(2 marks) 


(2 marks) 
(2 marks) 
(1 mark) 


(3 marks) 
(2 marks) 


(2 marks) 


= 1 -i where p isa real constant. 


(3 marks) 


(2 marks) 
(2 marks) 


(2 marks) 


(2 marks) 
(2 marks) 
(2 marks) 
(2 marks) 


(2 marks) 


(4 marks) 


(3 marks) 
(2 marks) 


Argand diagrams 


9 The complex number w is given by w = 6 + 3i. Find: 
a [wl (1 mark) 
b argw, giving your answer in radians to 2 decimal places. (2 marks) 


Given that arg(A + Si+ w) = a where J is a real constant, 
¢ find the value of 4. (2 marks) 


© 10 2 =-1-iv3, find: 
| 


(1 mark) 
(4 marks) 
¢ argz, arg (z*) and arg, giving your answers in terms of z. (3 marks) 
11 The complex numbers wand Zz ersieNen by w=k+iand z = —4 + 5ki, where k is a real 
constant. Given that arg(w + z) = S find the exact value of k. (6 marks) 
12 The complex numbers w and z are defined such that argw = a |w| = 5S and argz = = 
Given that arg(w + z)= 3 find the value of |z|. (4 marks) 


@® Modulus-argument form of complex numbers 


You can write any complex number in terms of its modulus and argument. 


= For a complex number z with |z| =r and arg z = 0, the modulus-argument form of z is 
z=r(cos@ +isin@) 


Im 


c+ iy From the right-angled triangle, x = rcos@ and y = rsin@. 
z=x+iy=rcosd + irsind = r(cosé + ising) 
td This formula works for a complex number in any quadrant of the Argand diagram. 
: The argument, @, is usually given in the range -7 < @ < z, although the formula 


Re — works for any value of @ measured anticlockwise from the positive real axis. 


Express z = -/3 +i in the form r(cos6 + isin@), where —7 < 9 <7. 


Sketch the Argand diagram, showing the position 
of the number. 

Here z is in the second quadrant, so the required 
argument is 7 — a. 


-— Find rand @. 


| Therefore, = (cos + isin 


C ea Apply z =r (cosé + isin@). 
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Express z = —1 — iin the form r(cos@ + isin), where —-7 < 0 <7. 


Sketch the Argand diagram, showing the position 
of the number. 

Here z is in the third quadrant, so the required 
argument is —( — a). 


r= \CFF CFs v2 


O= arg z= —n-+ arctar(!) =n +5 =— 3 |_| Emn ane 
Therefore, z = V(cos(- 22) + isin(— 3n)) 


Exercise (2c) 


1 Express the following in the form r(cos@ + i sin@), where —7 < @ < x. Give the exact values of r 
and @ where possible, or values to 2 decimal places otherwise. 


a 242i b 3i e -34+4i d 1 -V3i 
e -2-5Si f -20 g 7-241 h -5+5i 


Apply z=r(cos@ + isind). 


2 Express these in the form r(cosé + i sin 9), giving exact values of r and @ where possible, or values 
to two decimal places otherwise. 


‘y 3 b 1 a L+i 
1+iv3 2-i 1-i 
3 Express the following in the form x + iy, where x, y ER. 
se + isin= LY nec eer prem (cos + isin>) 
a 5(cos5 + isin) b 3(cose + isinZ) ¢ 6\cos"¢ + isin’| 
2n\... 22) = T\ of ( 7s isin) 
aa es 2 pels sel) 2 ples eels 
d 3(cos( 3 + isin( 3 ) e 2/2(cos( 7) + isin ( 7) f —4{cos 6 ft ising 
2a . (27\\. A 
© 4 a Express the complex number z = 4{cos( 2) +i sin(~)) in the form x + iy, 
‘) 3 
where x,y ER. (2 marks) 
b Show the complex number z on an Argand diagram. (1 mark) 
®© 5 The complex number z is such that |z| = 7 and argz = un Find z in the form p + qi, 
where p and g are exact real numbers to be found. (3 marks) 
®© 6 The complex number z is such that |z| = 5 and argz = = Find z in the form a + bi, 
where a and b are exact real numbers to be found. (3 marks) 
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Argand diagrams 


You can use the following rules to multiply complex numbers quickly when they are given in 
modulus-argument form. 


= For any two complex numbers z, and z,, @ cnmltaly droraeelliarel 
i 


© [ZaZal = [zallzal add the arguments. 
* arg (z, 22) = arg 2, + arg Z2 


To prove these results, consider z, and z, in modulus-argument form: 
2, =1r,(cos@, + isin@,) and z,=r2(cos@, + isin.) 


Multiplying these numbers together, you get 


2422 = 1'(CoSO, + isind,) x r2(cosO> + isin A.) { Links } a Ae r 
=ryr2(cos, + isin ,)(cosA, + isin,) kee jeiprrteeg tastes ne 


= 1ryr,(Cos 0, cos @, + icosO; sin8, + isin 9, cos A, + i¢sinA, sin@,) addition formulae: 
= r'yr2(CosO, cos 4, + icosA, sin, + isin, cos, — sin; sin A.) sin(A + B) =sinAcosB + cosAsinB 
cos(A + B) =cosAcosB¥sinAsinB 


= rr((Cos 0, cos, — sin 4, sind) + i(sin@, cos 8, + cos A, sin A.) 
Pure Year 2, Section 7.1 


=ryr'2(Cos(A, + 42) + isin(A, + 42) 
This complex number is in modulus-argument form, with modulus r;r2and argument 0; + 02, as 
required. 
You can derive similar results for dividing two complex numbers given in modulus-argument form. 


= For any two complex numbers z, and z,, 
_ al { Note ] You divide the moduli and 


~ [al subtract the arguments. 


co 


22 
* ar, (2) =an Z1 — arg Z; 
8 7 i Bl 8 lz 
To prove these results, again consider z, and z, in modulus-argument form: 
2, =1r,(cos@, + isind,) and z, = r2(cos 02 + isin.) { Online ) Explore multiplying and dividing cy 


cee complex numbers on an Argand diagram 
Dividing z, by z, you get ne GeeGebra: es e 
2 r,(cos@, +i sin@,) 
22 r,(cos 62 + i sin 02) 
r,(cos@; +isin@,) (cos, —isin@3) 
= x 
1r2(cos@,+isin@) (cos@;—isin@2) 


11(cos 0; cos 0, — icos 0, sind, + isin 0, cos 0, — i2sind, sind) CELLED The last step of this 
~ 7,(c0S 0,€0S 02 — icos0, sin 0, + isind,cos0,—i2sin@,sin0,) Working makes use of the 
trigonometric addition formulae 
__F((CoSO; cos 02 + sind; sin G2) + i(sin 8, cosA2— cos, sin§2)) together with the identity 
~ r,(cos?@, + sin20,) sin?0 + cos?0=1 
«© Pure Year 1, Section 10.3 


= Ftcos(0, ~0;) +i sin(, - 8,)) 


; 
This complex number is in modulus—argument form, with modulus x and argument 6, — 62, as required. 
2 
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on +isin *n) and 4(cos = + isin 5) 


at = 3(cos 1 12 12 12 
a Find: i |z,2)] 


arg (2122) 
b Hence write z\z,in the form: i r(cos@+isin@) ii x+iy 


ai |122| = |21[IZe] 
3, |Z2] = 4 
|z,22] = 3 x 4 =12 


Wi arg(z,22) = arg 2, + arg 22 


Sa T 
arg 2) = 75+ ag Z2= 75 


argiqz sob 4 oot 8 


ii cos 5 = 0, sin 5 =1 


2122 = 12(0 + i(1)) = 12i 


Tv ea 
Z,= 2{cos 5 + isin as) and zy 


Express z, 2, in the form x + ip. 


Dit sex 
3(cos 3 ~ isin 


modulus-argument form. 


2 


cos(-5) = cos S and sin( 2) =-sin en 


5 


22> 3(cos(-22) + isin(-22)) 
2;Z2 = a(cos = + isin 7s) x 3(cos(-2) + isin -*)) 


sex 3(cos( #5 ~ =) be isin( - =]) | 


Rewrite zz in the form zz = r(cos@ + isin@): | t Watch out } 22 is not initially given in 


26 3THSEC 


Exercise 


Argand diagrams 


icy us oe 
v2 cosy5 + isin 75) 
Express in the form x + iy. 
(cost + isin) 
6 6 
4 2(cos mn isin) Both numbers are in modulus- 
12 12 argument form, so you can divide the 
(cos s isin =) moduli and subtract the arguments. 
_ v2 m_ on n_ Sw 
= 5 (c08(% - @) + isin( 5 - Al — Simplify. 
= Fleos( 2) on 22) 
3m ul 
r Appl) cos(7# —and 
-BH(9) ee 
2\ v2 v2 sin( 32 3). eal 
athe) ae: 
ee ae 


1 For each given z, and z,, find the following in the form r(cosé + i sin @): 


\z129] ii arg(z,z>) iii 2,2, 
a {cos Fj int) z, = 6(co: Lae in 72) 
z= g tisin-g), 2= sg t isin“: 
a A 5 3x 3x 
n=V2 ius ( 3n 31 
b z,=v2 Bey is) : 4y2 cosy ion sr) a 
2 Given z 1 =8(cosS# 3 tisin ) a nd =. 1= 4(cos = 3 +isin 2), write down the modulus and 
argument of: ° 
2 2 
@ 212) bs © zy 


3 Express the following in the form x + iy: 


a (cos 20 + isin 20)(cos 30 + isin 36) b (cost +isin}t](costt +isin St) 
© + isin™) x2 6 ® _ isin ©) x ¥3( cos + isin — 
c 3(cos 4 +isin7) x 2Acost5 1D +isin D) d ¥6(cos 3 ~ isin 5) x 13(cos5 +isin 5) 
1 re ee | Sa. OH 
e 4(cos 9 ~ isin=g ) x Heos 1g 7 isin 4 ap First make sure both 
ie m1 on on numbers are in modulus- 
f 6{cos 75 +i isin To) x 5(cos$ + isin3) x 4 (cos + isin2Z) argument form. 
ra big Be pte, ley Roem 
g (cos4@ + isin4@)(cos@ — isin@) h 3(cos 1 tisinys) x V2 (cos isin} ) 
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4 Express the following in the form x + iy: 


2(cos5 + isin) 3(cos + ising) 
cos 50 + isin 50 Sesh 2). 3 3 cos 26 — isin20 
cos 26 + isin20 1 Eis 0 Sa... Sa cos 36 + isin30 
3(c0s] + isinZ) 4 cos“ + isin=— 
© 5 2=-9+3iv3 
a Express z in the form r(cos@ + isin@), -7 <@ <7 (2 marks) 
b Given that [w| = /3 and argw = ie express in the form r(cos@ + isin@), -—7 <0 <7: 
iw ii zw 7 = (4 marks) 


Ww 


Challenge 


By writing z = 1 +i/3 in modulus-argument form, show that: 

a zlakz b zA=pz 

where k and p are real constants to be found. 

¢ Show z, 2’ and z* on an Argand diagram and describe the geometrical relationship between them. 


@® Loci in the Argand diagram 


Complex numbers can be used to represent a locus of points on an Argand diagram. 


= For two complex numbers z; = x, +iy; and Z2=X2+ ipa |Z2- Z| '™ 
represents the distance between the points z, and z, on an 
Argand diagram. 


Rex ty, 


Using the above result, you can replace z, with the general point z. 
The locus of points described by |z — z,| = ris a circle with centre 


(x,y) and radius r. 
{ online ) Explore the locus of z, when 8 


|z -z,| =1, using GeoGebra. 


Locus of points. 


Every point z, on the circumference of the circle, 
is a distance of r from the centre of the circle. 


& Given z, = x, + iy, the locus of point z on an Argand diagram such that |z - z,| =", 
or |z - (x, +iy,)| =r, is a circle with centre (x,, y,) and radius r. 


You can derive a Cartesian form of the equation of a circle from this form by squaring both sides: 


: eon The Cartesian equation of a 
I - xy) +iv-ydl=r circle with centre (a, b) and radius r 
(x — x1)? + (v — y,)? =r? Since |p + qi] = yp? + q? is(v— a+ (y—bfar 


Pure Year 1, Section 6.2 
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The locus of points that are an equal distance from two different points z, and z, is the perpendicular 
bisector of the line segment joining the two points. 


Im 


Locus of points. 
Every point z on the line is an equal distance 
from points z, and z2. 


Cp Explore the locus of z, when CP 


= |z — z,|, using GeoGebra. 


= Given 7, =x, +i), and z, =x, +i, the locus of points z on an Argand diagram such that 
lz - 1] = |z - Z2| is the perpendicular bisector of the line segment joining z; and z2. 


Given that z satisfies |z — 4| = 5, 


a sketch the locus of z on an Argand diagram. 


b Find the values of z that satisfy: 


i both |z - 4] =5 and Im(z) =0 ii both | — 4] = 5 and Re(z) =0 


a [2-4] =5 is a circle with centre (4, O) 
and radius 5. 


Im 


|b i Im(z) =O represents the real axis. 
The points where the circle cuts the 
real axis are (-1, O) and (9, O). 


The values of z at these points are 


z=-landz 


lz — (x, + iy] =r is represented by a circle with 
centre (x;, y;) and radius r. 


Sketch a circle with centre (4, 0) and radius 5 on 
an Argand diagram. 


Centre of circle is (4, 0) and radius is 5. 
So consider 4+5=9and4-5=-1. 


t Watch out ) Give your answers as complex 


numbers, not as coordinates. 
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ii [p-4|=5 > (v- 4)? +? = 52 
(0-4)? + y? = 52 


The points where the circle cuts the 
real axis are (O, 3) and (O, —3). 
The values of z are z = 3i and z= 


A complex number z is represented by the point P in the Argand diagram. 

Given that |z — 5 — 3i] = 3, 

a sketch the locus of P b find the Cartesian equation of this locus 
¢ find the maximum value of argz in the interval (—7, 7). 


za : -A 


b The Cartesian equation of the locus is 
(x - 5)? + (v- 3)? =9 


Problem-solving 


When solving geometrical problems like this 

4 5 B Re ‘one, it is helpful to draw an Argand diagram. The 
2 maximum value of arg(z) occurs when the line 
between the origin and P is a tangent to the circle. 


DES 


oO 


Using triangle OBC: 


tani 4) == 


@= 2arctan( 2) = 1.08 rad (3 54) 
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Given that the complex number 
value of |z| and maximum value of 


« + iy satisfies the equation |z — 12 — 5i| = 3, find the minimum 


12 Re 


l2lan=0C CX =13. -'3.=10. 
\Zlmae = OC + CY = 13 +3 =16. 
The minimum value of |z| is 10 and the 


maximum value of |z| is 16. 


Given that |z — 3] = Iz + il, 
a sketch the locus of z and find the Cartesian equation of this locus 
b find the least possible value of |z|. 


a |z- 3] = [z+ il is the perpendicular 
bisector of the line segment joining the 
points (3, O) and (O, -1). 
The gradient of the line joining (O, —1) and 
(3, O) is 5 
So, the gradient of the perpendicular 
bisector is -3. 
The midpoint of the line joining (O, -1) and —J 
(3, 0) is (3, 


Vr = M(x - x; 


Problem-solving 


You could also square both sides of |z — 3| = |z + il: 
|x + iy —3] =|x+iy + il 


|= 3) +iy] =|x+i(y+ 0] 
(ce -3)2 + y2 = x2 +(y +1)? 
x -6x494 5? +y?t2yt1 
ys-3xt4 
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Problem-solving 


The minimum distance is the perpendicular 
distance from O to the perpendicular bisector. 


____ The line is parallel to the line joining (0, —1) and 
(3, 0). 


|b The gradient of the line labelled dyin iS + The line passes through the origin. 


The equation of this line is y 


Find the point where this line intersects the 
perpendicular bisector. 


Solve to find x and substitute into » = fx to find y. 


Use Pythagoras’ theorem. 


Locus questions can also make use of the geometric property of the argument. 


= Given z, = x, +i),, the locus of points z [ Notation } Aratineeectaanine 


on an Argand diagram such that Rendine hi int infinitely i directi 
arg (z vs a) =Oisa half-line from, but not eae ing from a point inhnitely in one direction 


including, the fixed point z, making an 
angle 6 with a line from the fixed point z, 
parallel to the real axis. 


{ online ) Explore the locus of z, when cP 


arg(z — =) = 0, using GeoGebra. 


You can find the Cartesian equation of the half-line corresponding to arg(z — z,) = @ by considering 
how the argument is calculated: 


arg(z-—z,)=0 
arg ((x— xy) +i(y-y)) =0 
“yy — @isa fixed angle so tan @ is a constant. 
X=X~ rane — This is the equation of a straight line with gradient 


yy, = tand (x — x,) —————___ tan @ passing through the point (x,y). 
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3 


Given that arg(z + 3 + 2i) = “4° 

a sketch the locus of z on an Argand diagram 
b find the Cartesian equation of the locus 

¢ find the complex number z that satisfies both |z + 3 + 2i] = 10 and arg(z + 3 + 2i) = 2E 


3m 
4 
arg(x + iy +3 + 2i) = Be 


b arg(z + 3 + 2i)= 


arg((x + 3) + i(y + 2)) = ae 


: 
ny 
9 


y+2=-(x+3) 
Hence the Cartesian equation of the locus 


isy=—-x-5,x<-3 
me a t Watch out ) The locus is the half-line so you 


need to give a suitable range of values for x. 


x 
+ 
w 
& 


ce |2+3+ 2i| =10is a circle with centre 
(-3, -2) and radius 10. 


a? + a? = 10? > 2a? = 100 de) ST An alternative algebraic 
a=/50 =+5y2 approach would be to substitute the equation for 


the half-line, y = —x — 5, into the equation of the 
circle, (x + 3)? + (y + 2)? = 102, and then solve for 
x and y. You would need to choose the solution 
which lies on the correct half line. 


2=(-3 - 52) +i(-2 + 5y2) 
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Exercise 


® 1 Sketch the locus of z and give the Cartesian equation of the 


locus of z when: ap You may choose a 
a ||=6 b [z|=10 ¢ |z-3)=2 geometric or an algebraic 
, 7 h hi 
d [z+ 3i)=3 e |:-4i/=5 f |r+1)=1 epproach tovanswer these 
questions. 
g |e-1-i]=5 h [2+34+4i/=4 i |z-5+6i/=5 
2 Given that z satisfies |z — 5 — 4i| = 8, 
a sketch the locus of z on an Argand diagram 
b find the exact values of z that satisfy: 
i both |z -— 5 - 4i] = 8 and Re(z) =0 ii both |z — 5 — 4i] = 8 and Im(z) = 0 


® 3 A complex number z is represented by the point P on the Argand diagram. 
Given that |z — 5 + 7i| = 5, 
a sketch the locus of P 
b find the Cartesian equation of this locus 
¢ find the maximum value of argz in the interval (—z, 7). 


4 Onan Argand diagram the point P represents the complex number z. 
Given that |z — 4 - 3i] = 8, 


a find the Cartesian equation for the locus of P (2 marks) 
b sketch the locus of P (2 marks) 
¢ find the maximum and minimum values of |z| for points on this locus. (2 marks) 


5 The point P represents a complex number z on an Argand diagram. 
Given that |z + 2 - 2V3i| = 2, 


a sketch the locus of P on an Argand diagram (2 marks) 
b write down the minimum value of argz (2 marks) 
¢ find the maximum value of argz. (2 marks) 


6 Sketch the locus of z and give the Cartesian equation of the locus of z when: 
b |z+8|=|2-4| 
6i| d [z+ 3il+ 


f |z+4+il +44 6il 
h |z+4-2i| 8 + 2i| 
_ |e+6-i] 
ji —— =! 

|z - 10 - Si] 
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@) 7 


8 


10 


® u 


@) 12 


GP) 13 


CP) 14 


@) 15 


Argand diagrams 


Given that |z — 3| = |z — 6i|, 

a sketch the locus of z (3 marks) 
b find the exact least possible value of |z|. (4 marks) 
Given that |z + 3 + 3i] =|z — 9 — Sil, 

a sketch the locus of z (3 marks) 
b find the Cartesian equation of this locus (3 marks) 
¢ find the exact least possible value of |z|. (3 marks) 


Sketch the locus of z and give the Cartesian equation of the locus of z when: 


a |(2-2|/=3 b |Si-2|=4 e [3-2i-2 
Sketch the locus of z when: 
a argz== b arg(z+3)=— ¢ arg(z-2)== 
B2=3 ue <- BE-2)=5 

d arg(s + 2+ 2i)=—7 e arg(z - 1 =i) == f arg(z + 3i)= 
g arg(z-1 +3i) =22 h arg(z-3+4i) => i arg(= - 4i) = +2 
Given that z satisfies |z + 2i| = 3, 
a sketch the locus of z on an Argand diagram 
b find |z| that satisfies both |z + 2i| = 3 and arg z 
Given that the complex number z satisfies the equation |z + 6 + 6i| = 4, 
a find the exact maximum and minimum value of |z| (3 marks) 
b find the range of values for 0, -7 < 0 < 7, for which arg(z — 4 + 2i) = 0 and 

|z + 6 + 6i| = 4 have no common solutions. (4 marks) 
The point P represents a complex number z on an Argand diagram such that |z| = 5. 


The point Q represents a complex number z on an Argand diagram such that arg(z + 4) = g 

a Sketch, on the same Argand diagram, the locus of P and the locus of Q as z varies. (2 marks) 
b Find the complex number for which both |z| = 5 and arg(z + 4) = $ (2 marks) 
Given that the complex number z satisfies |z — 2 — 2i| = 2, 

a sketch, on an Argand diagram, the locus of = (2 marks) 
Given further that arg(z — 2 - 2i) = & 


b find the value of z in the form a + ib, where a,b € R. (4 marks) 


Sketch on the same Argand diagram the locus of points satisfying: 


a |z —2i| =| z- 8i] (2 marks) 
b arg(z-2-i)= ri (3 marks) 
The complex number z satisfies both |z — 2i] = |z — 8i] and arg(z - 2 - i) = nm (2 marks) 


¢ Use your answers to parts a and b to find the value of z. 
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16 Sketch on the same Argand diagram the locus of points satisfying: 


a |z-3+42i])=4 
b arg(z- 1) =-7 
The complex number z satisfies both |z — 3 + 2i] = 4 and arg(z — 1) = + 


Given that z = a + ib, where a,b ER, 
¢ find the exact value of a and the exact value of b. 


If the complex number z satisfies both arg z = 7 and arg(z — 4) = S, 


a find the value of z in the form a + ib, where a,b € R. 
b Hence, find arg(z — 8). 


18 Given that arg(z + 4) = a 
a sketch the locus of z on an Argand diagram 


b find the minimum value of |z| for points on this locus. 


19 A complex number z is represented by the point P on the Argand diagram. 
Given |z + 8 - 4il = 2, 


a sketch the locus of P 
b show that the maximum value of arg(z + 15 — 2i) in the interval (—7, 7) 


is 2 aresin( ==) 
v53 


¢ find the exact values of the complex numbers that satisfy both |z + 8 — 4i| 


and arg(z + 4i) = an 


Challenge 


The complex number = satisfies both |z + i] = 5 and arg(z — 2i) = 0, 
where @ is a real constant such that —7 <@ <7. 
Given that |z — 4i] < 3, find the range of possible values of @. 


@® Regions in the Argand diagram 


You can use complex numbers to represent regions on an Argand diagram. 


a On separate Argand diagrams, shade in the regions represented by: 
i |e-4-2i)<2 i [2-4|<|2-6| iff 0 <arg(z-2-2iI) <7 

b Hence, on the same Argand diagram, shade the region which satisfies 
{2€C:|z-4-2i| <2} 19 {2 eC: |z-4| <|z-6}} n{reC:0<arg(z- 2-21) <7} 
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(2 marks) 
(3 marks) 


(3 marks) 


(3 marks) 
(2 marks) 


(3 marks) 
(2 marks) 


(2 marks) 


(3 marks) 


(3 marks) 


Argand diagrams 


i |z- 4] <|z-6| 


iti O <arg(z- 2-2) <7 


b |z-4-2i| < 2, |z-4| < |z-6| 
and O < arg(z - 2-2) <] 
Im 


_ |2-4-2i]=2 represents a circle centre (4, 2), 
radius 2. 


|z- 4 -2i] <2 represents the region on the 
inside of this circle. 


|_ |z-4-2i] <2 represents the boundary inside of 
this circle. 


lz - 4] =|z - 6] is represented by the line x = 5. 
This line is the perpendicular bisector of the line 
segment joining (4, 0) to (6, 0). 


lz - 4| < |z - 6| represents the region x < 5. 
All points in this region are closer to (4, 0) than to 
(6,0). 


Note this region does not include the line x = 5. 
So x =5 is represented by a dashed line. 


arg(z -2-2i) = a is the half-line from the point 


(2, 2) at angle 3 to the horizontal. 


arg(z — 2 - 2i) = Ois the other half-line shown 
from the point (2, 2). 


0 <arg(z-2-2i)< 7 is represented by the region 
in between and including these two half-lines. 


[ Notation ) The symbol / is the symbol for the 


intersection of two sets. You need to find the 
region of points that lie in all three sets. 


The line arg(z — 2 — 2i) = # and the circle 
|z - 4 - 2i] = 2 both go through the point (4, 4). 


The region shaded is satisfied by all three of 
|p-4-2i] <2 

|z-4| < |z-6| a 

0 Sarg(z - 2 - 2i) <7 


{ online } Explore this region using 


GeoGebra. 


@ 
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Exercise (2F) 


1 On an Argand diagram, shade in the regions represented by the following inequalities: 


a |2|<3 b |z-2i| >2 e |c+7S[e-1] dd |e +6|>|z+2+8ii 


e 2<[2|<3 f 1<|2+4i)<4 g 3<|2-3+5i<5 


2 The region R in an Argand diagram is satisfied by the inequalities |z| < 5 and |z| < |z — 6i|. 


Draw an Argand diagram and shade in the region R. 


3 The complex number z is represented by a point P on an Argand diagram. 


Given that |z + 1 - i] < 1 and0 <argz < a shade the locus of P. 


4 Shade on an Argand diagram the region satisfied by 
{2EC:|z| <3} n{zeC: 5 < arg +3) <a} 

5a Sketch on the same Argand diagram: 
i the locus of points representing |z — 2| = |z — 6 — 8i| 
ii the locus of points representing arg(z — 4 — 2i) =0 
iii the locus of points representing arg(z — 4 - 2i) = al 


2 
b Shade on an Argand diagram the set of points 
{2E€C:|z2-2|<|z-6-8il} n{zeC:0<arg(z- 4-21) <5} 

6a Find the Cartesian equations of: 

i the locus of points representing |z + 10 = |z — 6 — 4iy2| 
ii the locus of points representing |z + 1| = 3. 


b Find the two values of z that satisfy both |z + 10] = |z - 6 — 4iv2| and |z + 1| = 3. 


¢ Hence shade in the region R on an Argand diagram which satisfies both 
lz + 10| <|z - 6 - 4iv2| and |z + 1] <3. 


Challenge 


The sets A, Band Care defined as: 
{zEC:|z2+5+8i] <5} 
zEC:|2+8+4i] <|2+2+ 12il} 
f Tv 
C={zeC:0<arg( + 10+ 8i) <7} 


Shade the set of points A BM C’, that are in set A and in set B, but not in set C. 
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(6 marks) 


(6 marks) 


(6 marks) 


(2 marks) 
(2 marks) 
(2 marks) 


(2 marks) 


(6 marks) 
(2 marks) 


(4 marks) 


Argand diagrams 


Mixed exerci 


® 1 f(2)=22+524+10 
a Find the roots of the equation f(z) = 0, giving your answers in the form a + ib, 
where a and b are real numbers. (3 marks) 


b Show these roots on an Argand diagram. (1 mark) 


2 f2)a342432-5 


Given that f(-1 + 2i) = 0, 


a find all the solutions to the equation f(z) = 0 (4 marks) 

b show all the roots of f(z) = 0 on a single Argand diagram (2 marks) 

¢ prove that these three points are the vertices of a right-angled triangle. (2 marks) 
3 fz) =A- 23 + 132-472 + 34 

Given that z = -1 + 4i is a solution to the equation, 

a find all the solutions to the equation f(z) = 0 (4 marks) 

b_ show all the roots on a single Argand diagram. (2 marks) 


® 4 The real and imaginary parts of the complex number z = x + iy satisfy the equation 
(4 - 3i)x - (1 + 6i)y - 3 =0 


a Find the value of x and the value of y. (3 marks) 
b Show z on an Argand diagram. (1 mark) 
Find the values of: 

¢ |2| (2 marks) 
d argz (2 marks) 

© 5 21=442i,2=-34i 

a Draw points representing z, and z, on the same Argand diagram. (1 mark) 
b Find the exact value of |2, — 25}. (2 marks) 


Given that w = a 
¢ express w in the form a + ib, where a,b € R (2 marks) 


d find argw, giving your answer in radians. (2 marks) 


® 6 Acomplex number z is given by z = a + 4i where a is a non-zero real number. 
a Find 2? + 2z in the form x + iy, where x and y are real expressions in terms of a. (4 marks) 
Given that 2? + 2z is real, 
b find the value of a. (1 mark) 
Using this value for a, 


¢ find the values of the modulus and argument of z, giving the argument in radians and 
giving your answers correct to 3 significant figures. (3 marks) 


d_ Show the complex numbers z, =? and z?+ 2z ona single Argand diagram. (3 marks) 
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© 7 The complex number z is defined by z = a 
Find: 
a |z| (4 marks) 
b argz (2 marks) 
© 8 z=1+2i 
a Show that |z? 2/5. (4 marks) 
b Find arg(z? — z), giving your answer in radians to 2 decimal places. (2 marks) 
¢ Show z and z*—z ona single Argand diagram. (2 marks) 


l 
© 92255 


a Express in the form a + bi, where a, b € R, 


i 2 ii z- u (4 marks) 
b Find |z*|. (2 marks) 
¢ Find arg(z (2 marks) 
aeER 
a Given that a = 4, find |z]. 
b Show that there is only one value of a for which argz = a and find this value. 
® ua i, zy =1 + iv3 
a Express z, and z, in the form r(cos@ + isin@), where —7 < @ <7. (2 marks) 
b Find the modulus of: 
i 2,2, (2 marks) 
(2 marks) 
(i mark) 
b argz, in terms of 7. (2 marks) 
w = 4(cos(-]) + isin(-])) 
Find: 
s a (1 mark) 
d arg(*) , in terms of 7. (2 marks) 
(Q) 13 Express 4 — 4i in the form r(cos@ + isin@), where r > 0,-7 <0 <7, 
giving r and @ as exact values. (3 marks) 
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GP) 14 


® 15 


EP) 16 


@) 17 


Pp) 18 


GP) 19 a 


Argand diagrams 


The point P represents a complex number z in an Argand diagram. 
Given that |z + 1 -i]=1, 


a find a Cartesian equation for the locus of P (2 marks) 
b sketch the locus of P on an Argand diagram (2 marks) 
¢ find the greatest and least possible values of |z| (2 marks) 
d find the greatest and least possible values of |z — 1|. (2 marks) 


Given that arg(z — 2 + 4i) = a 
a sketch the locus of P(x, y) which represents z on an Argand diagram 
b find the minimum value of |z| for points on this locus. 


The complex number z satisfies |z + 3 — 6i| = 3. Show that the exact maximum value of 


argz in the interval (—7, 7) is z + 2arcsin lear (4 marks) 
2 V 


A complex number z is represented by the point P on the Argand diagram. 
Given that |z — 5| = 4, 


a sketch the locus of P. (2 marks) 
b Find the complex numbers that satisfy both |z — 5| = 4 and arg(z + 3i) = a 

giving your answers in radians to 2 decimal places. . (6 marks) 
e Given that arg(z + 5) = 6 and |z — 5| = 4 have no common solutions, find the range 

of possible values of 0, -7 <0 <x. (3 marks) 
Given that |z + 5 — Si — 6 - 3il, 
a sketch the locus of = (3 marks) 
b find the Cartesian equation of this locus (3 marks) 
¢ find the least possible value of |z|. (3 marks) 

Find the Cartesian equation of the locus of points that satisfies |z — 4| (3 marks) 


b Find the value of z that satisfies both |z — 2| = |z — 4i| and argz = z (3 marks) 


¢ Shade on an Argand diagram the set of points : 

EC: :-4| <|2-8i} [rE C: 7 <argz <I (3 marks) 
a Find the Cartesian equations of: 

i the locus of points representing |z — 3 + i] = |z - 1 — ij 

ii the locus of points representing |z — 2| = 2/2. (6 marks) 
b Find the two values of z that satisfy both |z — 3 + iJ =|z-—1- iJ and |z-2|=2/2. (2 marks) 
The region R is defined by the inequalities |z — 3 + i] > |z — il and |z - 2| < 2v2. 
¢ Show the region R on an Argand diagram. (4 marks) 


Challenge 


The complex number z satisfies arg(z — 3 + 3i) ood 
The complex number w is such that |w — z| = 3. 
a Sketch the locus of w. 


b State the exact minimum value of |v]. 
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ummary of key points 


1 


10 


11 


42 


You can represent complex numbers on an Argand diagram. The x-axis on an Argand 
diagram is called the real axis and the y-axis is called the imaginary axis. The complex 
number z = x + iy is represented on the diagram by the point P(x, y), where x and y are 
Cartesian coordinates. 


The complex number z = x + iy can be represented as the vector (5) on an Argand diagram. 


The modulus of a complex number, |z|, is the distance from the origin to that number on an 


Argand diagram. For a complex number z = x + iy, the modulus is given by |z| = y.x* + y*. 


The argument of a complex number, arg z, is the angle between the positive real axis and the 
line joining that number to the origin on an Argand diagram. For a complex number 
y 


z= x + iy, the argument, 8, satisfies tand =~ 


Let a be the positive acute angle made with the real axis argz=7-a argz=a 
by the line joining the origin and z. 
¢ Ifz lies in the first quadrant then argz 


a. 
¢ Ifzlies in the second quadrant then argz = 7 —a. Re 


+ Ifzlies in the third quadrant then argz = —(m — a). 


+ Ifz lies in the fourth quadrant then argz = —a. argz =-(7-a) argz =-a 


For a complex number z with |z| = r and argz = 0, the modulus-argument form of z is 
z=r(cosé + isin@) 

For any two complex numbers z, and =», 

* |21221 = lAillzel 


* arg (z,22) =arg 2, + arg 22 


* arg (2) = arg z, — arg z, 


For two complex numbers z, = x, + iy, and z, = x, + iy, |Z, — 2,| represents the distance 
between the points z, and z, on an Argand diagram. 


Given z; = x; + iy;, the locus of points z on an Argand diagram such that |z — z,| =r, or 
lz - (4 + iy:)| =7, is a circle with centre (x;, :) and radius 7. 


Given z. 


X, + iy; and zz = x2 + iyz, the locus of points z on an Argand diagram such that 
—z,| is the perpendicular bisector of the line segment joining z, and z,. 


Given z, = x, + iy, the locus of points z on an Argand diagram such that arg (z — z,) =0isa 


half-line from, but not including, the fixed point z, making an angle @ with a line from the 
fixed point z, parallel to the real axis. 
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Series 


After completing this chapter you should be able to: 
@ Use standard results for )> 1 and Sor — pages 44-47 
r1 ri 


1 
Der — pages 47-51 


r= 


n 
@ Use standard results for }> rand 
ri 


e Evaluate and simplify series of the form ft), where f(r) is 


linear, quadratic or cubic > pages 44-51 


Prior knowledge check 


y 1 Factorise: The Greek letter ¥> is used in mathematics 
a x74 5x46 bb x243x—4 to represent a sum. For example, the 
F - je oe ak 1 
© 2x2+7x+6 © Pure Year 1, Chapter 1 infinite setles ot oa tigza a0 be 
2 Simplify each expression by writing it as the written as 1 
product of two factors: uch 
This notation was first introduced by the 
a (k+1)+(k+U(k+2) 
! ) 2 5 x : Swiss mathematician Leonhard Euler, who 
b xk+1)?+k(k+1) also proved that this infinite sum is 
c k?(2k-1)+10k-5 
€ Pure Year 1, Chapter 1 


td 
equal to = 
qu 6 
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@® Sums of natural numbers 


You can use sigma notation to write series clearly and Aecdeclethoeuniatthe 


concisely. For example: terms in a sequence. 


Yo (10r - 1) = (10 x 1-1) + (10 x 2-1) + (10 x 3-1) € Pure Year 2, Section 3.2 
rel 
=9+19+29=57 
Sores 124 224 324 ene [ Notation } The numbers below and above the 
rel ¥ tell you which value of r to begin at, and which 
= To find the sum of a series of constant value to end at. You go up in increments of 1 each 
n 
terms you can use the formula })1=n. time: 
r=. 
= The formula for the sum of the first 7 natural i 1 
ni VMr=14+24+3+..40n 


numbers is })1 = 3(n + 1). 
rel 


4 50 ys 
Evaluate: a )0(2r-1) b>or e 1 
rel ret 
4 
a Y(2r-1)=(2x1-1)4+(2x 2-1) 
fl +(2x3-1)+(2x4-1) 
=1+3+5+7 


=16 F- Statenesoin Zeenat 


50 
b =5x 50x 51=12 
yy BOOS ie Problem-solving 


50 
50 
o Saker s Bp = 1275 - x 20 x 21 Df a 214224234... 449450 
reo) ret ral 
= 1275 - 210 = 1065 Find the sum of the natural numbers up to 50, 
then subtract the sum of the natural numbers up 
to 20. 


= To find the sum ofa series that does 1 not (inesinaiiraiaemndmts 
start at r= 1, use Ds f(r) = = f(r) - Ste. k-1,notk. 
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Series 


2N-1 
Show that 57 r=2N?- N-10,N>3. 


r=5 
2N=1 2N=1 4 
r=>or->or 
aS fet ret 
= 4x (2N - 1(2N) - 10 
= 5 x (AN? - 2N) - 10 
= 2N?-N-10 


You can rearrange expressions involving sigma notation. This allows you to evaluate the sums of more 
complicated series. 


. Dm Kf) =k > £”) 


# (FO) +200) = SAW) + Dawn 


Example 


25 
Evaluate 5° (3r + 1) 
rt 


25 25 25 

DL Gr+i=3dr+ i 

fs fay fet 
=3x4x 25x 26425 


= 975 + 25 = 1000 


Example 


n 50 
a Show that )>(7r — 4) = 4n(7n - 1). b Hence evaluate $> (7r - 4). 
r=l r=20 


a D7r-4)= 7yr-4y 
a P= m= 
me —— Erereinmenaneaftecnn 

= 4n(7n +7 - 6) 
= 3n(7n - 1) 


50 50 19 
bY (7r- 4) = V7r- 4) - Nv - 4) 
1580 i a 


Seerge ines somataeease 
= 6725 — 1254 


= 7471 
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Exercise 


1 


46 


Evaluate: 
3 40 20 9 
a Ler+1) b Sr e Sr d Ser 
rs ral r=l r=1 
40 200 40 k 80 
e Dir f Sr g Dor h Sor+ DY r,0<k<80 
r=10 r=100 r=21 r=l r=k+l 


n 
Given that }> r = 528, find the value of n. 
rel 
kK 20 
Given that a = dr find the value of k. 


n=l 
a Find an expression for > r. 


rel 


2n-1 
b Hence show that > r= n(n -1),n=2. 
ren+l 
2n 


Show that > r=3(n+2)3n-1),n=1. 


r=n-1 


2 
a Show that S7r- Sor =4n(n3 - 1). 


rel rel 


81 
b Hence evaluate }> r. { Hint ) Use your result from part a. 


r=10 


Calculate the sum of each series: 


55 90 46 
a /Gr-1) b 2-7) ¢ 2(94+2r 
rel rel ral 
Show that: 
a ¥ Gr +2) =4n3n +7) b S.(5r = 4) = n(10n - 3) 
rel rel 
n4+2 n 
c 2 r+ 3)=(n + 2\(n + 6) d 30 (4r+ 5) =(2n + 11)(n - 2) 
iw r=3 


a Show that > (4r — 5) = 2k? - 3k. 
b Find the smallest value of k for which = (4r — 5) > 4850. 


Given that f(r) = ar + b and ps f(r) = $n(7n + 1), find the constants a and b. 


a Show that = he 1) = 24n? -2n-1,n=1. 


rel 


b Hence calculate ps (3r + 1). 


241 
a Show that )° (4—5r)=-(2k + 1)(5k +1), k = 0. 
FEL 5 
b Hence evaluate }> (4 - 5r). 
rls 


¢ Find the value of 5° (Sr - 4). 
ri 
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(4 marks) 
(4 marks) 


(3 marks) 


(3 marks) 


(5 marks) 


(5 marks) 


(4 marks) 
(5 marks) 


(5 marks) 


(2 marks) 


(5 marks) 
(2 marks) 


(1 mark) 


Series 


® 13 Given that }- f(r) = n? + 4n, deduce an expression for f(r) in terms of r. 
r=l 
14 f(r) = ar + b, where a and b are rational constants. 
4 6 
Given that > f(r) = 36 and >> f(r) = 78, 
r=l ral 
n 
a find an expression for >> f(r) (6 marks) 
r= 


10 
b hence calculate } f(r). (2 marks) 
rel 


Challenge 


2n 
Given that }> (12 — 2r) =0, find the value of n. 
in 


(3.2) Sums of squares and cubes 


The expression for a lis linear, and the expression for dri is quadratic. Similarly, you can find a 


cubic expression fort the sum of the squares of the first n natural numbers, and a quartic expression 
for the sum of the cubes of the first n natural numbers. 


= The formula for the sum of the squares of the first ‘anempemeloainel 
natural numbers is >) r? = tn(n +1)(2n+1). these results using mathematical 
=e induction. + Section 8,1 


= The formula for the sum of the cubes of the first 7 
natural numbers is 5) r3 = $72(n + 1)?. 
rel 


Example 


40 
Evaluate: a >>? b> Pr 


r=20 rel 


4 4D 
a Dr=yr-yr 
i 
={x BAO + 1)(60 +1) 
Ex 1919 + 1)(38 + 1) 


= 201 140 — 2470 = 19670 


| 
25 1 | 
b Yio = 4x 25? x 26? = 105 625 


2n 
a Show that }> r?=4n(2n + 1)(7n + 1). 


r=ntl 


b Verify that the result is true form = 1 and n= 2. 
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a = Pedr 


rant! 


yr 


[ 
= Ex 2n(2n + 1)(4n + 1) - Ena + 1)(2n + 1) 
= tn(2n + 1)(2(4n + 1) - (n+ 1) 


= En(2n + 1\(7n + 1) 


b When n = 1: 
2n 


¥ re dr= 


rentt ree 


En(2n + W(7n+ 1) =ix3x6=4V 


2=4 


When n = 2: 

2n 4 

YO P= Lr =32+4=25 
r=ntt r=3 


En(2n + 1)(7n +1) = 2x5x15= 25Vv 


A 
Show that }0(r? + r= 2) = 4n(n + 4)(n = 1). 
r= 


Problem-solving 


Look for common factors in each part of 
the expression. Here you can take out a 
factor of Zn(2n + 1). 


When you have been asked 


to find a general result for a sum it is good 
practice to test it for small values of n. It will 
not prove that you are correct, but if one 
value of n does not work, you know that your 
result is incorrect. 


b Hence find the sum of the series 4 + 10 + 18 + 28 + 40 + ... + 418. 


a Ye +r-2) 


Sanches + 3n+ 3-12) 


i n(2n? + Gn - 8) 


=e 
= fn(n? + 3n- 4) 
1 
Ss 


n(n + 4)(n - 1) 
+4410+168+26+40+...4+ 418 
20 
= lr? +r - 2) 

rt 
= $ x 20(20 + 4)(20 - 1) 
= 3040 


48 


Problem-solving 


The question says ‘hence’ so use your answer 
to part a. When r= 1,7? +r-2=0,and 
when r= 20, r? +r — 2 = 418, so you can 

20 
write the sumas }o 2+ r— 2), 


rai 
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a Show that }or(r + 3)(2r - 1) = tn(n + 1)(3n? + an + b), where a and b are integers to be found. 
r=l 


40 
b Hence calculate }> r(r + 3)(2r - 1). 


reall 


A 
= )0(2r3 + Sr? - 3r) 


re 


= 208 +5 -30r 
ri rat 


r= 


= En? (n +1)? + 2nin + 1)(2n + 1) — nin + 1) 
= tn(n + 1)3n(n + 1) + 5(2n + 1) - 9) 
= t(n + 1)(3n? + 13n - 4) 


40 
b Sor + 3)(2r - 1) 
att 


40 10 
= dine + 3)(2r-1) - nr + 3)(2r - 1) 


= 1453040 - 7610 


= 1445 230 
1 Evaluate: 
4 40 40 99 
a Sr? b Yer? e Yr d Yer 
rel r=l r=21 r=) 
100 200 k 80 
e Yr f Sr g r+ Yr, 0<k<80. 
rel r=100 r=l r=k+l 
2 Show that: 
2n 1 2n=1 1 
a Sor? = 4n(2nt 1)(4n + 1) bY? r2=4n(2n- 1)(4n- 1) 
ral r=1 


2n 
© Lrt=jnln+ 1(14n + 1) 


n+k 
@®) 3 Show that, for any kEN, Y) 73 =hintkhP(ntk+ 1)? 
rel 


3n 
©® 4 a Showthat Yo 3 =n2(4n+ 1)(5n +2) (3 marks) 
r=n+l 
30 
b Hence evaluate }> r3. (2 marks) 


r= 
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® 5 


50 


2n 
a Show that )>r3 = jn2(n + 1)(5n + 1). (3 marks) 
60 
b Hence evaluate }> r3. (2 marks) 
r=30 
Evaluate: 
30 40 80 35 
a Yo (ne -1) b Yirwr+4) © Yir(r +3) d V@e-2 
m=l r=l rel rell 
n 
a Show that )\(r + 2)(r + 5)= 4n(n? + 12n+41) (4 marks) 
r=l 
50. 
b Hence calculate > (r + 2)(r + 5). (3 marks) 
r=10 


n 
a Show that )°(r?2+ 3r+ 1) = 4n(n + a)(n + b), where a and b are integers to be found. (4 marks) 
r=l 


40. 
b Hence evaluate > (r? + 3r + 1). (3 marks) 
r=19 
n 
a Show that )>r2(r- 1) = sba(n + 1)(3n?-n-2). (4 marks) 
r=1 
2n=1 
b Hence show that > r2(r- 1) = 4n(2n — 1)(6n? - 7n + 1) (4 marks) 
rel 


n 
a Show that $0 (r+ 1)(r + 3) = $n(2n? +an +b), where a and b are integers to be found. 
rel (4 marks) 


2n 
b Hence find an expression, only in terms of n, for $> (r+ 1)(r +3). (3 marks) 
r=n+1 


n 
a Show that (r+ 3)(r + 4) = tn(n? + an + b), where a and b are integers to be found. 
pe (4 marks) 


3n 
b Hence find an expression, only in terms of n, for 5) (r+ 3)(r +4). (3 marks) 


r=ntl 


n 
a Show that So r(r + 3)?= n(n + 1)(n? + an + b), where a and b are integers to be found. 
rl (5 marks) 


20 


b Hence evaluate $¢ r(r + 3). (3 marks) 
r=10 


kn 
a Show that, for any k EN, }(2r- 1) =k? n?. 
ri 


Sn n 
b Hence find a value of n such that )°(2r — 1) = or? 
r=1 r=1 
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14 a Show that )(r3 - 72) = y(n + In - 1)(3n + 2). (4 marks) 
rl 
b Hence find the value of 7 that satisfies }>(r3 — r2) = $>7r. (5 marks) 
m1 m1 


Challenge 


a Find polynomials f(x), f3(x), f,(x) such that for every n € N: 
n n » [ Hint } The polynomial 
Lh=n LAM =m, Vk) =n4 fy(x) = 1 satisfies 
b Hence show that for any linear, quadratic, or cubic polynomial h(x) yho ao 


there exists a polynomial g(x) such that Yat) =n(h(n)). 
ri 


Mixed exercise 
A A 


n 
Throughout this exercise you may assume the standard results for >) r, 5) r? and $) r3. 
=t 


r=lors rel 
1 Evaluate: 
10 10 10 
a Dr b >r e Ur dv 
ret r=10 r=l rel 
50 100 60 60 
e ir fe gdr+dr 
r=26 r=50 r=l r= 
2 Write each of the following as an expression in terms of n. 
n n n 
a )°(3r-5) b (rr? +r) ¢ )2(3r? + 7r) 
ral r=l r=l 
n n n 
d So(4r3 + 6r2) e Yr? -2r) f S(r?-3r) 
rel r=l r=! 
n n 
g d(r?-5) h SO(Q2r3 4 3r2 +r +4) 
ret r=l 
30 
® 3 Evaluate > r(3r - 1). (5 marks) 
r=l 


n 
® 4 a Show that }>r2(r - 3) = in(n + 1)(n? + an + b), where a and b are integers to be found. 
vat (4 marks) 


20 
b Hence evaluate }>r?(r - 3). (2 marks) 
ral 


® 5 a Show that }>(2r-1)?= $n(an + b)(an — b), where a and b are integers to be found. (5 marks) 
ri 


2n 
b Hence find }°(2r - 1)?. (2 marks) 
rel 
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® «6 


7 


a Show that $¢r(r + 2) = En(n + 1)(an + b), where a and b are integers to be found. (4 marks) 
r=l 
30 
b Hence evaluate }> r(r + 2). (3 marks) 
r=15 
2 1 
a Showthat }> r2= ¢n(2n + 1)(an + b), where a and b are integers to be found. (4 marks) 
rent 
30 
b Hence evaluate > r?. (2 marks) 
r=16 
e. 1 
a Show that > (r?-r- 1) = qn(n? — 4). (4 marks) 
r=l 
40, 
b Hence evaluate > (r?-r- 1). (3 marks) 
r=l0 
n 2n 
¢ Find the value of n such that > (r?-r-1)= Sor. (5 marks) 
r=l r=l 
’ 1 
a Show that )>r(2r? + 1) = zn(n + 1\(n? +n+ 1). (4 marks) 
rel 


n n 
b Hence show that there are no values of 7 that satisfy 37 r(2r? + 1) = 52 (100r?- r). (6 marks) 
r=l r=l 


n 
a Show that )>r(r + 1)?= n(n + 1)(n + 2)(an + b), where a and b are integers to be found. 
rel 


(5 marks) 
n 0 
b Hence find the value of 1 that satisfies )7 r(r + 1)? = °70r. (6 marks) 
r=t r=1 
n n+l 
Find the value of n that satisfies }>r? = > (9r + 1). (7 marks) 
r=1 rel 


Challenge 


Show that: 
n i 
: (zr) = nln + 1P°(n + 2) 
lg (oy aes 
b ¥((54) = dnln + (n+ 2)(n+3) 
j=1\iet Wel 


52 
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Summary of key points 


A 
1 To find the sum of a series of constant terms you can use the formula 5) 1=n. 


ral 


” 
2 The formula for the sum of the first 7 natural numbers is > r= n(n +1). 
r=1 
n n k-1 
3 To find the sum of a series that does not start at r= 1, use >) f(r) = > f(r) — ) fF) 
rk rl r=1 


4 You can rearrange expressions involving sigma notation. 
. 2 AF) =k afte) 
+ UFO) +80) = Sof) + Vee) 


5 The formula for the sum of the squares of the first 2 natural numbers is 
A 
Sor? = tn(n + 1)(2n +1) 
r=1 


6 The formula for the sum of the cubes of the first 7 natural numbers is 


ae = tn? (n+1)? 


r=. 
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bjective: 


After completing this chapter you should be able to: 
@ Derive and use the relationships between the roots of a 
quadratic equation ~ pages 55-57 
@ Derive and use the relationships between the roots of a 
cubic equation ~ pages 57-59 
@ Derive and use the relationships between the roots of a 
quartic equation ~ pages 59-61 
@ Evaluate expressions relating to the roots of polynomials 
> pages 62-64 
@ Find the equation of a polynomial whose roots are a linear 
transformation of the roots of a given polynomial 


+ pages 65-67 


Solve the following quadratic equations. 


a x°+4x+5=0 

b 2x*-7x+8=0 € Section 1.4 
2 Given that z = 1 —iis a root of the 

equation x° — 2x + 4=0, find the other 

two roots. € Section 1.5 


3. f(x) =x?- 2x—3. Find the roots of: 


You can plot the roots of complex-valued 
polynomials on an Argand diagram. The 


fractal-like pattern shown here is created by al f@)i=0 
| plotting the roots of all possible polynomials b f(x-5)=0 


with degree < 18 and coefficients 1 or —1. 


c f(2x)=0 € Pure Year 1, Chapter 4 
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@ Roots of a quadratic equation 


A quadratic equation of the form ax? + bx +c =0, 
x €C, where a, b and c are real constants, can 
have two real roots, one repeated (real) root or 
two complex roots. 


t Links ] If the roots of a quadratic equation 
with real coefficients are complex, then they 
occur as a conjugate pair. € Section 1.4 


If the roots of this equation are a and 3, you can determine the relationship between the 
coefficients of the terms in the quadratic equation and the values of a and /3: 


ax? + bx + c= a(x -—a)(x - B) 
= a(x? —ax - Bx + af) Write the quadratic expression in factorised form, 


2 ala+ f) B then rearrange into the form ax? + bx + c 
=ax* —a(a+ D)xX + aq 


So b= -a(a+ 3) and e¢= aap. 


= If aand {are roots of the equation 
ax? + bx + c= 0, then: The sum of the roots is ae and the product 


b of the roots is £ q Note that these values are real 
* atpa “a even if the roots are complex, because the sum 
* aB= £ or product of a conjugate pair is real. 


Example 


The roots of the quadratic equation 2x? - 5x — 4 = 0 are a and (3. Without solving the equation, 
find the values of: 


aat+Z b af cath d 24+ 2 
sO E =3  Ueeteretor tee 
1,1_ a+ 5 
oat Bap 4 
d a? + B? = (a+ B)? - 2a8 Problem-solving 
(3° - 2(-2) = 4 Write each expression in terms of a + 3 and a: 


(a+ DP =02+ F +208 > 07+ F = (a+ 9)? - 203 


The roots of a quadratic equation ax? + bx + c= 0 area = 4 and J= 


Blu 


Find integer values for a, 6 and c. 
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x+ix-B=0 
8x? + 2x-15=0 
a=8,b=2,c=-15 


Ex 


1 


56 


© 


a and ( are the roots of the quadratic equation 3x? + 7x — 4 = 0. Without solving the equation, 
find the values of: 


aa+f b af cate d at+ 
aand @ are the roots of the quadratic equation 7x? — 3x + 1 = 0. Without solving the equation, 
find the values of: 2 
oe 2 2 
aatfZ b af cats d a?+ 
aand ( are the roots of the quadratic equation 6x? - 9x + 2 = 0. Without solving the equation, 


find the values of: 


aatZ b a2x # 
cats deh GED ty expanding (a + 9. 
The roots of a quadratic equation ax? + bx + c= 0 are a =2 and 3 =-3. 


Find integer values for a, b and c. 
The roots of a quadratic equation ax? + bx + ¢ = 0 are a= -+ and 3=-4 
Find integer values for a, b and c. 


-1+i -1-i 
> and 6 =—>— 


The roots of a quadratic equation ax? + bx +c =O area= 
Find integer values for a, b and c. 


One of the roots of the quadratic equation ax? + bx + c= 0 is a = -1 - 4i. 
a Write down the other root, 3. 
b Given that a = 1, find the values of b and ec. 


Given that kx? + (k — 3)x — 2 = 0, find the value of k if the sum of the roots is 4. 

The equation nx? — (16 + n)x + 256 = 0 has real roots a and —a. Find the value of n. 

The roots of the equation 6x? + 36x + k = 0 are reciprocals of each other. Find the value of k. 
The equation mx? + 4x + 4m = 0 has roots of the form k and 2k. Find the values of m and k. 


The equation ax? + 8x + ¢ = 0, where a and ¢ are real constants, has roots a and a*. 
a Given that Re(q) = 2, find the value of a. 
b Given that Im(q) = 3i, find the value of c 
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® 13 The equation 4x? + px + q = 0, where p and g are real constants, has roots a and a*. 
a Given that Re(a) = -3, find the value of p. 


b Given that Im(a) # 0, find the range of possible values of q. 


@®@ Roots of a cubic equation 


A cubic equation of the form ax? + bx? + cx + d=0, 


x € C, where a, b, c and d are real constants, will arbrecematencitfurst 


always have at least one real de will also have coefficients has two complex roots, then they 
either two further real roots, one further repeated will occur as a conjugate pair.  « Section 1.5 


(real) root or two complex roots. 
If the roots of this equation are a, /3 and y, you can determine the relationship between the 
coefficients of the terms in the cubic equation and the values of a, 3 and 7: 
ax? + bx? + ex + d= a(x — a)(x - 8)(x - 9) 
= a(x} - ax? — Ax? -— yx? + aBx + Byx + yax — a9) 
=ax?-alat B+ 7)x? + al(aB + By + ya)x - aay 
Sob =-a(a + 3+ 4), c= a(aB + By + ya) and d= -aa3y. 
= If c, Band +are roots of the equation ax? + bx? + cx +d = 0, then: 


[Note] As with the rule for quadratic equations, 
the sum of the roots is = and the sum of the 
* aBy=- a products of all possible pairs of roots ise 


a, 3 and ¥ are the roots of the cubic equation 2x} + 3x? - 4x. + 2 = 0. Without solving the equation, 
find the values of: 


aat+B+y b af + By+ 70 e apy ada 


a a+fp+y=-3 


b aft by+7a=-2 
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The roots of a cubic equation ax? + bx? + cx + d=O are a = 1 -2i, 8=1+2iand y=2. 
Find integer values for a, b, c and d. 


a+8+y7=(1- 2i)+ (1+ 2))+2=4, 


so4= at —— 
af + By + ya 


= (1 - 2i)(1 + 2i) + (1 + 2i) x 2+ 2(1 - 2) 


=9 
s09= £ 
apy = (1 — 2i)(1 + 2i) x 2 = 10, 
d 
so10=-7 | 
Saar Ox AOSD Be careful with negative signs when 


a=1,b=-4,c=9,d=-10 writing out the equation. 


Exercise (48) 


1 a, Band yare the roots of the cubic equation 2x3 + 5x? - 2x + 3 = 0. Find the values of: 
re | 


aatB+y b afy e aft fy+ 7a @ataty 
2 a, Band yare the roots of the cubic equation x* + 5x? + 17x + 13 = 0. Find the values of: 
aat+Bt+y b apy ¢ aBt+ By+ 7a d a2? 
3 a, Band yare the roots of the cubic equation 7x3 -— 4x? — x + 6 = 0. Find the values of: 
ile ee | 
aat+B+y b apy c af datgty 


4 The roots of a cubic equation ax* + bx? + cx +d=0 area = 3 B= 4 andy=1. 
Find integer values for a, b, c and d. 


5 The roots of a cubic equation ax* + bx? + cx +d =0 are a = 1 + 3i, 9=1-3iand 7 =4 
Find integer values for a, b, c and d. 


6 The roots of a cubic equation ax* + bx? + cx +d=0area= 3 B= 4 and y =5 
Find integer values for a, b, c and d. 


® 7 The cubic equation 16x? — kx? + 1 = 0 has roots a, 3 and ¥. 


a Write down the values of af + 37 + ya and af. (2 marks) 
b i Given that a = @, find the roots of the equation. (5 marks) 
ii Find the value of k. (1 mark) 


® 8 The cubic equation 2x* — kx? + 30x — 13 = 0 has roots a, 3 and 4. 


a Write down the values of af + 3y + ya and a/3y, and express k in terms of 
a, Band 7. (3 marks) 
b Given that a = 2 — 3i, find the value of k. (4 marks) 
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® 9 The cubic equation x7 — mx +n = 0 has roots 1, -4 and a. 


a State, with a reason, whether a is real. (1 mark) 
b Find the values of m,n and a. (4 marks) 


® 10 The cubic equation 2x3 — 10x? + 8x — k = 0 has a root at x =3 -i. 
a Find the other two roots of the equation. (4 marks) 
b Hence find the value of k. (2 marks) 


11 The cubic equation x* — 14x? + 56x — 64 = 0 has roots a, ka and k*a for some real constant k. 


Find the values of a and k. (5 marks) 


12 Given that the roots of 8x3 + 12x? - ex +d=Oarea, a anda—4,finda,candd. (5 marks) 


13 Given that the roots of the cubic equation 2x3 + 48x° + cx + d= 0 are a, 2a and 3a, find the 


values of a, c and d. (5 marks) 


Challenge 


a, 3 and + are the roots of the equation ax? + bx* + cx + d=0, 
xECabcdeER. 


By considering all the possible cases in which a, (3 and + are real 
or complex, explain why the following are always real numbers: 


aatht+y b af+fy+ ya c apy 


[ 4.3 ) Roots of a quartic equation 


Consider the quartic equation ax* + bx? + cx* + dx + e = 0, x € C, where a, b, c, dand ¢ are real 
numbers. If the roots of the equation are a, /3, 7 and 4, you can determine the relationship between 
the coefficients of the terms in the equation and the values of a, 3, y and 6: 


ax* + bx} + cx? + dx + e = a(x — a)(x — 8)(x — 7) (x - 4) 
= a(x4 — ax — 8x? - 7x3 — 6x? + a Bx? + Byx? + yax* + 75x? + adx* 
+ BOx* - aByx — aBdx — aydx — BY5x + A370) 
=axt—alat 3+ 7 +6) + alaZ + Jy + 7a + 76 + a6 + 35) x? 
—a(aFy + 36 + a6 + 996)x + aaG{d 
Sob=-ala+ 3+7+56),c= ala + By + ya + 76 + ad + (36), d = -alaFy + 036 + yd + 376) and 
e=aapy6. 
a If a, G, yand 6 are roots of the equation ax* + bx? + cx? + dx + e = 0, then: 


. a+p+y+5=-2 


+ abt+tay+ad+ By + Bb+76 =< [ Notation } You can use the following 
d abbreviations for these results in your working: 
. aBy + a6 + 076 + Bb = -7 Ee 


d 
Ya=-2 Sapa Yapy=-£ 
: apys=£ a a a 
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=Ss  — | 


The equation x4 + 2x3 + px? + gx — 60 = 0, x EC, p, g ER, has roots a, 3, y and 6. 
Given that y =-2 + 4iand 6=4*, 

a show that a+ 3-2=0Oand thataf+3=0. 

b Hence find all the roots of the quartic equation and find the values of p and g. 


‘ rsdere6=-2— $$ wee Bthbezandast, 
at B+ (-2 + 4i) + (-2 - 4) =-2 


a+3-4=-2 
Hencea+f-2=0 (1) 
i emeg —— Werainbn§ whe=toantan, 
ap(-2 + 4i)(-2 - 4) =-60 


20a3 = -GO 
Hence a8 +3 =O (2) 


b Solve equations (1) and (2) simultaneously. 
From (1), 3 = 2 — a so substitute into (2): 
a(2-a)+3=0 
a’? - 2a-3=0 
(a - 3a + 1)=0 


a=3or-1 
Fa=3,8=-landifa=-1,8=3 

So the roots of the quartic equation are 3, 
-1,-2 + 4i and -2 - 4). 


wens a WeSadeGwibempandant, 


> p= 3(-1) + 3(-2 + 4i) + 3(-2 - 4i) - 
(-2 + 4i) - (-2 - 4i) + (-2 + 4i(-2 - 41) 
Sop=9 
Ei 
Lapy = - 7 
=> -g = 3(-1)(-2 + 4i) + 3(-1)(-2 - 4i) 
+ 3(-2 + 4i(-2 - 4i) - (-2 + 4i(-2 - 4i) 
Soq=-52 


1 a, 6, yand 6 are the roots of the quartic equation 
4x4 + 3x34 2x? - 5x — 4 =0. Without solving the equation, pl areal 
find the values of: ere 
aatp+rytd b aftay+adt By + 26476 = fib + a8 + 080+ aBy 
© afy t+ a6 +076 + G76 atatatyt a) 
a py 6 
2 a, 3, yand 6 are the roots of the quartic equation 2x4 + 4x3 — 3x? — x + 2 = 0. Find the values of: 
aatB+y+d b aBtay+ad + By + 96476 e€ af) + a6 + a6 + G40 
d af e Jit iit 
a py 6 
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a, 3, y and 6 are the roots of the quartic equation x4 + 3x3 + 2x7-x+4=0. 
Find the values of: 


aatB+yt+d b aBtay+ad+t By + B64 90 © afy t+ ad + ad + B46 

d apo e€ APY 

a, 3, y and 6 are the roots of the quartic equation 7x4 + 6x3 — 5x7 + 4x +3=0. 

Find the values of: 

aatf+y+o b aBt+ay+ad + By + 254+ 76 © afy+ ad + ay + fyb 
pe ee oe 3533, 

datgtyts € a8 3355 

The roots of a quartic equation axt + bx} + cx? + dx + e = O are a = -3, B=}, y=-2 and 6 =F 


Find integer values for a, b, c, dand e. 


The roots of a quartic equation axt + bx? + cx? + dx + e =O are a= 4 B= + y= l+iand 
5 =1-i, Find integer values for a, b, c, dand e. 


The roots of a quartic equation ax* + bx} + cx? + dx + e = 0 are such that Na = » Lap = -3, 
Lapy = -3 and a6 = 4 Find integer values for a, b, ¢, d and e. 


The quartic equation x4 - 16x} + 86x? — 176x + 105 = 0 has roots a, a + k, a + 2k and 
a + 3k for some real constant k. Solve the equation. (7 marks) 


The quartic equation 30724 — 2880.x° + 840x° - 90x + 3 = 0 has roots a, ra, a and ra for 
some real constant r. Solve the equation. (7 marks) 


Three of the roots of the quartic equation 40x4 + 90.x3 — 115x? + mx +n =0 are 1, -3 and + 
a Find the fourth root. (2 marks) 
b Find the values of m and n. (4 marks) 


The quartic equation 2x4 — 34.x3 + 202x? + dx + e = 0 has roots a, a + 1, 2a + 1 and 3a +1. 
a Finda. (2 marks) 
b Find the values of dand e. (4 marks) 


The equation 4x4 — 19x3 + px? + qx + 10=0, x EC, p, g ER, has roots a, 3, y and 6. 
Given that 7 =3+iand6=7*, 


a show that 4a + 43+ 5 =0 and that 4a3-1=0. (2 marks) 
b Hence find all the roots of the quartic equation and find the values of p and g. (5 marks) 
¢ Show these roots on an Argand diagram. (3 marks) 


A quartic equation 6x4 — 10x} + 3x? + 6x — 40 = 0 has roots a, 3, 7 and 6. 
1-3i 


a Show that 3 is one root of the equation. (3 marks) 
b Without solving the equation, find the other roots. (5 marks) 
¢ Show these roots on an Argand diagram. (3 marks) 
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@ Expressions relating to the roots of a polynomial 


You have already seen several results for finding the values of expressions relating to the roots of a 
polynomial. 


= The rules for reciprocals: 


Je: 12 ese 
Quadratic: at B BB 
ic: 1, 1,2 .08erese 
Cubic: a at z= apy 
1111 _ ay + 95 + Ya + F0B 
Quartic: ata B at 37 aD 
= The rules for products of powers: 
* Quadratic: a" x 3" = (ap)" 
* Cubic: a" x B" x 7" = (ay)" 


* Quartic: ax B"x y" x 6" = (ay6)" 
In addition to these you have also used the following results for the roots of quadratic equations: 
© at+ P= (a+ 8)? -2a8 
+ + P= (at BP -3aB(at B) 


There are equivalent results to these for the roots of cubic and quartic equations. 


Example 


a Expand (a + 3+). 


b A cubic equation has roots a, 3, 7 such that a + Gy + ya=7anda+$+7=-3. 
Find the value of a? + (P + 77. 


a (a+ 8+)? =(a+ 3+ 4) (a+ 8+) 
=a®+as+ayt+ Bat 8 + Byt+ 70+ 784+77 
=a? + B2 +4? + 2a + fy + ya) 


b a? + 8? + 7 = (a+ 8+ 7)? - 2(aB + Jy + Ya) 
= (-3)? - 2(7) = 


You can find an expression for the sum of the squares of a quartic equation in a similar way, by 
multiplying out (a+ 6+ 7+ 0)?. 


= The rules for sums of squares: { Note } If you learn these 
* Quadratic: a? + 3? =(a+ B)?-2af8 youlcaniuse them without 
+ Cubic: a? + B2+72 = (at B+ >)? -2(aB+ By+ 7a) proof in your exam. 


+ Quartic: a? + 3? + 774+ 6? =(a+G+7+6)?-2(aBt+ay+ad + Gy + Bd +6) 


62 3THSEC 


Roots of polynomials 


You can find a similar result for the sum of the cubes of a cubic equation by multiplying out (a + 3+ 9)?. 


= The rules for sums of cubes: Note |qaicaitstenigimegaines 


* Quadratic: a? + 3? =(a + 3)? -3af(a + J) for a quartic equation is not required. 
* Cubic: 07+ G3 +73=(a+ 3+)? - (a+ 8+ 7)(aB+ Byt+ ya) + 30By 


The three roots of a cubic equation are a, 3 and 7. Given that a3y = 4, a3 + Gy + ya =-5S and 
a+ 3+ = 3, find the value of (a + 3)(3 + 3)(y + 3). 


= afy + 3a + Bay + 9a + 337 + 98+ 97+ 27 
apy + 3(aB + By + ay) + Wa + B+) + 27 
= 4 + 3(-5) + 9(3) + 27 

= 43 


Exercise (40) 


1 A quadratic equation has roots a and 3. Given that a + 3 = 4 and a = 3, find: 


aagts b af? cat P d af + 33 


2 A quadratic equation has roots a and 3. Given that a + 3= = and aZ= 2 find: 
atyt b ae © +2 dads 


8 


® 3 A quadratic equation has roots a and 3. Given that a + 3= 3 and a3 = -+ find: 


a (a +2)(G+2) b (a-4)(3-4) ¢ (a2 + IP +1) 

4 A cubic equation has roots a, 3 and +. Given that a + 3+ y= 2, a9 + Jy + ya =-3 and ay = 4, 
find: 
antgty b a+ P+ ce G+ H+ d (a8) + (34)? + Ga)? 


5 A cubic equation has roots a, 3 and 7. Given that Na = 3 Las = -t and ay = 4 find: 
1 Ces eae 


aatgty b att P+ c G+ H+ d ah 

® 6 A cubic equation has roots a, 3 and y. Given thata + 8+7= +, aB+ By+7a= 3 and 
afy= 4, find: 
a (a + 28 + 2)(7+ 2) b (a-3)(8- 3)(7- 3) e (1-a)(1- A) -7) 
d (af) + (HP + Gay € (af) + (44% + Ga) 


7 A quartic equation has roots a, 3, y and 6. Given thata + G+7+6=3, 
af +ay+ad + By + 96 + 76 =5, a8) + aBd + 096 + 346 = -4 and a6 = -2, find: 


adegraet b+ P+Prh © atst/st 
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A quartic equation has roots a, 3, 7 and 6. Given that Na = 4, LYas= 2, Lappy = + and 
aby6 =4, find: 

di i iit 24 R452 334353 
Aatgtyts b a+ P4+P+h © 033436: 


d (a8) + (34? + (Va)? + (95) + (ad) + (88) 
€ (afyy + (a6 + (aqd) + ()6P 


A quartic equation has roots a, 3, 7 and 6. Given that Sa = +, LaB= -+ Lapy= + and 


a3y6 = 3, find: 
a (at 1B + (y+ 16+ 1) b (2-a)(2 - 82-72 - 4) 


The roots of the equation x} — 6x? + 9x - 15=0 area, 3 and 7. 
a Write down the values of a + 3+ 7, a3 + Gy + ya and afy. 


b Hence find the values of: 


Vit 
atgry 
at + (P+ 


iii (a - 1I)(3- I-11) 
The roots of the equation 2x3 + 4x? + 7 = 0 are a, 3 and 7. 
a Write down the values of a + 3+ 7, a3 + Gy + ya and afy. 
b Hence find the values of: 
i a2 + e + ond 
a3 B43 
iii (a + 2)(3 + 2)(y + 2) 


Show that a3 + B+ Y= (at 3+ 7) -3(a + 8+ 7)aB + By + ya) + 307. 


The roots of the equation 3x3 — px + 11 = Oare a, Band y. 
a Given that af + Jy + ya = 4, write down the value of p. 
b Write down the values of a + 3+ y and afy. 
c Hence find the value of (3 - a)(3 - 3)(3 - 9). 


The roots of the equation x4 + 2x? - x + 3 =O are a, 3, y and 6. 
a Write down the values of Na, Na3, Nay and a3y6. 


b Hence find the values of: 
, ttyl 
a py 6 
fi a+ P+P+P 
iii (a + IB + (y+ DO+ 1) 


The roots of the equation ax4 + 3x3 + 2x7 + x - 6 =O are a, 3, y and 6. 


a Given that a7 = -3, write down the value of a. 


b Write down the values of Na, Na and Nai. 


c Hence find the value of 75 +545 +5 


(1 mark) 


(2 marks) 


(2 marks) 
(3 marks) 


(1 mark) 


(2 marks) 
(2 marks) 
(3 marks) 


(1 mark) 
(1 mark) 
(3 marks) 


(1 mark) 


(3 marks) 


(3 marks) 
(3 marks) 


(i mark) 
(i mark) 


(3 marks) 


Prove that if a quartic equation has roots a, 3, y and 6 then a? + 3? + 7? + 6? = (Ha)? - 2Nafs. 
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@ Linear transformations of roots 


Given the sums and products of the roots of a polynomial, it is possible to find the equation of a 
second polynomial whose roots are a linear transformation of the roots of the first. 


For example, if the roots of a cubic equation are a, 3 and ¥, you need to be able to find the equation 
of a polynomial with roots (a + 2), (3 + 2) and (7 + 2), or 3a, 33 and 34. 


Problem-solving 


The cubic equation x° — 2x? + 3x - 4 = 0 has roots a, 3 and 7. 


Find the equations of the polynomials with roots: LANCE aN coht fe read 


SaB and the product a3 for 
a 2a, 2G and 27 b (a + 3), (9 + 3) and (7 + 3) the original equation. Then 
use these values to find the 
a Method 1 equivalent sums and products 
at B+y7= 2, a8 + By + a= 3 and afy= for an equation with roots 2a, 
23 and 24. 


Sum = 2a+ 28+ 2y= 2a+h+7) =4 


Pair sum = (2a)(2)) + (23)(27) + (2yW(2a) — Seta=1inthe new equation. — 
=A(aB t+ By + ya) = 12 


Product = (2a)(23)(27) = Bay = 32 It's a good idea to 


Hence the new equation is w? — 4w? + 12w -32=0 —— choose a different letter such 
as w for the variable in your 


Mathodi2 new equation. 
Let w = 2x, hence x 

anit Ww wy? w - 
Substituting: ( 2 2(5) + 3(5) -4=0 


Multiply through by 8: w? - 4w? + 12w - 32 =0 


b Method 1 

Sum = (a + 3) + (8+ 3) + (y¥+ 3) =a+f+y+ 9H 

Pair sum = (a + 3)(3 + 3) + (3+ 3)(y+ 3) + (y+ 3)a+ 3) 
=a3+ Byt+yat CGlat+ 9+) + 27 
=3+12+27 
=42 

Product = (a + 3)(9+ 3)(7+ 3) 
=aBy+ 3(af + By + ya) + Hat f+) + 27 
=44+494+16+27=56 


Hence the new equation is w? - 11w* + 42w - 58 =O 
Method 2 

Let w=x+3 hence x=w— 3. 

Substituting: (w — 3)3 - 2(w - 3)? + 3(w - 3) -4=0 


we — Ow? + 27w — 27 — 2(w? - Gw + 9) + 3w-9-4=0 
w? — 11w? + 42w - 56 =0 
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Example 


The quartic equation x4 — 3x3 + 15x + 1 = 0 has roots a, 3, y and 6. Find the equation with roots 
(2a + 1), (28 + 1), (27 + 1) and (26 + 1). 


Method 1 Even though the 


atB+y+d=3 x? term is 0, the equation is still 
af +aytad + 3+ 96+75=0 a quartic. Find expressions for 
apy + 086 + ay + By = -15 La, DaZ, Nasy and aG76. 
apy =1 


Sum of roots: 

(2a + 1) + (28+ 1) + (2y+ 1) + (25+ 1) 

= 2at+B+y+d)+4 

=10 

Pair sum: 

Ala + ay + ad + Jy + 85 + 76) + Gla+B+74)+4+6 


=4x0+6x3+6=24 
Triple sum: 
Bl(aBy + a5 + a7d + 976) + B(aB + ay + ad + Jy + 35 + 76) 
+ 6lat+B+y7+d)+4=-98 
Product: 
160376 + B(aBy + a3d + ad + 346) + 4(aB + ay 
+ ad + By + 36 + 76) + 2(a+ +746) +1 
=-97 


Hence the new equation is 
wt — 10w? + 24w? + 98w - 97 =O 


Method 2 F 
i= 
Let w= 2x + 1 hence x = 3 Problem-solving 
ting. (Wot _ (wat)? w-1 ee In many cases, it is quicker to 
Substituting: ( 2 ) 3 2 ) + 15( 2 ) +1=0 


use a substitution. 


(w = 1)4 = Gow = 13 + 120(w - 1) +16 =O] 
wi — 4w3 + Gw? — 4w + 1 — 6(w3 — 3w? + 3w — 1) 
+ 120w - 120+ 16=0 
wt — 10w? + 24w? + 98w - 97 =O___} 


Exercise 


1 The cubic equation x3 — 7x? + 6x + 5 = 0 has roots a, 3 and y. 
Find equations with roots: 


a (a +1), (3+ 1) and (y+ 1) b 2a, 23 and 27 


2 The cubic equation 3x° - 4x? - 5x + 1 = 0 has roots a, 3 and y. 
Find equations with roots: 


a (a—3), (3-3) and (7-3) » SS anat 
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The cubic equation x3 — 3x? + 4x — 7 = 0 has roots a, 3 and 7. 

Without solving the equation, find the equation with roots (2a + 1), (29 + 1) and (27 + 1). 

Give your answer in the form aw? + bw? + cw + d=0 where a, b, c and d are integers to be 
determined. (5 marks) 


The cubic equation x3 + 4x? — 4x + 2 =0 has roots a, 3 and 7. 

Without solving the equation, find the equation with roots (2a — 1), (29 - 1) and (27 - 1). 

Give your answer in the form w* + pw? + gw + r= 0 where p, g and r are integers 

to be found. (5 marks) 


The cubic equation 3x° — x? + 2x — 5 = 0 has roots a, 3 and y. 

Without solving the equation, find the equation with roots (3a + 1), (39 + 1) and (37 + 1). 

Give your answer in the form aw? + bw? + cw + d=0 where a, b, c and dare integers to be 
determined. (5 marks) 


The quartic equation 2x* + 4x3 — 5x? + 2x - 1 = 0 has roots a, 3, 7 and 6. Find equations with 
integer coefficients that have roots: 


a 3a, 33, 3yand 36 = b (a- 1), (G- 1), (y- I and (6 - 1) 


The quartic equation x4 + 2x3 — 3x? + 4x + 5 = 0 has roots a, 3, y and 6. 
Without solving the equation, find equations with integer coefficients that have roots: 


a 2a, 23, 2y and 26 (6 marks) 
b (a — 2), (3 - 2), (y - 2) and (6 - 2) (6 marks) 


The quartic equation 3x4 + 5x3 - 4x? - 3x + 1 = 0 has roots a, 3, 7 and 6. 
Without solving the equation, find equations with integer coefficients that have roots: 


a 3a, 33, 3y and 36 (6 marks) 
b (a+ 1), (G+ 1), (y+ 1) and (6 + 1) (6 marks) 


Challenge 


The quartic equation 2x4 — 3x3 + x? — 2x — 6 =0 has roots a, /3, and 6. 
a Find an equation with integer coefficients that has roots 
(2a + 1), (23 + 1), (27 + 1) and (26 + 1). 
b The diagram shows the locations of the roots of the original equation on an Argand diagram: 
Im 


Copy this diagram and sketch the approximate locations of the roots of your new equation. 
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®© 2 


® 3 


(E/P) 4 


®5 


ip) 6 
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The roots of a quartic equation axt + bx} + cx? + dx +e = O are a= 4, 8 =-2,7=-2 andd 
Find integer values for a, b, c, dand e. 


The cubic equation x3 + px? + 37x — 52 = 0 has roots a, 3 and 4. 
a Write down the values of a3 + 3 + ya and a3, and express p in terms of a, 3 and 7. (3 marks) 
b Given that a = 3 - 2i, find the value of p. (4 marks) 


The cubic equation 2x3 + 5x - 2x + g = 0 has a root at x = -2 +i. 
a Find the other two roots of the equation. (4 marks) 
b Hence find the value of g. (2 marks) 


The quartic equation x4 — 40x° + 510x* — 2200x + 1729 = 0 has roots a, a + 2k, a + 4k and 
a + 6k for some real constant k. Solve the equation. (7 marks) 


Three of the roots of the quartic equation 244 — 58x3 + 17x7 + dx + e =O are + -} and 2. 
a Find the fourth root. (2 marks) 
b Find the values of d and e. (4 marks) 


The equation x4 + 2x3 + mx? + nx + 85 = 0, x € C, m,n € R, has roots a, 3, y and 6. 
Given that a = -2+iand §=a*, 


a show that 7 + 6 + 2 =0 and that 76 - 17 =0. (2 marks) 
b Hence find all the roots of the quartic equation and find the values of m and n. (5 marks) 
¢ Show these roots on an Argand diagram. (3 marks) 


A quartic equation 4x4 — 16x} + 115x? + 4x - 29 = 0 has roots a, 3, 7 and 6. 


a Show that 2 - Si is one root of the equation. (3 marks) 
b Without solving the equation, find the other roots. (5 marks) 
ce Show these roots on an Argand diagram. (3 marks) 


The roots of the equation 2x3 - 5x? + 11x - 9 =O are a, Zand 4. 
a Write down the values of a + 3+ 7, a3 + Gy + ya and afy. (1 mark) 
b Hence find the values of: 

i 1 161 


wigty (2 marks) 
fi a+ 24+7 (2 marks) 
iii (a - 1I(8-1)(y-1) (3 marks) 

The roots of the equation px* + 12x} + 6x2 + Sx - 7 = Oare a, 3, y and 6. 

a Given that a/346 = -1, write down the value of p. (1 mark) 

b Write down the values of Na, Na and NaBy. (1 mark) 

¢ Hence find the value of a? +? +7°+&. (3 marks) 
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® 10 The roots of the equation 5x? + cx + 21 =O are a, Band 4. 


a Given that a3 + 37 + ya = —6, write down the value of c. (1 mark) 
b Write down values for a + 3+ y and ay. (1 mark) 
c¢ Hence find the value of (1 — a)(1 — 3)(1 - 9). (3 marks) 


11 The cubic equation 2x3 + 5x? + 7x — 2 =0 has roots a, 3 and 7. 
Without solving the equation, find the equation with roots (3a + 1), (33 + 1) and (37 + 1). 
Give your answer in the form pw? + gw? + rw + s = 0 where p, g, rand s are integers 
to be found. (5 marks) 


12 The quartic equation 6x* — 2x3 - 5x? + 7x + 8 = 0 has roots a, 3, 7 and 6. 
Without solving the equation, find equations with integer coefficients that have roots: 
a 2a, 2), 2y and 26 (6 marks) 
b (3a — 2), (39 - 2), (3y — 2) and (36 — 2) (6 marks) 


Challenge 


1 The cubic equation x? + 4x* - 5x — 7 =0 has roots a, 3 and 7. Without solving the 


' i ‘ il 1 1 
equation, find a cubic equation that has roots a@+l'B+1 and pip 


2 The cubic equation x? + 2x* - 3x - 5 =0 has roots a, 3 and 7. Without solving the 
equation, find an equation that has roots a + 3, 3+ 7 and7+a. 


3 The quartic equation x4 + 2x? — 5x + 2 =0 has roots a, 3, 7 and 6. By using a substitution, 
or otherwise, find an equation that has roots a? + 1, 9? + 1,7? + land 6? +1. 


Summary of key points 


1 If aand fare roots of the equation ax? + bx + c = 0, then: 


2 Ifa, and yare roots of the equation ax? + bx? + cx + d=0, then: 
. a+B+y=Sa=-4 
. af + By +70 =Sap=s 
sapped 

3. Ifa, 3, yand 6 are roots of the equation ax* + bx? + cx? + dx + e = 0, then: 
. a+ B+7+5=Sa=-8 
+ af+ay+ad + 37+ 95+ 75=Sap=" 
. aBy + a(35 + 076+ B75 = Baby =-4 

e 


+ of6=£ 
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70 


4 The rules for reciprocals: 
5 ic: pin SAE, 
Quadratic: at ee 
= 1,1,1_o8+fy+70 
* Cubic: atgty= ape 
/, 1,1,1,1_ aBy+8b+ 76a + b08 
Quartic: = +atat Bo apyé 
5 The rules for products of powers: 
* Quadratic: a” x B" = (ap)" 
* Cubic: a" x B" x 7" = (aBy)" 
© Quartic: a” x B" x "x 6" = (ay0)" 
6 The rules for sums of squares: 
* Quadratic: a? + 3 = (at fp)? - 208 
* Cubic: a? + BF +72 = (a+ 3+7)*?-2(a8+ 3+ 7a) 
© Quartic: a2 + 82+ 72+ 6% = (a+ G+7+0)*? -2(ast ay + ad + By + 35 +40) 
7 The rules for sums of cubes: 


* Quadratic: 03+ 6? =(a+ 93 -3aB(a + A) 
© Cubic: a+ 8 +73 =(a+ 8+ 9)?-3(a + 3+ 7)(aB + Jy + Ja) + 3087 
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After completing this chapter you should be able to: 


@ Find the volume of revolution when a curve is rotated around 


the x-axis ~ pages 72-75 
@ Find the volume of revolution when a curve is rotated around 

the y-axis — pages 76-78 

Find more complicated volumes of revolution ~ pages 78-83 


Model real-life objects using volumes of revolution - pages 83-86 


Evaluate: 
a L'6x? — 8x) dx 


Vx 


c [? et 8x dx © Pure Year 1, Chapter 13 
wT 

Find the area of the region R bounded 

by the curve y = (x + 3)(x — 1)? and the 

x-axis. 


y= (x +3)(x-1)? 


-3 O01 % €PureYear1, Chapter 13 


Find the area of the finite region 
bounded by the curve y =—x? + 6x+4 
and the line x + y = 10. 


2S: 6 
Woodworkers use lathes to create solid 
7 objects that have circular cross-sections. 
Solids such as this are called volumes of 
revolution, and you can find their volumes 
using calculus. 
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@ Volumes of revolution around the x-axis 


You have used integration to find the area of a 5 : 
ion R bounded by hescaxistand This process is called definite 
aoe So gey y a cues ane axe an integration. © Pure Year 1, Sections 13.4, 13.5 


two vertical lines. 


y= fx) 
The area between a positive curve, the x-axis and the 
lines x =a and x = bis given by 


——————EE Area = J*ydx 


where y = f(x) is the equation of the curve. 


HY 


oer 


O| a 


You can derive this formula by considering the sum of an infinite number of small strips of width 6.x. 
Each of these strips has a height of y, so the area of each strip is 

54 = yox y= F(x) 
The total area is approximately the sum of these strips, 
or Dydx. 


The exact area is the limit of this sum as x — 0, 

which is written as fydx. O| a xh ib ¥ 
x+ 6x 

You can use a similar technique to find the volume of an object created by rotating a curve around a 

coordinate axis. If each of these strips is rotated through 27 radians (or 360°) about the x-axis, it will 

form a shape that is approximately cylindrical. The volume of each cylinder will be my26x since it will 

have radius y and height 5x. 


So the volume of the solid will be approximately equal to the sum of the volumes of each cylinder, or 
Dry25x. The exact volume is the limit of this sum as 5x > 0, or 7 fy?dx. 


= The volume of revolution formed when y = f(x) is rotated through 27 radians about the 
x-axis between x = a and x = bis given by: 


Volume = apy dx 
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Example 


The diagram shows the region R which is 
bounded by the x-axis, the y-axis and the curve 
with equation y = 9 — x?. The region is rotated 
through 27 radians about the x-axis. Find the 
exact volume of the solid generated. 


9-x?=0 
(3 — x(3 +x) =O 
rom the diay 


xX=3Zorx=-3 


Re nf 9 — x?)?dx 


= n{fe1-10%2+ x14 __| - ei Sie SSS 
= re — 6x24 <9], negate spat 
= ((249 162 + 2$8) -10-0+ 0) —- —_ eine 


= 646n | 


Exercise 


1 Find the exact volume of the solid generated when each curve is rotated through 360° about the 
x-axis between the given limits. 
y = 10x? between x = 0 and x = 2 
b y=5-x between x =3 andx=5 
¢ y=Vx between x = 2 and x= 10 


d y= 1+ betweenx=1andx=2 


® 2 The curve shown in the diagram has equation y = 5 + 4x — x?. The finite region R is bounded by 


the curve, the x-axis and the y-axis. The region is rotated through 27 radians about the x-axis to 
generate a solid of revolution. Find the exact volume of the solid generated. (5 marks) 
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The diagram shows the region R which is bounded by the x-axis, the lines x = 1 and x = 8, and 
the curve with equation y = 3 — Vx. The region is rotated through 27 radians about the x-axis. 
Find the exact volume of the solid generated. (5 marks) 


The diagram shows the curve C with equation y = yx + 2 . The region R is bounded by the 
x-axis, the line x = 2 and C. The region is rotated through 360° about the x-axis. Find the exact 
volume of the solid generated. (5 marks) 


oO 2x 


The diagram shows a sketch of the curve with equation y = 9.x} — 3x3. The region R is bounded 
by the curve and the x-axis. 


a Find the coordinates of A. (2 marks) 
The region is rotated through 27 radians about the x-axis. 
b Find the volume of the solid of revolution generated. (5 marks) 


x4 


The curve with equation y = . is shown in the diagram. 


0 6° 


The region bounded by the curve C, the x-axis and the line x = 6 is shown shaded in the 
diagram. The region is rotated through 27 radians about the x-axis. Find the volume of the 
solid generated, giving your answer correct to 3 significant figures. (6 marks) 
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Volumes of revolution 


7 The diagram shows the curve with equation 5y? — x3 = 2x — 3. The shaded region is bounded 
by the curve and the line x = 4. The region is rotated about the x-axis to generate a solid of 
revolution. Find the volume of the solid generated. 


Problem-solving 


Rearrange the equation to make y* the subject. 


8 The curve shown in the diagram has equation y = x4 - The finite region R is bounded by 
the curve, the x-axis and the line x = a, where 0 < a < 2. The region is rotated through 27 
radians about the x-axis to generate a solid of revolution with volume sie 
Find the value of a. (5 marks) 


oO 


a 2-2 


® 9 The diagram shows a shaded rectangular region R of length 4 and width r. The region R is 
rotated through 360° about the x-axis. Use integration to show that the volume, V, of the 
cylinder formed is V = 77h. 
y 


r 


Challenge y 


The diagram shows the curve C with equation 

y = |x? - 7x + 10]. The shaded region Ris 

bounded by the x-axis, the curve C and the 

lines x = 1 and x = 6. The region is rotated 27 

radians about the x-axis. Find the exact volume 

of the solid generated. u cine 


qQ 
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5.2) Volumes of revolution around the y-axis 


You can find a volume of revolution around the y-axis by considering x as a function of y. The diagram 
shows a curve with equation x = f(y). A small strip of height 5y is rotated 27 radians about the y-axis. 
The volume of the cylinder created will be 7x75y since the radius is x and the height is dy. 


“Y 


So when the whole region, R, is rotated 27 radians about the y-axis, the volume formed will be 

approximately equal to the sum of the volumes of each cylinder, or rx*5y. The exact volume is the 

limit of this sum as 6x > 0, or wf'x? dy. 

= The volume of revolution formed when x = f(y) is rotated through 27 radians about the 
y-axis between y = a and y = bis given by 


=a foy2z { online } Explore volumes of revolution 
vouimie's aah wtdy around the x- and y-axes using GeoGebra. 


Example 


The diagram shows the curve with equation y = yx - 1. 
The region R is bounded by the curve, the y-axis and the 
lines y = | and y = 3. 

The region is rotated through 360° about the y-axis. 
Find the volume of the solid generated. 


ysvx-T | 


pr=x-i 


xay? +1} 
V= nf? (y? + 1)2dy 


=nf°(* + 2y2 + 1)\d~—____________ 


=al[ty> + Sy3 + a 


= n((283 4 18 +3) -(£+2+1)) 


_ (1044 _ 26) 
=a(%5"— 45) 
_ 10160 

= 15 
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Exercise 


1 Find the exact volume of the solid generated t Hint ) Meaiecneeticcmeoncimee 
when each curve is rotated through 360° 


: : bs x? the subject. 

about the y-axis between the given limits. 

a xayyt 1 between y = 2 and y=5 b y= 2yx between y =0 and y=1 

e y= + between y= 1 and y=3 d y=2x?-4 between x = 5 and x= 11 


® 2 The curve C with equation x = ty + 1 is shown in the diagram. x 


® 3 The diagram shows the finite region R, which is bounded by the 


® 4 The diagram shows the finite region R, which is bounded 


5 The curve C with equation y = 2x? + 5 is shown in the diagram. 
‘q) y ig! 


The region R is bounded by the lines y = 1, y = 4, the y-axis and 
the curve C, as shown in the diagram. The region is rotated 
through 27 radians about the y-axis. R 


Find the volume of the solid generated. 
(6 marks) 


curve x = y+ ze the lines y = 4, y= 9 and the y-axis. 
a Find the exact area of the shaded region. (3 marks) 
The region R is rotated through 27 radians about the y-axis. 


b Use integration to find the volume of the solid generated. 
Round your answer to 2 decimal places. (5 marks) 


by the curve x = * - 6y + 10, the lines y = 1, »=4 and 

the y-axis. 

a Find the area of the shaded region R. (3 marks) 
The region R is rotated through 360° about the y-axis. 


b Use integration to find an exact value for the volume of the 
solid generated. (5 marks) 


The region bounded by the y-axis, the curve C and the line 

y = 10 is shown and shaded in the diagram. The region is 
rotated 360° about the y-axis. Find the exact volume of the 
solid generated. (6 marks) 
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f(x) =x? - 2x4 1,x=1 

The diagram shows the finite region R bounded by the curve 
y = f(x), the y-axis and the lines y = 1 and y= 9. 

a Show that the equation y = f(x) can be written as 


Wayt2yyel. (2 marks) 
b The region R is rotated through 27 radians about the y-axis. 
Find the exact volume of the solid generated. (5 marks) 


The diagram shows the finite region R, which is bounded 
by the curve y3 + x* — 2y = 4 and the x-axis. 

The region R is rotated about the y-axis to generate a solid 
of revolution. 


Find an exact value for the volume of the solid. (5 marks) 


Part of the curve C with equation y? = is shown in the diagram. 


cl 


2x+1 
The region R is bounded by the curve, the y-axis and the line y = 4. 
The region R is rotated 27 radians about the y-axis. 

Find the volume of the solid generated. (5 marks) 


oO is 


The diagram shows a shaded region R in the shape of a right-angled triangle of width r and 
height h. The region R is rotated through 27 radians about the y-axis. Use integration to show 
that the volume, V, of the cone formed is given by V = darth. 


Problem-solving 


Start by finding an equation for the line that 
forms the hypotenuse of the triangle. 


@® Adding and subtracting volumes 


You might need to solve volume of revolution problems involving the volumes of cylinders and cones. 
Remember these two formulae: 


= Acylinder of height / and radius r has volume zr2h. 


= Acone of height / and base radius r has volume darth. 


78 
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Example 


The region R is bounded by the curve with equation y = x + 2, 
the line y = 5 — 2x, and the x- and y-axes. 


a Verify that the coordinates of A are (1, 3). 
A solid is created by rotating the region 360° about the x-axis. 
b Find the volume of this solid. 


a Curve: 12 4+2=3 7 Substitute x = 1 into each equation to show 
lines 5-2x1=3 that the point (1, 3) lies on both the line and the 
So (1, 3) is the point of intersection. curve. 


b Find the volumes of revolution of R, and 
Rz separately. 


Problem-solvi 


Divide the original area into two separate areas, 
yex+2 Use integration to find the volume of revolution 
of R,. Then add the volume of the cone formed 

by rotating R, about the x-axis. 


Use V= af yedx witha=0,b=1andy=x3 +2. 


y=5-2x 


Simplify the integrand. 
Ce ee 
Volume of revolution of R, 


Ve a fhlx3 + 2)?dx 


Integrate each term separately. 


Substitute the limits. 


=rf'ixé 3 
= mf [xo + 4x3 + ade Simplify the resulting answer by writing it as an 


1 eae 
= a[5x7 +xt4 4x], exact fraction in terms of x. 


= n((7+1+4)-(0+0+0) y 


_ 36m 
mrs 


Volume of revolution of R2 


The line y = 5 — 2x will intersect the x-axis 


at x= 2.5. Oe Si ae 
When Rz is rotated about the x-axis, it will The height of the cone is 2.5- 1 = 1.5. 
create a cone. The radius of the cone is 3. 
Vegrx 32x15 

on The formula for the volume of a cone is V=}7r2h. 
vest 

2 
The total vende Sets 2" 1350 Add the values of R, and R, to find the total 

7 2 14 volume of revolution. 
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You can find more complicated volumes of revolution by subtracting one volume of revolution from 
another. 


Example 


The diagram shows the region R bounded by the curves with 
equations y = Vx and y= x and the line x = 1. 


The region is rotated through 360° about the x-axis. 
Find the exact volume of the solid generated. 


At point of intersection, 


Consider volumes of revolution of R; and Rz Brcbtenvsaly 


separately: 


Work out how you can create the necessary 
volume of revolution using simpler volumes of 
revolution. In this case, you can find the volume 
of revolution of the area under the y = Vx curve, 
then subtract the volume of revolution of the 


area under the y = z curve. 


Volume of revolution of Rj: 


Vi =a f(x) dx 
+ 
1.) 
= 7[Sx4] 
a 
2 a(S - 5) = 150 
ENE” BB) 82 
Volume of revolution of R,: 
(1 
V2= wh. () dx 
11 
Naar 
41! 
=e -cnl 
64x] 
a fi 3a 
7 Aza zi a) “64 
Volume of revolution of R: 


_15a_ 30 _ 27x 


“32° 64° 64 
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Exercise 


1 


The diagram shows the line with equation 3x + 2y = 27. y 


a Use integration to find the volume of revolution when the region is 15 
rotated through 360° about the x-axis. 


10 3x + 2y=27 
b Use integration to find the volume of revolution when the region is 
rotated through 360° about the y-axis. 5 
¢ Use the formula for the cone to check your answers to parts a and b. os hp * 
Clearly state the radius and the height in each case. 
The region R is bounded by the curve with equation y y= 4°(x +2) 
y = 5x2(x + 2), the line y = 16 —4x, and the x-axis. 4 (2, 8) 
y= 16-4x 
a Show that the coordinates of A are (2, 8). oO x (1 mark) 
A solid is created by rotating the region through 360° about the x-axis. 
b Find the volume of this solid. (6 marks) 


The region R is bounded by the curve with equation y = 2x — 4) and the line 2x + y = 8. 


Dg 
2x+y=8 Problem-solving 


You will need to find a volume of revolution then 


nee be) eee 
vena 4) subtract the volume of the cone. 


oO Ey 
a Show that the coordinates of A are (2, 4) and write down the coordinates of B. (1 mark) 
A solid is created by rotating the region through 360° about the x-axis. 
b Find the volume of this solid. (6 marks) 


The shape shown is bounded by the curve y = 3x2, and the 
lines 2x + y = 6 and 2x - y =-6. 
a Find the coordinates of the points 4 and B. (2 marks) 
b The shape is rotated about the y-axis to generate a solid 

of revolution. 

Find the volume of the solid generated. (6 marks) 
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5 The region R is bounded by the lines x = —3, x = 3 and y = 3, the curve C with equation 
x? +" = 4 and the x-axis. The region is rotated about the y-axis to generate a solid of 
revolution. Find the volume of the solid generated. 


Problem-solving 


Find the volume generated by rotating the curve 
x? + y? = 4 about the x-axis and subtract this 
from the volume of a suitable cylinder. 


(6 marks) 


6 The shaded region R is bounded by the curve y = -i +5, the x-axis and the lines with 
equations y=4-xandy=4+x. 


oO oe 


ys4er yr4-x 


Find the volume of the solid of revolution generated when this region is rotated about 
the y-axis. (8 marks) 


® 7 The shaded region is bounded by the curve C with equation 
6y? - x3 + 4x = 0, x > 0, the straight lines 4x - 3y = 4, 4x + 3y = 4, 
and the line x = 4. The region is rotated about the x-axis to 
generate a solid of revolution. Find the exact volume of the 
solid generated. 


8 The shaded region is bounded by the curve with y 
equation y = 4 —x?, the curve with equation y = VX, 
the y-axis and the line with equation x = 1. 
The region is rotated through 360° about the x-axis. y=4-x 
Find the exact volume of the solid generated. (7 marks) 
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9 The diagram shows the region R bounded by the 
curve with equation y = x* + | and the curve with 
equation x7 + y?= 11. 


a Find the x-coordinates of the points of 


intersection of the two curves. (3 marks) 
The region R is rotated through 360° about the 
X-axis. 


b Find the volume of the solid generated, 


Volumes of revolution 


giving your answer correct to 2 decimal 
places. (7 marks) 


Challenge 


The shaded region shown in the diagram is bounded by the curve 
64 | 40 8 . 
v=) the line y= 373" the x-axis, and the 


line y = 1, for 0 = x <4. The region is rotated about the y-axis. 
Find an exact value for the volume of the solid generated. 


@ Modelling with volumes of revolution 


Volumes of revolution can be used to model real-life situations. 


Example 


A manufacturer wants to cast a prototype for a new design for a pen 

barrel out of solid resin. The shaded region shown in the diagram is 

used as a model for the cross-section of the pen barrel. The region is 

bounded by the x-axis and the curve with equation y = k — 100x?, and 

will be rotated around the y-axis. Each unit on the coordinate axes 

represents | cm. 

a Suggest a suitable value for k. 

b Use your value of k to estimate the volume of resin needed to make 
the prototype. 


¢ State one limitation of this model. 
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a k=10. 


b y = 10 - 100x2 
100x? = 10-y 


= 407 100 
1» 
vex G5 ~ too)? 


10 
aql Se a 
=™l10 ~ 200), 


-4(8-23)-(8-Za) 
iad 10 200, 10 200. 


Approximately 1.57 cm? of resin will be 


¢ The cross-section of the pen is unlikely to 
Problem-solv 
match the curve exactly. 


You can give any sensible answer that refers to 
the context of the question. You could also say 
that some resin might be wasted when the pen is 
made, or there might be air bubbles in the mould. 


Exercise 


1 The diagram shows the shape of a large tent at a fair. The outside of the tent can be modelled 
by the equation y? = -0.01x? + 4°. Each unit on the coordinate axes represents | metre. 
a Suggest a suitable value for k. 


(1 mark) 
b Use your value of k to estimate the capacity of the tent. (5 marks) 
¢ State one limitation of this model. (1 mark) 
vA 
k 
y= 0,014? +? 


®© 2 The diagram shows half of the outline of a rugby ball. The a 
outline is modelled by the curve y? = 4(16 — x). 
The measurements shown are given in centimetres. By rotating 
the curve through 360° around the y-axis, find the total volume 
of the rugby ball. (5 marks) 
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4 The diagram shows the cross-section of an egg timer, which has 


Volumes of revolution 


3 The cross-section of an egg can be modelled as an ellipse 


2 y2 
with equation a + 7 = 1, where the dimensions shown are 
in centimetres. 
a Calculate the volume of the solid formed by rotating this 
curve through 360° about the x-axis. 
b Show that the solid formed by rotating the curve through 
360° about the y-axis has the same volume. 


¢ Say which of these two solids most resembles an egg. 


a height of 16cm. The shape of the egg timer is modelled as a 

solid of revolution of a curve C about the y-axis. The curve C has 
equation x = Vy. 

Sand flows through the egg timer at a rate of 8cm?/min. The 
designer wants the egg timer to empty in 5 minutes. Calculate, to 

2 decimal places, the height of sand that should be placed in the 
top half of the egg timer. (5 marks) 


5 The diagram shows the bowl of an electric stand mixer. The height of the bowl is 18cm. 


The shape of the bowl is modelled by rotating the curve with equation y = 0.02x3 through 
2n radians about the y-axis. 


a Find the diameter of the bowl. (2 marks) 
b Find the maximum volume of liquid that can be contained within the mixing bowl. (4 marks) 


The mixing bowl has a paddle of height 12cm. The paddle just touches the side of the bowl. 
In its starting position, the paddle forms a region R, as shown in the diagram. 


¢ Calculate the area of the paddle. (3 marks) 
The paddle rotates about the y-axis when the mixer is in operation. 


d Find the proportion of the total volume contained within the bowl that can be mixed 
by the paddle. (4 marks) 
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6 The diagram shows a vase with a base width of 10cm and a height of vA 
20cm. The edge of the vase is modelled by the equation x = 5 - /y. 
The vase is formed by rotating the shape through 360° about the y-axis. 
a Use this model to estimate the capacity of the vase. (5 marks) x=5-Vy 
The vase is initially filled to a height of 10cm. When the flowers are 20cm 
placed in the vase, 50cm5 of water is displaced. 
b Determine whether the vase will overflow. (3 marks) 
30 3% 
10cm 
’ 
7 Acircular spinning top is made of solid wood with a width of sae pal 


18cm and a height of 24cm. A cross-section of the spinning 
top is shown in the diagram. The cross-section is formed by 
part of the curve with equation y* = 4(x + 9) and the straight 
line with equation y = 2x + 18, and is symmetrical about the 
y-axis, The cross-section is rotated about the y-axis. Find the 
total volume of wood in the spinning top. (7 marks) 


y asa 


The diagram shows the cross-section of a circular place-holder 
used to hold a rugby ball when penalties and conversions are 
kicked. The cross-section can be modelled by the straight lines 
with equations 3y — 4x = 24 and 3y + 4x = 24, and the curve 
with equation y = 5.x + 3. The place-holder is formed by By-4x =24 By +4x=24 
rotating this cross-section about the y-axis, and is constructed 
from solid plastic. 


Find the volume of plastic needed to construct the place-holder. -6 o 6 * 


Mixed exercise (5) 


1 The curve shown in the diagram has equation y = x79 
. The finite region R is bounded by the curve and the x-axis. 
The region is rotated through 27 radians about the x-axis to 
generate a solid of revolution. Find the exact value of the 
volume of the solid that is generated. (5 marks) 


x? 


® 2 The diagram shows the curve with equation 
2y? - 6Vx + 3 = 0. The shaded region is bounded by the 
curve and the line x = 4. 


a Find the value of x at the point where the curve cuts 
the x-axis. 


The region is rotated about the x-axis to generate a solid of revolution. 
b Find the volume of the solid generated. 
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Volumes of revolution 


f(x) =x7 + 4x +4, x = -2 vA 
The diagram shows the finite region R bounded by the curve 
y = f(x), the y-axis and the lines 9 
y=4andy=9. y= f(x) 
a Show that the equation y = f(x) can be written as 

wa4- Ay +y. (2 marks) 
b The region R is rotated through 27 radians about the y-axis. 4 

Find the exact volume of the solid generated. (5 marks) 

3 o qs 

The diagram shows the shaded region bounded by the curve with va 44 
equation y = x? + 3, the line ais 
x = 1, the x-axis and the y-axis. Find the volume generated when 
the region is rotated through 27 radians: 
a about the x-axis (3 marks) 
b about the y-axis. (4 marks) oO 1 * 
The diagram shows the curve with equation y = fxlx +1? andthe y. ye dx (x4 12 
line with equation 3x + 4y = 24. The line and the curve intersect 
at the point A. A 
a Show that the coordinates of the point 4 are (2, 4.5). (2 marks) 
The shaded region R is bounded by the curve, the line and the 3x + 4y =24 


x-axis. The region is rotated through 27 radians about the x-axis. 


b Find the exact volume of solid generated. (6 marks) 0 


The diagram shows a cross-section of a circular golf ball 
trophy holder. The dimensions shown on the diagram are in 
centimetres. The cross-section of the trophy is formed by the 
lines x = -2, x = 2, the x-axis and the curve with equation 
y=0.1x? + 4. The cross-section is rotated 360° about the 
y-axis. The trophy holder is to be cast out of solid bronze. 
a Use this model to find the volume of bronze needed to 
make the trophy. (5 marks) 


b Give one limitation of this model. (1 mark) 


The diagram shows the outline of a circular mushroom. 

The dimensions on the diagram are in centimetres. The cap of 
the mushroom is modelled by the curve with equation 

$x? —8/y +4y = 0. The mushroom is formed by rotating the 
shape shown about the y-axis. Find the exact volume of the 
mushroom. (6 marks) 
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8 The shaded region is bounded by the curves with 
equations y = 2x? and 3y? + x*- lly =0. 
The shaded region is rotated 360° about the y-axis. 
Find the exact volume of the solid of revolution 
generated. (9 marks) 


By +x7-lly=0 


Challenge 


The diagram shows a sphere of radius r and centre (0, 0). 
a Show that the area of the shaded disc is m(r? — x“), 


b By considering an integral over an appropriate interval, 
show that the volume of a sphere is +r. 


Summary of key points 


1 The volume of revolution formed when y = f(x) is rotated about the x-axis between x = a and 
x = bis given by 


Volume = x [’y2dx 


2 The volume of revolution formed when x = f(y) is rotated about the y-axis between y = a and 
y= bis given by 
Volume = J by2dy 


3 Acylinder of height 4 and radius r has volume rh. 


4 Acone of height / and base radius r has volume dah. 
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Review exercise 


1 2, =4-Siand z, = pi, where p is a real 
constant. Find the following, in the form 
a + bi, giving a and b in terms of p: 


qd) 
qd) 
() 


# Sections 1.1, 1.2, 1.3 


2 f(z) =2°-kz? + 3z has two imaginary 


a Find the range of possible values 
of k. 

b Given that k = 2, solve the equation 
f(z) = 0. 


GB) 


G3) 


© Section 1.1 


3. The solutions to the quadratic equation 
2-52 +13 =Oare z, and z,. Find z, and 
z,, giving each answer in the form a + ib 
where a,b ER. (3) 

€ Section 1.1 


4 The real and imaginary parts of the 
complex number z = x + iy satisfy the 
equation (2 — i)x — (1 + 3i)jy - 7 =0. 
Find the values of x and y. 


(4) 
€ Section 1.1 


2+ 3i 
5 a Show that the complex number Sai 


can be expressed in the form A(1 + i), 


stating the value of 4. (3) 
ery. 
b Hence show that (+ = ) is real and 
Pep | 
determine its value. (2) 


Sections 1.2, 1.3 
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6 


7 


9 


@ w 


f(z) = 23 + 52? + 82+6 

Given that -1 + iis a root of the equation 

f(z) = 0, solve f(z) = 0 completely. (4) 
Section 1.5 


f(z) = 23 -— 622 + k: 
Given that f(2 — 3i) = 0, 


a find the value of k (2) 
b find the other two roots of the 
equation f(z) = 0. (3) 


€ Section 1,5 
f(z) =24- 2° - 62°- 202-16 
a Write f(z) in the form 
(2 - 32 - 4)(22 + bz +c) 
where / and ¢ are real constants to be 


found. (2) 
b Hence find all the solutions to the 
equation f(z) = 0. (3) 


Section 1.5 
g(z) = 24 - 82° + 2727 - 502 + 50 
Given that g(1 — 2i) = 0, find all the roots 
of the equation g(z) = 0. (5) 
Section 1.5 
f(z) = 2° + pz? + gz — 12 where p and g are 
real constants. 
Given that a, Bs and a+ 4 + Lare the 
roots of the equation f(z) = 0, 
a_ solve completely the equation 
f(z) =0. (5) 
b Hence find the values of pandg. (3) 
€ Sections 1.4, 4.2 
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© 13 
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a Find, in the form p + ig where p and g 
are real, the complex number z which 
A . SBI) 4 
satisfies the equation 3 Th (4) 
b Show on a single Argand diagram the 
points which represent z and z*. (2) 
¢ Express z and z* in modulus~argument 
form, giving the arguments to the 
nearest degree. 


GB) 


€ Sections 1,2, 2.1, 2.3 


Given that the complex number z = x + iy 
satisfies the equation |z — 4i| = 1, find the 
maximum and minimum possible values 
of argz. (4) 


+ Section 2.4 


The complex number z is —9 + 17i. 
a Show z on an Argand diagram. ( 


b Calculate argz, giving your answer in 
radians to two decimal places. (2) 

¢ Find the complex number w for which 
zw = 25 + 35i, giving your answer in 
the form p + ig, where p and q are 
real. (3) 


Sections 1.3, 2.1, 2.2 


2,=5 +i, z,=-2 + 3i 
a Show that |z,? (3) 
2). G) 


Section 2.2 


b Find arg( 


a Given that z = 2 — i, show that 
2=3-4i 
b Hence, or otherwise, find the roots, 
z, and z,, of the equation 


Q) 


(2 +i =3-4i @) 

¢ Show points representing z, and z, 
on a single Argand diagram. (2) 
d Deduce that |z, — z,| = 2V5. (2) 
e Find the value of arg(z, + z,). (2) 


Sections 1.2, 2.1, 2.2 


© 16 


@® 18 


@) 19 


The complex numbers z, = 2 + 2i 

and z, = 1 + 3iare represented on an 

Argand diagram by the points P and Q 

respectively. 

a Display z, and z, on the same Argand 
diagram. (2) 

b Find the exact values of |z,|, |z,| and 
the length of PQ. 

¢ Hence show that AOPQ, where O is 
the origin, is right angled. (2) 

d Given that OPQR is a rectangle in the 
Argand diagram, find the complex 
number z, represented by the point R. 

(3) 


€ Sections 2.1, 2.2 


(3) 


Show that 
cos 2x + isin2x 
cos 9x — isin9x 
can be expressed in the form 


cosnx +i sinnx, where n is an integer 
to be found. 


(4) 


© Section 2.3 


The point P represents the complex number 
zin an Argand diagram. 
Given that |z - 2 + i| = 3, 
a sketch the locus of P in an Argand 
diagram (2) 
b find the exact values of the maximum 
and minimum of |]. (2) 
© Section 2.4 


Given that z satisfies |z — 2i| = 2, 
a sketch the locus of z on an Argand 
diagram (2) 
b find the maximum value of |z|. (2) 
© Section 2.4 
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GP) 22 


© 2 


© % 


A complex number z is represented by the 
point P in an Argand diagram. 


Given that |z — 3] = 3, 


a sketch the locus of P (2) 
b find the complex number z which 
satisfies both |z — 3i| = 3 and 
arg(e ~ 3i) = 3 @ 


© Section 2.4 


Sketch, on an Argand diagram, the locus 
of the point P representing a complex 
number z such that 

GB) 


© Section 2.4 


arg(s +3 +i)=4 


The complex number z satisfies the 


equation |z + 3 + i] = 2+ij. 

a Sketch the locus of z. (2) 

b Find the minimum value of |z|. (1) 

¢ Find a value of z that also satisfies 
argz= = (2) 


© Section 2.4 


Sketch, on an Argand diagram, the 
region which satisfies the following 
condition, 

2a 


F< arg(e- 1) < > 


QB) 


€ Section 2.5 


Shade on an Argand diagram the set of 
points 


us 2 OT 
{2€C:-¥<arg:-3-3< Fh 


N{zEC:lz-3il <3} (6) 


Section 2.5 


Use standard formulae to show that 


(4) 
Section 3.2 


a i : 
Ler -1p= 3an -1) 


Use standard formulae to show that 


rer -3)= frn + 1)(n-2)(n+3) (4 


© Section 3.2 
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a Use standard formulae to show that 


1)(4n-1 
Srer- = Mette) (4) 


30 
b Hence, evaluate rer -1) 


r= 


(2) 


© Section 3.2 


a Use standard formulae to show that 


Sor +4r—5)=n(2n?+5n-2) (4) 


b Hence calculate the value of 


Lo +4r—-5) 


r=10 


Q) 


€ Section 3.2 
a Use standard formulae to show that 
n 


Yurt l= En(n +1)(n +2) 


b Hence, or otherwise, show that 
an 


Yur +1))= FnQn + 1)(pn + q), stating 


the values of the integers pandg. (3) 
€ Section 3.2 


(4) 


Given that 


re -l= nn + 1)(pn? + qn+r) 


r= 


a find the values of p, g and r. (4) 
100 

b Hence evaluate re -1) (2) 
came € Section 3.2 


The roots of the equation 3x7 + kx + 11=0 
area, 3 andy. 


a Given that af + 37 + ya = -4, write 


down the value of k. qd) 
b Write down values of a + 3+ y and 

apy. qd) 
¢ Hence find the value of 

(-a)(1- 1-7) GB) 


© Sections 4.2, 4.4 
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The roots of the equation 
ax'+ 7x3 + 5x? +3x-4=0 
are a, 3, yand 6. 
a Given that a> = —1, write down the 


value of a. (e3) 
b Write down the values of Na, Ya’ 
and Safy. ( 
¢ Hence find the value of 
e+ PtP F (3) 


Sections 4.3, 4.4 
The cubic equation x* + 3x° + 5x-1=0 
has roots a, 3 and y. Without solving the 
equation, find the equation with roots 
(2a + 1), (23 + 1) and (27 + 1). 
Give your answer in the form 
pw + qu? + rw +s = 0 where p, g, rand 
s are integers to be found. (5) 

© Section 4.5 

The quartic equation 
x4 = x3 - 2x? + 3x +4=0 has roots a, 3, 
y and 6. Without solving the equation, 
find equations with integer coefficients 
that have roots: 


a 3a, 38, 3y and 35 (4) 

b (2a - 1), (23-1), (2y- 1) and 
(26 - 1) (6) 
Section 4.5 


The curve shown in the diagram is 
yexvl-x? 
y 


yexvi-e 


oO a 
a Write down the value of a. (60) 
The finite shaded region bounded by the 
curve and the x-axis is rotated through 
2n radians about the x-axis. 
b Find the exact volume of the solid 
generated. (5) 
€ Section 5.1 


36 The curve shown in the diagram is 


yovx? +3 


y 


te 


oO x 


The finite region between the curve, the 

y-axis and the lines y = 2 and y =k is 

rotated through 27 radians about the 

y-axis. Given that the volume of the 

solid generated is 307, find the value of k, 
(5) 


© Section 5.2 


37 The graph shows the curve y = 4 - x? and 


the line y = 2x + 1. 


y 


The region indicated is rotated through 
2x radians about the x-axis. Find, correct 
to three significant figures, the volume of 
the solid generated. (5) 
€ Section 5.3 
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GP) 39 


Nellie is a champion bowler and decides to 
make a stand for her favourite ball to rest on. 
Viewed from above, the stand will be circular. 
She models the cross-section of the stand 
using a curve and two lines as shown below 
where the dimensions are in centimetres. 
y 
20 


-10 2) 10 * 


The curved section is modelled using the 
equation x° + (vy — k) = 100. 
a Write down the value of k. (ld 
b Show that the volume of revolution 
formed by rotating the curve about the 
y-axis between the lines y= a and y=b 
can be written as 
Flo0tb? — a) — (b* — a) - 900% — a) 
where 10 <a <b < 20. (5) 
The stand is made from a resin which costs 
£0.025 per cm’. 
¢ Find, to the nearest penny, the cost of 
Nellie’s stand. (2) 
€ Section 5.4 


The diagram shows parts of the curves with 
equations y = 12 — x? and y = 8-0.2x°. 


A jeweller models a gold ring as the volume 
of revolution formed when the area 
bounded by these two curves is rotated 
through 360° about the x-axis. 


a Given that the dimensions on the diagram 
are in mm, state the maximum outer 
diameter of the ring. (1) 

The density of gold is 19.3 g/cm’. 

b Find the mass of the ring according to 
this model, giving your answer in grams 
to | decimal place. (10) 

¢ Give one reason why the actual mass of 
the ring is likely to be different from your 
answer to part b. (dd) 

€ Sections 5.3, 5.4 


Challenge 


1 Inthe Argand diagram the point P represents 
the complex number =z. 
z= 3) us 


=> 


Given that arg| 


z= 2) 
a sketch the locus of P 
b deduce the value of |z — 5]. 


Chapter 2 
2 The rth term of a finite series is denoted by u, 


Given that De =n’ + 5n, 


a express w, in terms of r 
2 


b show that u,=(n+1)Gn+4). 
oa «Chapter 3 
3. The cubic equation x? - 5x? + 11x- 15 =0 has 
roots a, 3 and +. By using a substitution, or 
otherwise, find an equation that has roots 
a? +1, 3+1,and7+1. € Chapter 4 
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After completing this chapter you should be able to: 


@ Understand the concept of a matrix — pages 95-99 
@ Define the zero and identity matrices — pages 95-99 
e@ Add and subtract matrices — pages 95-99 
@ Multiply a matrix by a scalar — pages 96-99 
@ Multiply matrices — pages 99-103 
@ Calculate the determinant of a matrix ~ pages 104-108 
e Find the inverse of a matrix — pages 108-116 
e@ Use matrices to solve systems of equations -> pages 116-121 
@ Interpret simultaneous equations geometrically 


~ pages 118-121 


; Y 
a 


Vectors a and b are defined as a = (5) 
4 : 
and b =(“). Find: 


aa+b b 3a-2b 
c 4(b-a) € Pure Year 1, Chapter 11 
r - ; ‘ 
Mariccecenibeldcerterdecnibe 2 Soe following pairs of simultaneous 
transformations in two and three dimensions. Saoanaee 
§ Computer graphics artists use matrices to a 2x—3y=5;3x+2y=27 
control the motion of characters in video b 4x -3y =-13; 5x — 2y =-22 
games and CGl films. © Pure Year 1, Chapter 3 
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@ Introduction to matrices 


A matrix is an array of elements (which are 


usually numbers) set out in a pair of brackets. A vector is a simple example of a matrix 
with just one column. 

You can describe the size of a matrix using the Pure Year 1, Chapter 11; Pure Year 2, Chapter 12 

number of rows and columns it contains. 


24 14-11 
40, 2302 
matrix as n x m where n is the number of rows and m is the number of columns. 


= A square matrix is one where the numbers of rows and columns are the same. 
= A zero matrix is one in which all of the elements are zero. The zero matrix is denoted by 0. 


For example ( ) is a2 x 2 matrix and ( ) is a2 x 4 matrix. Generally, you can refer to a 


= An identity matrix is a square matrix in which the elements 


on the leading diagonal (starting top left) are all 1 and the Matrices are 
remaining elements are 0. Identity matrices are denoted by usually represented with bold 
I, where k describes the size. The 3 x 3 identity matrix is capital letters such as M or A. 


100 
1,=|010 
oo1 


Write down the size of each matrix in the form n x m. 


a(t a) b(l 0 2) 
e (4) a. i| 
= 0 3 


2-1 
a 
() 3) 
The size is 2 x 2. 


b(1 O 2) 
The size is 1 x 3. 


4 
(4) 
The size is 2 x 1. 
3 2 
-1 | 
Oo -3 
The size is 3 x 2. 


= To add or subtract matrices, you add or subtract the [ Notation ] Matrices which are 
corresponding elements in each matrix. You can only the same size are said to be 
add or subtract matrices that are the same size. additively conformable. 
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Top row: 
-— 2+-1=1 
-14+4=3 
) bi 
s Bottom row: 
Sah) etd — 04+5=5 
= (Ga)"(6 3) 343=6 
uit 3 
e ] 
1-3 4 oO 2 4 
b(2 7 4)-(5 2 3) 
=( 1 -5 3) 
“3. =f <2 
= To multiply a matrix by a scalar, you { Notation } Ascalar is a number rather than a 
multiply every element in the matrix by matrix. In questions on matrices, scalars will be 
that scalar. represented by non-bold letters and numbers. 
1 2 
A=(_, 9); B= 0 -4) 
Find: a 2A b 4B 


¢ Explain why you cannot work out A + B. 


Top row: 
2 4 
a 2a=(4 5 \— 2x1=2 
Note that 2A gives the same answer as A+ A nea 
Bottom row: 
b 4B=(3 QO -2) ————___________L- 2x-1=-2 
2x0=0 
c¢ Aand B are not the same size, so you can't $x6=3 
add them. — £x0=0 
$x (4) =-2 


You could also say that A and B are not 
additively conformable. 
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a-(7 9) 


o-( 


3} c(t 


Given that A + 2B = C, find the values of the constants a, b and c. 


(adele 3)=(; 


a+2=6=>a=4 


6>b=3 


c=8 


Exercise (6A) 


1 Write the size of each matrix in the form n x m. 


° es 3) 


d(l 2 3) 


»(;) 


e 3 


-1) 


2 Write down the 4 x 4 identity matrix, Ij. 


3 Two matrices A and B are given as: 


alt 3 2) nel 


1 4) 


If A = B, write down the values of a and b. 


4 For the matrices 


aa ah ols 


find: 
a A+C 


5 For the matrices 


1 
2 


D=(0 1 -1), E=( 


ae| 


find where possible: 
a A+B 
e F-(D+C) 


3} eof 


), Bea -1), C=(-1 1 0), 


bB-A c A+B-C 
3) is 

4) F=@ 1 3) 

bA-E ¢ F-D+C 
f A-F g C-(F-D) 
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6 Given that tie 7) - (} 6 ) = ( a) find the values of the constants a, b, cand d. 


7 Given that ( 2 0) + (2 b c) =(¢ 5 ©), find the values of a, b and c. 
Cl 0. ie! Gi 


t 
ab 


‘s 3 ab je | 
8 Giventhat}0 -1]+|¢ d]={2 0], find the values of a, b, c, d,e and f. 
2 WJ \e ff \t 4 


1 -1 3 6 3 - —2 0 3 
9 For the matricesA=|2 0 2],B={ 1 1 2 JandC=|2 8 -6], find: 
3.4 0 -2 0 -3 -l1 11 
a A+B b B-C ce C+A 
5 -6 Bb 
d AmatrixM=(4 a_ 6). Find the values of a, b and c if: 
2 0 
6 -7 -2 -1 -9 -5 
iA+M=|6 3 8 ii M-B=|-2 7 -1 
5 4 6 -3 2 2 
. 2 0 1 , 
10 For the matrices A = (3 °),B=(_}), fina: 
a 3A b 4A ¢ 2B 
d_ Explain why it is not possible to find A - B. 
11 The matrices A and B are defined as: 
3-2 2 1 
A=(7 p)anaB=(% 3) 
Find: 
a 3A+2B b 2A-4B ¢ 5SA-2B d 34438 
12 The matrices M and N are defined as: 
2 4 =-1 6 -2 5 
M=([1 -3 -1} and N=|3 -3 1 
Oo 2 2 1 -1l 0, 
Find: 
a M+2N b 3M-N ¢ 4M+5N d 3M-5N 


13 Find the value of k and the value of x such that G Hy) + 4 a} = ¢ a 


14 Find the values of a, b, c and d such that a(¢ ) - 3(\ 3 = (2 2. 
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15 Find the values of a, b, ¢ and d such that ( 4) - a(f ‘) = (3 1). 


® 16 Find the value of & such that ie + (3K) = ( | 


k ke 


® 17 The matrices A and B are defined as: 
(° 0 | (° 0 ) 

A=|0 ¢g rjandB=|0 4 6 

0 0 5 0 0 2 
where p, g and r are positive constants. 


Given that A - KB = I,, where I, is the 3 x 3 identity matrix, find: 


a_ the value of k 
® 18 The matrices P and Q are defined as: 
02 e¢ 0 -1 -l 
P=(a 0 0 }andQ=|3 d 0 
0 b -l 0 2 e 


where a, b, c, d, and e are constants. 


b the values of p, g and r. 


Given that P - kQ = 0, where 0 is the zero matrix, find the values of a, b, c, d, e and k. 


@® Matrix multiplication 


Two matrices can be multiplied together. Unlike the operations we have seen so far, this is completely 


different from normal arithmetic multiplication. 


= Matrices can be multiplied together if the number 
of columns in the first matrix is equal to the number 


of rows in the second matrix. 


If AB exists, then matrix 


Ais said to be multiplicatively 
conformable with matrix B. 


The product matrix will have the same number of rows as the first matrix, and the same number of 


columns as the second matrix. 


AB=C —— 


If Ahas size n x m and B has size m x k then 
the product matrix, C, has size n x k. 


The order in which you multiply matrices is important. This has two consequences: 


¢ In general AB + BA (even if A and B are both square matrices). 


¢ If AB exists, BA does not necessarily exist (for example if A is a3 x 2 matrix and Bis a2 x 4 matrix). 


= To find the product of two multiplicatively conformable matrices, you multiply the elements 
in each row in the left-hand matrix by the corresponding elements in each column in the 


right-hand matrix, then add the results together. 


2 2 
(Enites’s)*(8 )-(85. 3) 


| 


You are multiplying a 2 x 3 matrix by a3 x 2 
matrix, so the product matrix will have size 2 x 2. 
To find the bottom left element, work out 
8x24+3x9+4(-4) x7=16+27-28=15 
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rs 1 -2 
Given that A = ( 4 


Jantn=(2) 


a find AB 


a First calculate the size of AB. 


b explain why it is not possible to find BA. 


The number of rows is two from here. 


(2 x 2) x (2 x 1) gives 2 x1 


1 -2)/-3) _ 
AB = (5 aie) =() 
P=1x(-3)+(-2)x 2=-7 
g=3x(-3)+4x2=-1 
_ {7 
So AB = (~/ 
b BA cannot be found, since the number 


of columns in B is not the same as the 
number of rows in A. 


Example 
Given that A = ( ‘) and B= G a}, find: 
a AB b BA 


a Aisa 2x 2 matrix and Bis a 2 x 2 matrix 
50 they can be multiplied and the product 
will be a 2 x 2 matrix. 


=(2 Slo 2)=(¢ a) 


a=(-1)x44+0x0=-4 | 


AB 


b=(-1)x1+0Ox(-2)=-1 


‘_ The number of columns is one from here. 
The top number is the total of the first row of A 
multiplied by the first column of B. 


The bottom number is the total of the second row 
of A multiplied by the first column of B. 


{ Watch out ) Remember that order is important. 


Bis not multiplicatively conformable with A, but 
Ais multiplicatively conformable with B. 


This time there are four elements to be found. 


ais the total of the first row multiplied by the 
first column. 

bis the total of the first row multiplied by the 
second column. 

cis the total of the second row multiplied by the 
first column. 

dis the total of the second row multiplied by the 
second column. 


e=2x4+3x0=6 


d=2x1+3x(-2)=-4 | 
_(-4 +t 
So AB = (5 =) 


b BA will also be a 2 x 2 matrix. 


You can enter matrices directly into your 
calculator to multiply them quickly 


100 


First row times first column 
4x (-1)+1x2=-2 


First row times second column 
4x04+1x3=3 


Second row times second column 
0x0+(-2)x3=-6 


Second row times first column 
Ox (-1) + (-2) x2=-4 
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Example (7) 
a=(7}) and B=(b 2) 
dotven hap BAO) find AB niterms oF @: ie ey 


one afg)=cesan Lanett 
| 


| So BA = (0) implies that b = 2a. 


z i 
soc(aie 9 (3) ——__ tases 


jure Rika Pie 2alaves| AB i= ( oe 2a Although you can multiply matrices 
using a calculator, you need to know how the 
process works so that you can deal with matrices 
containing unknowns. 


A=(l -1 2),B=@ -2) and C= (3). Find BCA. 


jec=3 -a(4)=@ 


| (BC)A = (2)(1 -1 2)=(2 -2 4) 


Exercise (68) 


1 Given the sizes of the following matrices: 


Matrix A B Cc D E 
Size 2x2 | 1x2 | 1x3 | 3x2 | 2x3 


find the sizes of these matrix products. 
a BA b DE e CD 
d ED e AE f DA 


2 Use your calculator to find these products: 


“aa 8G alla 3) 


3 The matrix A= ey a) and the matrix B = ( H Hi 
Use your calculator to find: 
2 
a AB b a2 { Hint ) A’ means Ax A. 


3THSEC 101 


Chapter 6 


i 


102 


The matrices A, B and C are given by: 


a) w-(3, 3 corn 


Without using your calculator, determine whether or not the following products exist and find 
the products of those that do. 


a AB b AC e BC 
d BA e CA f CB 


Find ( “VG = I giving your answer in terms of a. 


Find (3 “Vr oh giving your answer in terms of x. 


The matrices A, B and C are defined as: 


A=(3 4)-Ba(%5 )anac=(7 ) 


Use your calculator to find: 
a AB-C b BC+3A c¢ 4B-3CA 


The matrices M and N are defined as: 


3k 1 ae oa ee Seer . 
fi t) and N = (j * ). Find, in terms of k: 


a MN b NM ec 3M-2N d 2MN +3N 


me 


The matrix A = ( AE 


Find: 
a A? 


bw You might be asked to prove 


S ta form for A‘. this general form for A‘. + Section 8.3 
¢ Suggest a form for A‘. 


The matrix A = ( Hi 


b 0 

a Find, in terms of a and b, the matrix A2. 
Given that A? = 3A, 

b find the value of a. 


A=(-1 3), B-(i), c=(4 7) 


Find: a BAC b ACe 
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® 13 a Write down L. 


b Given that matrix A = ; ). show that AI=IA =A. 


D3 


® 14 a=(3 3).B=(4 j)and C= (5 =i 


Show that AB + AC = A(B + C). 


3 
Prove that A? = 2A + SI. (2 marks) 


15 A= ( i) and I is the 2 x 2 identity matrix. 


1 2-e¢ 
® 16 A matrix M is given as M = (: -l1 i) 
1 b 0, 


Find M? in terms of a, b and c. (3 marks) 


1-1 b 
17 Amati sgn as A (0 2 0) 


1 0 3 
-4 -3 -8 
Given that A?7=| 9 1  —6], find the values of a and b. (3 marks) 
4 -1 7 
p 3 q 2 
(E/P) 18 A= eri and B= | 4 a where p and g are constants. Prove that AB = BA. (3 marks) 
3 
19 The matrix A= (: 4 ‘il is such that A? = I. Find the values of p and q. (3 marks) 


Challenge 


A2 x 2 matrix A has the property that A? = 0. Find a possible matrix 
Asuch that: 


a at least one of the elements in A is non-zero 
b all of the elements in A are non-zero. 
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@ Determinants 


You can calculate the determinant of a square matrix. The determinant is a scalar value associated 
with that matrix. 
{ Notation } You can write the 
determinant of M as detM, 
la b 
|M| or c a Itis also 


sometimes written as A. 


{ Links } Singular matrices do not 


have aninverse. - Section 6.4 


. For a2 x 2 matrix M = (4 
is ad- be. 


= If det M=0 then Mis a singular matrix. 


* the determinant of M 


= If det M #0 then M is a non-singular matrix. 


Given that A = (¢ 5 


1 2) find det A. 


det A=ad-be=6x2-5x1=12-5=7 


4 +2 
A= 7 
-1 3-p 
Given that A is singular, find the value of p. 
det A = 4(3 - p) - (p + 2)(-1) Although you can find the 
detA=12-4p+p+2=14-3p determinant using a calculator, you need to know 
Ais singular so detA = O. how the process works so that you can deal with 
14-3p=O>p=% matrices containing unknowns. 


Finding the determinant of a 3 x 3 matrix is more difficult. 


= You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinant to 2 x 2 
determinants using the formula: 


abe =4;, |- ae fl + a4 CRED There is a minus sign 
h g 


ae 


in front of the second term. 


In this expression for the determinant, each of the elements a, b and c is multiplied by its minor. 


= The minor of an element in a 3 x 3 matrix is the determinant of the 2 x 2 matrix that 
remains after the row and column containing that element have been crossed out. 
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Find the minors of the elements 5 and 7 in the matrix 


S02 
-1 8 1 
Gh. 3 


(Fe3) 


o teens -7 ete 24-7517 


1 
73 


The minor of 5 is 17. 


[|3 8)25x1-2xcn=542=7 


(2 ¢ i) ——____ 


|The minor of 7 is 7. 


Find the value of 


1 
3 
j-1 


NN 


U6 — 4) - 2(9 + 1) + 4(12 + 2) 
=1x2-2x10+4x14 
=2-20+56=36 


30k 0 
The matrix A=|-2 1 2 
5 0 k+3 


a Find det A in terms of k. 
Given that A is singular, 
b find the possible values of k. 


12 4 arnt 32 
4 al-24; 3|*445 4l 
aS 


To find the minor of 5, you begin by crossing out 
the row and the column containing 5. 


When you have crossed out the row and the 
column containing 5, you are left with the elements 


e ) and you evaluate the determinant of this 


2 x 2 matrix. 


To find the minor of 7, you begin by crossing out 
the row and the column containing 7. 


When you have crossed out the row and the 
column containing 7, you are left with the elements 


(, ‘) and you evaluate the determinant of this 


matrix. 


The determinant of this 2 x 2 matrix is the minor 
of the top left element. 


The determinant of this 2 x 2 matrix is the minor 
of the top centre element. 


The determinant of this 2 x 2 matrix is the minor 
of the top right element. 


} where k is a constant. 
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St UK Oo 
1 2 -2 2 2 1 
a |-2 1 = - +0 
5 O k+3 I pial 5 k+3] E oO 
= 3(k + 3) - k(-2(k + 3) - 10) 
= 3k+9+ 2k? + 16k 
= 2k? + 19k +9 
|b As aie singulay Problem-solving 
2k? +19k+9=0 As Ais singular, its 
determinant is 0. This gives 
k + IN(k = 
Cee ies?) a quadratic equation, which 
k=-3-9 you solve, giving two possible 
values of k. 
Exe 
1 Find the determinants of the following matrices. 
3 4 4 2 -2 1 
a (2, 3) >(T 3) (3 0) 
-4 -4 i -4 -1 -1 
a ") *\o 3) (3 “ol 
® 2 Find the values of a for which these matrices are singular. 
a \|+a l+a 3-a 2+a a 
a(3 '34) ee e(ine 
- “ —2 1-k 
3 Given that & is a real number and that M = b4 kp 
find the exact values of k for which M is a singular matrix. (3 marks) 
4 P= ( fae ry | where k is a real constant. 
Given that P is a singular matrix, find the possible values of k. (3 marks) 
«4 _(a 2a « p_ (2b sr 
5 The matrix A = 4 oH and the matrix B = (< al 
a Find det A and det B. 
b Find AB. 
6 Use your calculator to find the values of these determinants. 
100 0 4 0 101 2. +3 4 
a/0 2 0 be |S) =2- 33 e/2 4 1 aj2 2 2 
0 0 3 2 eal 3 3 2 5 3 4 
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@P) 11 


@ wv 


@u 


@) 14 


Without using your calculator, find the values of these determinants. 
4 3 -l 3-2 #1 5 -2 -3 
a|j2 —2 0 bl4 1 -3 e|/6 4 2 
0 4 -2 7 2 -4 —2 -4 -3 


2 1 -4 
The matrix A=|2k+1 3 k }. 
be 0 1 


Given that A is singular, find the value of the constant k. 


2 -1 3 
The matrix A = | k 2 4 ) where is a constant. 
—2 1 k+3, 


Given that the determinant of A is 8, find the possible values of k. 


2 He 3 2, - 0! 
The matrix A=|-2 0 4]andthematrixB={1 2 2]. 
3 10 8 0 -2 -1 


a Show that A is singular. 
b Find AB. 


¢ Show that AB is also singular. 


0 a -b 
Show that, for all values of a, b and ¢, the matrix (0 0 ¢ is singular. 
-c 0 


22 4 
Show that, for all real values of x, the matrix ( 3. x 3) is non-singular. 
-l1 3 x 


x-3 2 0 
Find all the values of x for which the matrix | x 2 is singular. 
—2 -l x+i1 


The matrix M = (; = 


2 | ) and the matrix N = ( 


-l k ‘ 
4 ay where k is a constant. 


a Evaluate the determinant of M. 

b Given that the determinant of N is 7, find the value of k. 
¢ Using the value of k found in part b, find MN. 

d Verify that det MN = det M det N. 
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(3 marks) 


(3 marks) 


(4 marks) 


(1 mark) 
(2 marks) 
(1 mark) 
(1 mark) 
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2 1 -l 3 1 2 
€) 15 The matrix A = ( 10 4 ) and the matrix B = ( 4 5. where k is a constant. 
42 1 0 2 3 
a Evaluate the determinant of A. (2 marks) 
Given that the determinant of B is 2, 
b find the value of k. (3 marks) 
Using the value of & found in part b, 
c find AB (2 marks) 
d verify that det AB = det A det B. (2 marks) 
a Find all the possible 2 x 2 singular matrices whose elements are the { Hint ) In part a, 
numbers 1 and -1. there are 8 possible 
b Find all the possible 2 x 2 singular matrices whose elements are the matrices. 


numbers 1 and 0. 


@ Inverting a 2 x 2 matrix 


You can find the inverse of any non-singular matrix. 
= The inverse of a matrix M is the matrix M- such that MM~? = M-"M = I. 


You can use the following formula to find the inverse of a 2 x 2 matrix. 


= IfM= G 5), then Moe <i ( d “b\, CED tract =0, you will not be able to find the 
cd detM\-c a 1 
inverse matrix, since ——— is undefined. 


detM 


x 2 2.1 1 3 
a=(3, 7) B=(G 1} ¢=( 9) 
For each of the matrices A, B and C, determine whether or not the matrix is singular. 
If the matrix is non-singular, find its inverse. 


ea a) so detA=3x1-2-x (-1 
detA=5 
Since 5 # O, Ais non-singular. 


———* 


somvedly Fle (@2 “22 
le *) sodetB=2x1-1x2=0 


So B is singular and B™ cannot be found. 
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fc=() 2)soate~1x0-ax2--6- 
| 2 0 


| This is non-zero and so C is a non-singular 


= If Aand B are non-singular matrices, then (AB)-? = 


P and Q are non-singular matrices. Prove that (PQ)-' = Q°'P-!. 


| Let C = (PQ)"' then (PQ)C =I. 
pact + Mateventheletby 
(P'P)QC = PI 


So QC =P" 


@"QC = QP 

Ic = @"P! 
c=Q'R! 

| So (PQ) = QP! as required. 


Example 


A and B are non-singular 2 x 2 matrices such that BAB = I. 
a Prove that A = BB". 
2 5\, 
i 3) 
b find the matrix A such that BAB =I. 


Given that B= ( 


(a BAB=I 
B“'BAB = B-'I 


(B'B)AB = B“'T 
AB=B" 
AB B*=67 6 
Ar= BB? 


And hence A = B“' B“ as required. 
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lb B=(? 3) sodetB=2x3-5x1=1 } 
sooiei(S 2-08 2) 
From part a, 
nel 2 


Exe 


110 


Determine which of these matrices are singular and which are non-singular. 
For those that are non-singular find the inverse matrix. 


«(4 3) b(4 4) e() 9) 

a(; 5) (5 3) (5 3) 

Find inverses of these matrices, giving your answers in terms of a and b. 
a l+a 2a 3b 

a(t Bal (24 *) 


a Given that ABC =I, prove that B-' = CA. 


01 
-1 -6 


1 
-l 


Given that A =( Jandc=(7, |), find B. 


a Given that AB = C, find an expression for B, in terms of A and C. 


Given further that A = G ei : is 


o 


)andc=(* §), find B. 


a Given that BAC = B, where B is a non-singular matrix, find an expression for A in terms of C. 


5 3 


2 = find A. 


b When C=( 


2 -=l 
-4 3 


4°97 -8 


-8 -13 ah Find the matrix B. 


The matrix A = ( 


el it 4 
The matrix B=(} ') and AB=(-8 9 }. Find the matrix A. 
2 «1 
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3a 5b 
4a 2b 


a Find A~', giving your answer in terms of a and b. 


The matrix A = ( i, where a and b are non-zero constants. 


The matrix B= Cr B ) and the matrix X is given by B= XA. 


3a 2b, 
b Find X, giving your answer in terms of a and b. 


The non-singular matrices A and B are such that AB = BA, and ABA = B. 
a Prove that A? =I. 


Given that A = ( a): by considering a matrix B of the form (¢ ) 
1 0 ce d 
b show that a=dand b=c. 


2 
k 


a For which values of k does M have an inverse? 


M= ( 2) where k is a constant. 


b Given that M is non-singular, find M“! in terms of k. 


é 4 Pp 
Given that A= CS = 


a find A“! in terms of p. 


) where p is a constant and p # 4, 


b Given that A+ A“! = (3 ) find the value of p. 


kute 


ko -3 
4 k+3 
a Find det M in terms of k. 

b Show that M is non-singular for all values of k. 


M= ( ) where k is a real constant. 


¢ Given that 10M~! + M =I where I is the 2 x 2 identity matrix, find the value of k. 


a2 


Given that A = ( 3 be 


) where a is a real constant, 


a find A~' in terms of a 


b write down two values of a for which A“! does not exist. 
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(3 marks) 


(2 marks) 
(3 marks) 


(2 marks) 


(3 marks) 


(2 marks) 
(3 marks) 
(3 marks) 


(3 marks) 
(1 mark) 


111 


Chapter 6 


@ Inverting a 3 x 3 matrix 


Finding the inverse of a 3 x 3 matrix is more complicated. You need to know the following definition. 


= The transpose of a matrix is found by interchanging CEELELD The transpose of 


the rows and the columns. the matrix Mis written as M7. 


For example, if A= (3 abate (i 3} 


= Finding the inverse of a3 x 3 matrix A usually consists of the following 5 steps. 
Step 1 Find the determinant of A, det A. 


Step 2 Form the matrix of the minors of A. In this chapter, the symbol M is used for the matrix 
of the minors unless this causes confusion with another matrix in the question. 
In forming the matrix of minors, M, each of the nine elements of the matrix Ais 
replaced by its minor. 


Step 3 From the matrix of minors, form the matrix of cofactors by changing the signs of 
some elements of the matrix of minors according to the rule of alternating signs 


illustrated by the pattern 
y , [ Notation ] Acofactor is a minor with its 
“d ; is appropriate sign. 
See Ae In this chapter, the symbol C is used for the 


matrix of the cofactors unless this causes 

You leave the elements of the matrix confusion with another matrix in the question. 
of minors corresponding to the + signs 

in this pattern unchanged. You change 

the signs of the elements corresponding 

to the - signs. 


Step 4 Write down the transpose, C’, of the matrix of cofactors. 


Step 5 The inverse of the matrix A is given by the formula 


At= aaae Each element of the matrix C' is divided by 
the determinant of A. 


1. 3. 1 
The matrix A = ( 4 1} Find Av. 
2 -1 0 
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al~ale alte 4 
= 1(0 + 1) — 3(0 — 2) + (0 — 8) 
=1+6-6=-1 
Step 2 
4 1||O ag 4 
-1 oll2 Oll2 -1 
m= 115 olle olla 4 
3 H 1 ld 3] 
4 110 1110 4 


3 2 -2 
The matrix A=|-2 k 0 ],4 #0. Find A‘. 
-1 -3 3 
‘Step 1 
Jal E Osi, cae & 
deta=s|_§ Sl-2[Z Slecals SI 


= 3(3k - O) - 2(-6 - 0) - 26 +k) 
= 9k + 12-12 -2k=7k 


Matrices 


The first step of finding the inverse of a matrix 
is to evaluate its determinant. 


The second step is to form the matrix of minors. 
The minor of an element is found by deleting the 
row and the column in which the element lies, 
then finding the determinant of the resulting 

2 x 2 matrix. 


For example, to find the minor of 4 in 


Wey al 
[2 4 i} delete the row and column 
2-1 0 


. The minor is the 


containing 4, | 
21 0 


sh os 
determinant of the elements left, |> 4 


You find the matrix of cofactors by adjusting the 
signs of the minors using the pattern 


+ - + 
= ah 
+ - + 


1 -8 
| -2 | unchanged but change the 
=1 4 


. Here you leave the elements 


2 
signs of | 1 =7 |; 
1 


You divide each term of the transpose of the 


— matrix of cofactors, C', by the determinant of 


A,-1. 


[ Watch out ) Make sure you understand the steps 


needed to find the inverse of a 3 x 3 matrix. You 
won't be able to use your calculator if the matrix 
contains unknowns. 


As you are given that k # 0, the matrix is non- 
singular and the inverse can be found. 
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=> 8 } } }  — | 


5 alla sila 
=o Slt Shp <3 


-(2i22| | cc 
-3 3/|-1 31|-1 -3 


t ollaolle il 
OV=2:0.b=2 & 


k 


3k 
=[0 
2k 


1 1 {3k O | 2k 
jAt= Cs 6 7% 4 


k+6 7 3k+4, 
3-3 


2 8 -17 9 
The matrix A = ( Oo ol °) and the matrix B is such that (AB)"! = (3 10 “. 
1 -1 2 3 5 -4 


a Show that A“! = A. 


b Find B". 
| -2 3 -3\/-2 3 -3 Problem-solving 
(a w=(0 1 (2 1 °) Proving A = A~ is equivalent to proving 
SE ee ‘A? = 1 You still need to add working to show 
4+0-3 -6+3+3 6+0-6 that A?=I implies that A= Ax. 
=| 0+0+0 O+1+0 0+0+0 
—2+0+2 S=1=2. =34 024) 


tO" 1) 
=|O 1 Oj=I 
One od 
AA=I 


A= Aas required 
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lb (AB = BIA 
(AB)'A = B'A“A = BT = B~! 
Bo = (AB) A 


& -17 9\/-2 3 -3 
=|-5 10 -6}]/O 1 O 
-3 5 -4 1 = 2 


seh Or 2 eels he ea pe eters a 
=( 10+0-6 -15+1046 1540-12 


6+0-4 -9+5+4 940-8 


(3 20! 3) If A =A, then the matrix Ais 


4 1 3 said to be self-inverse. 


1 Use your calculator to find the inverses of these matrices. 


10 0 10 0 10 0 
a/o 21 bio 2 0 ejo 3 -4 
012 003 o4 3 

$US 


2 Without using a calculator, find the inverses of these matrices. 
1 -3 2 2, -3> 2 3.2 -7 
0-2 1 b}3 -2 1 e jl -3 1 
clea a? 211 0 2 -2 
2 1-1 
10 1]. 


12-2 


101 
0 1 Oj and the matrix B= 
20: 1 


a Find At. b Find B'. 


2 aly il 

3 12. 2 

{ =< 2 
2 

2 1 2 


3 2 
¢ verify that BA“! = (AB). 


3 The matrix A= 


Given that (AB)! = 


RIF ie 


20 3 
ko. 1. 
11 4 


a Show that det A = 3(k + 1). (3 marks) 
b Given that k # -1, find At. (4 marks) 


4 The matrix A= 


3THSEC 115 


Chapter 6 


Soa 4 
5 ThematrixA=|b -7 8]. 


22 ¢ 
Given that A = A“, find the values of the constants a, b and c. (6 marks) 


2 -1 1 
6 The matrixA=|4 -3 0]. 
3 3 «#21 
a Show that A’ =I. b Hence find A“! 


11 0 
7 The matrix A=/3 -3 1}. 
03 2 
a Show that A’ = 13A - 151. b Deduce that 15A~! = 131 - A. ¢ Hence find A. 


201 
8 The matrix A=|4 3 -2]. 
0 3 -4 
a Show that A is singular. 
The matrix C is the matrix of the cofactors of A. 
b Find C. ¢ Show that ACT = 0. 


2 ke 3 
€) 9 M= (: 2 1 ) where k is a real constant. 
1 -1 -l 


a For which values of k does M have an inverse? (2 marks) 
b Given that M is non-singular, find M~ in terms of k. (4 marks) 


‘p 2p 3 

10 A= (: = ) where p is a real constant. 
1 -2 0 

Given that A is non-singular, find A! in terms of p. (4 marks) 


@ Solving systems of equations using matrices 


You can use the inverse of a3 x 3 matrix to solve a system of three simultaneous linear equations in 
three unknowns. 


‘x x 
aif als) =vthen (*) =A Vv. 
z z 

x 
If Ais non-singular, a unique solution for (") can be found for any vector v. 
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Use an inverse matrix to solve the simultaneous equations: 
-x+6y-2z= 21 
6x-2y- z=-16 
-2x+3y+5z= 24 


| Write the system of equations using matrices: 
-1 6 -2\/x 21 

{e -2 -}[y)=[-16 
-2 3 s/\z] \24 

| Find the inverse of the left-hand matrix: 


{7 36 10 
las 28 9 13 
14.9 34 


| Left-multiply the right-hand matrix by this inverse: 


7 36 10\/ 21 189) -1 A 
ae ¥ 8)2)-u(2)-(2) 
14 9 34/\ 24. 378 2 Once you have found the inverse matrix, 
you could use it to solve a similar system of 
equations with a different answer vector. 


i 


| Hence x =-1, y= 4 andz= 2. 


Example 


A colony of 1000 mole-rats is made up of adult males, adult females and youngsters. 
Originally there were 100 more adult females than adult males. 


After one year: 
¢ the number of adult males had increased by 2% 


« the number of adult females had increased by 3% 


¢ the number of youngsters had decreased by 4°% Assign a letter to each unknown value, 
¢ the total number of mole-rats had decreased by 20 then work your way through the question 
Form and solve a matrix equation to find out how many pe ta information to formulate 


of each type of mole-rat were in the original colony. 


xX = number of adult males 
y = number of adult females 
= = number of youngsters 


xe a+ z=1000 
x= y =-100 


1.02x + 1.03y + 0.96z= 960 
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=>  @ @ 3 }§=}§}§&| | 


1000" 
-100 
980, 


1 4 1 \/x 
Sof 1 -1 0 }fyl= 
102 103 096/\z, 


} “96 7 
A‘=—|-96 -6 


205 -1 


(ize ah 


205 -1 -200, 


100 \ /1000' 
100 }| -100 


960) 


x) 100 
y] ={ 200 
700 


There were 100 adult males, 200 adult females and 
700 youngsters in the original colony. 


You need to be able to determine whether a system of three linear equations in three unknowns is 


consistent or inconsistent. 


= Asystem of linear equations is consistent if there is at least one set of values that satisfies 
all the equations simultaneously. Otherwise, it is inconsistent. 


If the matrix corresponding to a set of linear equations is non-singular, then the system has one 
unique solution and is consistent. However, if the matrix is singular, there are two possibilities: either 
the system is consistent and has infinitely many solutions, or it is inconsistent and has no solutions. 


You can visualise the different situations by considering the 
points of intersection of the planes corresponding to each 
equation. Here are some of the different possible configurations: 


The planes meet at a point. The 
system of equations is consistent 
and has one solution represented 
by this point. This is the only case 
when the corresponding matrix is 
non-singular. 
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The planes form a sheaf. The 
system of equations is consistent 
and has infinitely many 
solutions represented by the line 


of intersection of the three planes. 
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An equation in the form 


ax + by + cz = dis the equation 
of a plane in three dimensions. 
Section 9.2 


The planes form a prism. 
The system of equations is 
inconsistent and has no 
solutions. 


Matrices 


{ Hint ] If one row of the 


corresponding matrix is 
a linear multiple of 

another row, then these 
two rows will represent 


parallel planes. 


Two or more of the planes are parallel All three equations represent the 
and non-identical. The system of same plane. In this case the system 
equations is inconsistent and has no of equations is consistent and has 
solutions. infinitely many solutions. 


A system of equations is shown below: 


3x-ky-6z= k 
kx +3y+3z= 2 
-3x- y+3z=-2 


For each of the following values of k, determine whether the system of equations is consistent or 
inconsistent. If the system is consistent, determine whether there is a unique solution or an infinity 
of solutions. In each case, identify the geometric configuration of the planes corresponding to each 
value of k. 


a k=0 b k=1 ce k=-6 


3 0 -6 
ak=0:/0 3 3 
The corresponding matrix is non-singular so the If the matrix is singular, you need to 
system is consistent and has a unique solution. consider the equations to determine 
The planes meet at a single point. whether the system is consistent. Eliminate 
ap es one of the variables from two different 
3 3/=0 pairs of equations. If the resulting two 
+t 3 equations are consistent then the system 
will be consistent. 


=3x= y+3z=-2 
()+2x (2): Sx+5y=5 
(2) = (8): 4x+4y=4 


Equations (4) and (5) are consistent so the system 
is consistent and has an infinity of solutions. 


The planes meet in a sheaf. 
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Problem-solving 


This method is equivalent to showing that 
one equation is a linear combination of 
the other two. In this case 


” 4x (1) +3 x Q=-5x (3). 
(2) 


(3) 
. ee 
10; 16) 22) 


Equations (4) and (5) are inconsistent so the 


(+): Sy—3z 
2x ()+(Q: 15y-9: 


system is inconsistent and has no solutions. 


The planes form a prism. 


Exercise (6F) 


1 Solve the following systems of equations using inverse matrices. 
a 2x-6y+4z = 32) b -4x+6y-2z =-22 
3x + 2y-9z =-49 3x+3y-2z= 1 
-2x+4y+ z= -3 -6x-Ty+3z= 3 
© 4x+7y-2z = 21 d -3x-6y+ 42=-23 
-10x- y-7z= 0 -3x-6y-10z= -1 
-2x+ yp-4z= 9 3x+7Ty- 32 = 27 


2 Three planes A, Band C are defined by the following equations. 
AD x-3y-42=3 


B: 6x+5y- 0, 

Co ox+4y+ 3 
By constructing and solving a suitable matrix equation, show that these three planes intersect at 
a single point and find the coordinates of that point. (5 marks) 


3 Phyllis invested £3000 across three savings accounts, A, B and C. She invested £190 more in 
account A than in account B. 
After two years, account A had increased in value by 1%, account B had increased in value by 
2.5% and account C had decreased in value by 1.5%. The total value of Phyllis’s savings had 
increased by £41. 
Form and solve a matrix equation to find out how much money was invested by Phyllis 
in each account. (7 marks) 


4 A colony of bats is made up of brown bats, grey bats and black bats. Initially there are 2000 bats 
and there are 250 more brown bats than grey bats. 
After one year: 


« the number of brown bats had fallen by 1% 
¢ the number of grey bats had fallen by 2% 
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¢ the number of black bats had increased by 4% 
¢ overall there were 40 more bats 


Form and solve a matrix equation to find out how many of each colour bat there were 
in the initial colony. (7 marks) 


5 Three planes A, B and C are defined by the following equations: 
Al x+ay+2z= 
Boo ox- yr 
Cc. z+4y4+42=0 
Given that the planes do not meet at a single point, If the three planes do not meet at 


a find the value of a (4 marks) a single point, the corresponding 3 x 3 
matrix must be singular. 


b determine whether the three equations form 
a consistent system, and give a geometric 
interpretation of your answer. (4 marks) 


14 q 
6 Thema igen = (2 3 “) 
qq - 


a Given that det M = 0, show that q? + 9qg—10=0. (4 marks) 
A system of simultaneous equations is shown below: 


x+4y+qz=-16 
1 


qx + qy — 22 
b For each of the following values of g, determine whether the system of equations is consistent 
or inconsistent. If the system is consistent, determine whether there is a unique solution 
or an infinity of solutions. In each case, identify the geometric configuration of the planes 
corresponding to each equation. 
iqg=-10 ii g=2 iii g=1 (7 marks) 


Mixed exercise 


® 1 The matrix A=(_} 


3 407 Dh. e 
1 ] and AB=(} 9 4): Find the matrix B. 


2 The matrix A= 5 ral where a and b are non-zero constants. 
a Find A“, giving your answer in terms of a and b. (2 marks) 
The matrix Y = ie 3) and the matrix X is given by XA = Y. 
b Find X, giving your answer in terms of a and b. (3 marks) 
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® 3 The 2 x 2, non-singular matrices A, B and X satisfy XB = BA. 


a Find an expression for X in terms of A and B. (1 mark) 
b Given that A = Fe ‘ and B= ie e } find X. (2 marks) 
a2 -l 
4 A matrix Ais givenasA=|-1 1 -1)]. 
6 2 1 
oa a 
Given that A7=|-5 -3 -—-1 ], find the values of a and b. (3 marks) 
4 10 - 
1 0 2 
5A=|t 3 1 
2 -1 1 
Given that A is singular, find the value of 1. (3 marks) 
10 0 
6 M=|x 2 0 
31 1 
Find M™ in terms of x. (4 marks) 
7 A= a | where k is a real constant. 
a For which values of k does A have an inverse? (2 marks) 
b Given that A is non-singular, find A“! in terms of k. (3 marks) 
8 B= he ie 8 | where k is a real constant. 
a Find det B in terms of k. (2 marks) 
b Show that B is non-singular for all values of k. (3 marks) 


¢ Given that 21B-! + B = -8I where I is the 2 x 2 identity matrix, find the value of k. (3 marks) 


9 Given that M = =| where m is a real constant, 
a write down two values of m such that M is singular (2 marks) 
b find M* in terms of m, given that M is non-singular. (3 marks) 


3 <8) 5: 
10 a(t a -) where a is a real constant. 


—2 1 #1 
a For which values of a does A have an inverse? (2 marks) 
b Given that A is non-singular, find A“! in terms of a. (4 marks) 
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11 Three planes A, B and C are defined by the following equations. 
A: x+ y+ z= 6 
Bo x-4y+2z=-2 
C: 2x+ y-3z= 0 
By constructing and solving a suitable matrix equation, show that these three planes intersect at 
a single point and find the coordinates of that point. (5 marks) 


12 A sheep farmer has three types of sheep: Hampshire, Dorset horn and Wiltshire horn. Initially 
his flock had 2500 sheep in it. There were 300 more Hampshire sheep than Wiltshire horn. 


After one year: 
« the number of Hampshire sheep had increased by 6% 


* the number of Dorset horn had increased by 4% 
* the number of Wiltshire horn had increased by 3% 
* overall the flock size had increased by 110 


Form and solve a matrix equation to find out how many of each type of sheep there were in the 
initial flock. (7 marks) 


13 a Determine the values of the real constants a and b for which there are infinitely many 
solutions to the simultaneous equations 


2xn+3y+ 2=6 
-xX+ p+2z=7 
ax+ y+4z=b (6 marks) 


b Give a geometric interpretation of the three planes formed by these equations. 
(1 mark) 


Challenge 


Given that A and B are 2 x 2 matrices, prove that det(AB) = det A det B. 
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Summary of key points 


1 A square matrix is one where the numbers of rows and columns are the same. 
2 A zero matrix is one in which all of the numbers are zero. The zero matrix is denoted by 0. 


3 An identity matrix is a square matrix in which the numbers in the leading diagonal (starting 
top left) are 1 and all the rest are 0. Identity matrices are denoted by I, where k describes 


i fey 0) 
the size. The 3 x 3 identity matrix is I, = ( 1 ) 
O76) 2 


4 Toadd or subtract matrices, you add or subtract the corresponding elements in each matrix, 
You can only add or subtract matrices that are the same size. 


5 To multiply a matrix by a scalar, you multiply every element in the matrix by that scalar. 


6 + Matrices can be multiplied together if the number of columns in the first matrix is equal to 
the number of rows in the second matrix. In this case the first is said to be multiplicatively 
conformable with the second. 


+ To find the product of two multiplicatively conformable matrices, you multiply the elements 
in each row in the left-hand matrix by the corresponding elements in each column in the 
right-hand matrix, then add the results together. 

b 


) the determinant of M is ad — be. 


7 For a2 x2 matrix M = (4 
ce di 


8 + If det M=0 then Misa singular matrix. 


+ If det M #0 then Mis a non-singular matrix. 


9 You find the determinant of a 3 x 3 matrix by reducing the 3 x 3 determinant to 2 x 2 
determinants using the formula: 


aonb. 1c | 7 
Ge Fi aly, |e eee, 
bare lke a 


10 The minor of an element in a3 x 3 matrix is the determinant of the 2 x 2 matrix that remains 
after the row and column containing that element have been crossed out. 


11 The inverse of a matrix M is the matrix M7 such that MM? = M?M =I. 


=(4 2 121 _(d -b 
w2ifM=(2 4), thenm-t=—2 (4 5), 


13 If Aand Bare non-singular matrices, then (AB)-! = BA“. 
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14 The transpose of a matrix is found by interchanging the rows and the columns. 


15 Finding the inverse of a 3 x 3 matrix A usually consists of the following 5 steps. 
Step 1 Find the determinant of A, det A. 


Step 2 Form the matrix of the minors of A, M. 


In forming the matrix M, each of the nine elements of the matrix A is replaced by its 
minor. 


Step 3 From the matrix of minors, form the matrix of cofactors, C, by changing the signs of 
some elements of the matrix of minors according to the rule of alternating signs 
illustrated by the pattern 


+ - + 
oe 
+ - + 


You leave the elements of the matrix of minors corresponding to the + signs in 
this pattern unchanged. You change the signs of the elements corresponding to 
the - signs. 


Step 4 Write down the transpose, C’, of the matrix of cofactors. 
Step5 The inverse of the matrix Ais given by the formula 


cee ie 
i =qetAc 


x x 
16 If a() =vthen (*) = ACV: 


17 A system of linear equations is consistent if there is at least one set of values that satisfies all 
the equations simultaneously. Otherwise, it is inconsistent. 
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After completing this chapter you should be able to: 


e@ Understand the properties of linear transformations and 


represent them using matrices ~ pages 127 

Perform reflections and rotations using matrices ~ pages 131 

Carry out enlargements and stretches using matrices > pages 136 
@ Find the coordinates of invariant points and the equations 

of invariant lines + pages 131. 
@ Carry out successive transformations using matrix products > pages 140 
e@ Understand linear transformations in three dimensions > pages 144 
@ Use inverse matrices to reverse linear transformations > pages 148 


Matrices can be used to describe 
, transformations in two and three dimensions. 
Einstein's theory of relativity relies on matrices 


which describe the relationship between 
different frames of reference. 


| ees ee 


i 


a detM b M? 


at War4 
A matrix A= | ya 
1 3: 
calculator to find A+ 


A matrix M= (3 | Find: 


€ Sections 6.3, 6.4 


0 
-1) Use your 
2 


* Section 6.5 
| Se EEE = 
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78) Linear transformations in two dimensions 


You can define a transformation in two dimensions by describing how a general point with position 


vector (}) is transformed. The new point is called the image. 


The three transformations S, T and U are defined as follows. Find the image of the point (2, 3) 
under each of these transformations. 


sG)-G2)  aG-E) eG) (2) 


Si (2) m2 * a = (2): The image is (6, 2) 


Substitute x = 2 and y =3 into the 
3-1 


expressions for the image of the general 
point. 


1 (2) (2%23) 


1 
=(!). thei 1,5) + 
24+3 (5). The image is 5) Substituting x = 2 and y = 3 into 


2x — y gives 1 and into x + y gives 5. 


u (3) (2)-(S 


The image is (6, —4) When x =2, -x2=-22=-4 


A linear transformation has the special properties t Watch out ) F 
that the transformation only involves linear terms in S fepresents 9 translation, But 
y this is not a linear transformation since you 


xand y. In the example above, Tis a linear can't write x +4 in the form ax + by. 
transformation while S and U are not. 
= Linear transformations always map the origin onto itself. 


= Any linear transformation can be represented by a matrix. 


by 
= The linear transformation 7: ‘6 b ( +P) canbe represented by the matrix M = (¢ | 
vy cx +dy ed 


‘ ke b (3) ax + by 
aiaeedl i y) \ex+ dy)” [ Note } You can transform any point P by 


multiplying the transformation matrix by 
the position vector of P. 
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Find matrices to represent these linear transformations. 
.{* 2y+ *) ; (}) —2y 
a n(5)~( 3x BR)? 3x+y, 


a Transformation T is equivalent to 


i (;) mm ee a nd —____________ Write the transformation in the form ( 


‘ax + by’ 
y, 3x + Oy, i 


ex + dy 


ate te 
so the matrix is ( aS —— Use the coefficients of x and y to form the matrix, 


b Transformation V is equivalent to 


re () ” ea = a) —__________._ Write the transformation in the form ( 


poh 
MY, 3x+y i 


ex + dy 


Oo -2 
3 1 


50 the matrix is ( ). —____________—__ Use the coefficients of x and y to form the matrix. 


a The square S has coordinates (1, 1), (3, 1), (3, 3) and (1, 3). Find the vertices of the image of S 
-1 2 
2 ) 


under the transformation given by the matrix M = ( 


b Sketch S and the image of S on a coordinate grid. 


lit —— Write each point as a column vector and then use 


4 *)(t) 5) (3) the usual rule for multiplying matrices. 
(2 )i)-=(7) 

(2 1)G@)-() 

(2 )la)=() 

The vertices of the image of S, S', lie at 
(1, 3), (-1, 7), (3, 9) and (5, 5). 
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[ Notation ] S' is used to denote the image of S 


after a transformation. 


Exercise 


1 Which of the following transformations are linear transformations? 


x 2x ‘% x x 2x+y 
ee G)aG) eeG)-G)  «@G)- (ley) 
me y 3 y+3 ~[X 2x 
as(j}-(c) 6 n()~ (43) ru (1) > (sys) 


2 Identify which of these are linear transformations and give their matrix representations. 
Give reasons to explain why the other transformations are not linear. 


.(* “ _ (x eae  [* led 
as (yo ("’) bt (> vi) ¢& (;) ri 


au (*)o “A ew: ()+(’) 
y, =x y x 


3. Identify which of these are linear transformations and give their matrix representations. 
Give reasons to explain why the other transformations are not linear. 


a S3(*) | be 2s (*) Ke (2) eu: () _ (: 4 
vy) Ne y x py) \xny, 
av (*)o °) ew: (*) KR (*) 
y, 0 y Jy 
4 Find matrix representations for these linear transformations: 
Bs y+2x b.4 -y 
a e(*)( ) b (2) ( Y ) 
J x 2 J x + 2y, 
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5 The triangle T has vertices at (-1, 1), (2, 3) and (5, 1). 
Find the vertices of the image of T under the transformations represented by these matrices: 


“(0 4) b() 4) e(; >) 


6 The square S has vertices at (-1, 0), (0, 1), (1, 0) and (0, -1). 
Find the vertices of the image of S under the transformations represented by these matrices: 


2.10) 1 -1 1 1 
a (0 3) b(i 7) e( 4) 
7 The rectangle R has vertices at (2, 1), (4, 1), (4, 2) and (2, 2). 


a Find the vertices of the image of R under the transformation represented by the 
-1 0 

0-1} 

b Sketch R and its image, R’, on a coordinate grid. 


matrix ( 


¢ Describe fully the transformation that maps R onto R’. 


8 A quadrilateral Q has coordinates (1, 0), (4, 2), (3, 4) and (0, 2). 
a Find the vertices of the image of Q under the transformation represented by the 
«(2 0 
matrix oh 
b Sketch Q and its image, Q’, on a coordinate grid. 
¢ Describe fully the transformation that maps Q onto Q’. 


@) 9 Asquare Shas coordinates (-1, 0), (3, 0), (-3, 2) and (-1, 2). 
a Find the vertices of the image of S under the transformation represented by the 
ws (01 22 
matrix ( o): 
b Sketch S and the image of S$ on a coordinate grid. 
¢ Describe fully the two transformations that map S onto S’. 


10 A triangle 7 has vertices (4, 1), (4, 3) and (1, 3). 
a Find the vertices of the image of T under the transformation represented by the 


matrix (J % 
OV 


b Describe the effect of the transformation represented by the matrix fF “i, 


Challenge { Notation ) (3) is used to denote the image 


A transformation T is defined as T: (}) fee ie a x 
y atid of the point (3) after the transformation T. 


a Show that capa =k (}). 
ky, y 


b Show that r(() as (33) es 7(*) ¥ Hg): @p All linear transformations 
1 


Je, V1, Ye, have these properties. 
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& Reflections and rotations 


Any linear transformation can be defined by the effect it has on unit vectors (0) and (°). 
es sia (a iB) 13 1 a i?) b 
The transformation represented by the matrix M = (¢ ") will map (3) to (6) and (°) to (i) 


You can visualise this transformation by considering the unit square: 


The linear transformation (é 3) stretches 


and rotates the unit square S to produce the image S’. 


The origin does not change under a 
linear transformation. 


T(a + b) = Ta + Tb so you can add the two image 
vectors to find the fourth vertex of the new shape. 
This means that the entire transformation can be 


defined by the images of the two unit vectors (3) 
0 
and ( ‘): 
Points that do not move under the given transformation are called invariant points, and lines which 
do not move are called invariant lines. 


The only invariant point in the above transformation is the origin, which is always an invariant point 
of any linear transformation. 


The transformation U, represented by the 2 x 2 matrix Q, is a reflection in the y-axis. 


a Write down the matrix Q. 
b Write down the equation of the invariant line of this transformation. 


Consider the unit square, and the effect that the 
transformation has on the unit vectors 


(3) and (°). This will completely define the 


transformation. 
1 -1 {e) 0 
a () maps to (3) and (°) maps to (9). 
c ..{-1 O 
Hence the matrix Q is la =} 
b The invariant line is the y-axis, so the Allof the points on the invariant line are invariant 


equation of the invariant line is x = O. points. 
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= Areflection in the y-axis is represented by the matrix (ie " and has the y-axis, which has 
equation x = 0, as an invariant line. 


= Areflection in the x-axis is represented by the matrix te 4) and has the x-axis, which has 
equation y = 0, as an invariant line. ~ 


Example 


0 -l 
P=(" 9) 
a Describe fully the single geometrical transformation U represented by the matrix P. 
b Given that U maps the point with coordinates (a, b) onto the point with coordinates 
(3 + 2a, b + 1), find the values of a and b. 


a (1) mags t0 (2) ana (°) maps to (<!), 


hence the transformation U represented 
by matrix P is a reflection in the line y = —x. 
Fi 


You can visualise the transformation by sketching 
the effect it has on the unit square. 


¥ (2 =H) «(8224 


1 O}\b b+) e = : 
h 3+ 2a Write a matrix equation to show the 
fe = ( b+ ) transformation, then solve the resulting equations 
simultaneously to find the values of a and b. 
So -b=3+2a (I) 
and -a=b+1 (2) 


Sol imultaneously gives a = —2 and Ae 
eg ne eae en aera bi You can solve two equations in two unknowns 


bal. quickly using your calculator. 


= Areflection in the line y = x is represented by the matrix ( 3) and has invariant line with 
equation y = x. 
o -1 


a 6 ) and has invariant line 


= Areflection in the line y = —x is represented by the matrix ( 
with equation y = —x. 
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The transformation U, represented by the 2 x 2 matrix P, is a rotation of 180° about the point (0, 0). 


a Write down the matrix P. 
b Write down the coordinates of the invariant point of this transformation. 


a The given rotation is shown in the diagram: 


If you need to find the matrix that represents a 
given transformation, it can help to draw a sketch 
transforming the unit square. Remember the 
transformation is defined by its effect on the unit 
vectors. 


—1 


maps to and (“’) maps to 
0) a4 (5 S 


+1 0 
Hence the matrix is(3 9). 


(6 ‘) 


b The only point that does not move under 
this transformation is the origin, so the 
coordinates of the invariant point are The origin is lnvanancurder any linear 
(0, 0). ~~ transformation. 


You need to be able to write down the matrix representing a rotation about any angle. 


= The matrix representing a rotation through angle @ anticlockwise about the origin is 
cos@ -sin@ 
( ) { Note } This general rotation matrix 


sind cos@ 
m ‘6 gacase sg ci is given in the formulae booklet. 
The only invariant point is the origin (0, 0). 


2 
v2 
“ah 
a Describe geometrically the rotation represented by M. 
b A square S has vertices at (1, 0), (2, 0), (2, 1) and (1, 1). Find the coordinates of the vertices of 
the image of S under the transformation described by M. 
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a cos 135° = 5 and sin 135° = Be soM You are told that the M represents a rotation, so 
sy with (COSA —sin# 
i9 a rotation, anticlockwise, through 135° compare the matrixwith | = cosg | 
about (O, O). 
b Apply the matrix to each vertex of S in 
tum = t online ) Explore rotations of the unit a? 
we We: me square using GeoGebra. 
2 2 ( 4 ) 2 
v2 _va}\0o) “| v2 
2 2 2 
v2 v2 
2 2 a) 3 ( i 
v2 _V2 fol \ v2 
2 2 Work out the position vector of each vertex in the 


3v2 image of S. 


The vertices of S' are (-Y2, ¥2), 
2° 2 t Watch out ) Read the question carefully. 


(-v2, v2), (- 3V2 f 2) ad), Give your final answers as coordinates, not 


2 position vectors. 
Exercise 


1 a Write down the matrix representing a reflection in the x-axis. 
A triangle has vertices at A = (1, 3), B = (3, 3) and C = (3, 2). 
b Use matrices to show that the images of these vertices after a reflection in the x-axis are 
A’ =(1, -3), B’ = (3, -3) and C’ = (3, -2). 


2 a Write down the matrix representing a reflection in the line y = —x. 
A rectangle has vertices at P = (1, 1), Q= (1, 3), R= (2, 3) and S = (2, 1). 
b Use matrices to show that the images of these vertices after a reflection in the line y = —x are 
P’ =(-1,-1), Q' =(-3, -1), R’ = (-3, -2) and S’ = (-1, -2). 
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Linear transformations 


Find the matrices that represent the following rotations. 


aie . 
a 90° anticlockwise about (0, 0) [ Watch out The rotation matrix is 


b 270° anticlockwise about (0, 0) for angles measured anticlockwise, so 
make sure you convert the clockwise 

. . angle to its equivalent anticlockwise 
d 210° anticlockwise about (0, 0) angle. 


e 135° clockwise about (0, 0) 


¢ 45° anticlockwise about (0, 0) 


A triangle has vertices at A = (1, 1), B= (4, 1) and C= (4, 2). Find the exact coordinates of the 
vertices of the triangle after a rotation through: 


a 90° anticlockwise about (0, 0) b_ 150° anticlockwise about (0, 0) 


A rectangle has vertices at P = (2, 2), Q = (2, 3), R = (4, 3) and S = (4, 2). Find the exact 
coordinates of the vertices of the rectangle after a rotation through: 


a 270° anticlockwise about (0, 0) b 135° clockwise about (0, 0) 


aft 0 {0 1 
A=() S)anap=(" 4) 
a Write down fully the transformations represented by the matrices A and B. (4 marks) 


b The point (3, 2) is transformed by matrix A. Write down the coordinates of the 
image of this point. (1 mark) 


¢ The point (a, 5) is transformed onto the point (a — 3b, 2a — 2b) by matrix B. 
Find the values of a and b. (3 marks) 


a Write down fully the transformation represented by matrix M. (2 marks) 

b The transformation represented by M maps the point (p, g) onto the point C with 
coordinates (— 2, -2/2). Find the values of p and q. (4 marks) 

¢ Use your calculator to find M®. (1 mark) 


d Point Cis mapped onto the point D by the transformation represented by M®. Find the 
coordinates of point D and describe fully the transformation represented by M?. (2 marks) 


a Describe fully the transformation represented by the matrix A = (7 4) (2 marks) 


b Write down A™. (1 mark) 
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9 The matrix (4 # s) represents an anticlockwise rotation about the origin, through an 
angle 0. . 


a Write down the value of a. (1 mark) 


b Find two possible values of 0, and write down the matrix corresponding to each 
rotation. (3 marks) 


10 a Write down the matrix representing a rotation through 270° clockwise about (0, 0). (1 mark) 
b A point (a, b) transformed using this matrix is such that its image is the point 
(a — 5b, 4b). Find the values of a and b. (3 marks) 


Challenge 


Prove that the general matrix representing a rotation through 
cos@ —sin I 


angle @ anticlockwise about the origin is (S23 eox8 


C73) Enlargements and stretches 


You can describe enlargements and stretches using linear transformations. 


m=(5 3) 


a Find the image 7” of a triangle T with vertices (1, 1), (1, 2) and (2, 2) under the transformation 
represented by M. 


b Sketch T and 7” on the same set of coordinate axes. 


ce Describe geometrically the transformation represented by M. 


= (5 St)=() 
ie 3h 1 ) = (2) Use matrix multiplication to find the image of 
O 2i\2) \4 each vertex under the transformation. 

(6. 2)(a)= (3) 

The coordinates of the image are (3, 2), 

(3, 4) and (6, 4). 
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y 7 t online ) Explore enlargements and 


stretches of triangle T using GeoGebra. 


oO 123 4 6 6 * Every x-coordinate has been multiplied by 3, and 
every y-coordinate has been doubled. Note that 
¢ The triangle has been stretched by a scale -—— this is not the same as an enlargement, because 


factor of 3 parallel to the x-axis and by a the triangle has been stretched by different 
scale factor of 2 parallel to the y-axis factors in the x- and y-directions. 
: (a4 0 
= A transformation represented by the matrix ( ) [ Note } 
ob Astretch parallel to the x-axis 


is a stretch of scale factor a parallel to the x-axis and 


7 only will have matrix @ a 
a stretch of scale factor b parallel to the y-axis. 


Oo 1 
In the case where a = b, the transformation is an A stretch parallel 6 he y-axis only 
enlargement with scale factor a. will have matrix ( 0 ) 


= For a stretch parallel to the x-axis only, points on the y-axis are invariant. The line x = 0 is 
the invariant line. 


For a stretch parallel to the y-axis only, points on the x-axis are invariant. The line y = Ois 
the invariant line. 


= For stretches in both directions, including t watch out ) Points on each axis map 
enlargements, there are no invariant lines and to different points on the same axis, 
the only invariant point is the origin. so they are not invariant. 


Reflections and rotations of 2D shapes both preserve the area of a shape. When a shape is stretched, 
its area can increase or decrease. You can use the determinant of the matrix representing this 
transformation to work out the scale factor for the change in area. 


= Fora linear transformation represented by t Watch out ) if the determinant of 
matrix M, det M represents the scale factor the matrix M is negative, the shape 
for the change in area. This is sometimes has been reflected. 


called the area scale factor. 
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Example 
2 | 
Ms fF 4 
a Describe fully the transformation represented by M. 
b A triangle T has vertices at (1, 0), (4, 0) and (4, 2). Find the area of the triangle. 


¢ The triangle 7 is transformed using the matrix M. Use the determinant of M to find the area of 
the image of T. 


6 9) soitis 
oO b 
a stretch parallel to the x-axis, with scale 


a The matrix is of the form ( 


factor 2 and a stretch parallel to the 
y-axis, with scale factor 4. 


1 


b Using A= 


x base x height: 


A=3x3x2=3 r— detM=2x4-0x0=8 € Section 6.3 


c detM=8 
The area of the image of Tis 3 x & = 24. 


Exercise 


1 Write down the matrices representing the following linear transformations. 


The area increases by a factor of detM. 


a A stretch with scale factor 4 parallel to the x-axis 

b A stretch with scale factor 3 parallel to the y-axis 

e¢ Anenlargement with scale factor 2 

d A stretch with scale factor 5 parallel to the x-axis and a stretch scale factor $ parallel to 


the y-axis 
2 For each of the transformations in question 1, { Hint } In an enlargement, ‘scale factor’ 
write down the area scale factor. refers to the linear scale factor of the 


enlargement so the area scale factor 
will be the square of this value. 


3 The unit square is transformed using the matrix (é 4): 


a Write down the coordinates of any invariant points. 
b Work out the area of the resulting rectangle. 


4 Write down the matrices representing the following transformations. 
a A stretch with scale factor —2 parallel to the x-axis 


b A stretch with scale factor —3 parallel to the x-axis and scale factor 4 parallel to the y-axis 


¢ Anenlargement with scale factor -4 
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_(2 0 ) 
m=() 5 
a Describe fully the transformation represented by M. (2 marks) 


A 2D shape with area k is transformed using the transformation represented by M. 
b Given that the image of the shape has area 24, find the value of k. (2 marks) 


A triangle with vertices at (1, 3), (5, 3) and (5, 2) is transformed using the matrix G Hy 
a Find the coordinates of the vertices of the resulting image. 
b Find the area of the new triangle. 


A rectangle has vertices at (2, 0), (4, 0), (4, 5) and (2, 5). The rectangle is transformed by 
a stretch with scale factor 2 parallel to the x-axis and a stretch with scale factor -3 parallel 
to the y-axis. 


a Find the coordinates of vertices of the resulting image. 
b Find the area of the new rectangle. 


25 (0 
a=(") os 


a Describe fully the transformation represented by the matrix A. (2 marks) 
b A triangle T has coordinates (a, 1), (4, 1) and (4, 3). Given that Tis transformed 
using matrix A, and the area of the resulting triangle is 60, find the value of a. (3 marks) 


M= ( ) where p and g are constants and q > 0. 


a Find M? in terms of p and q. (3 marks) 
Given that M? represents an enlargement with centre (0, 0) and scale factor 6, 
b find the values of p and q. (3 marks) 


a6 Jas 


2 2 5 
a Find the matrix M where M = AB. (1 mark) 
b Describe fully the transformation represented by the matrix M. (3 marks) 
e A triangle T has vertices at (2, 1), (6, 1) and (6, k). Given that 7 is transformed 
using matrix M, and the resulting triangle has area 320, find the value of k. (4 marks) 


m=( -1 | t Hint ) You will learn how to 


=v2 =I describe transformations 
A pentagon P of area 12 is transformed using such as this in Section 7.4. 
matrix M. Find the area of the image of the pentagon P’. 
(2 marks) 
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12 A triangle T has vertices at the points A = (k, 1), B= (4, 1) and C= (4, k) where k is 
an integer constant. 


Triangle 7 is transformed by the matrix ( 3 } 


Given that triangle T has a right angle at B, and the area of the image triangle 7” is 10, 
find the value of k. (5 marks) 


©) 13 A triangle T has vertices at (0, 0), (7, 7) and (3, -2). 
a Write down the matrix, M, which represents a rotation through 45° anticlockwise 


about (0, 0). (1 mark) 
b Find the exact coordinates of the image of T when T is transformed using M. (3 marks) 
¢ Show that detM = 1. (2 marks) 
d Hence find the area of the original triangle 7. (1 mark) 
A transformation U is represented by the matrix P = ( a Anon-zero singular 2 x 2 matrix 
a Find detP. maps any point in the plane onto a 
b Show that any point in the xy-plane is mapped onto the straight line through the origin. 
x-axis by U. 


@D Successive transformations 
You can use matrix products to represent combinations of transformations. 


= The matrix PQ represents the transformation Q, with matrix Q followed by the 
transformation P, with matrix P. 


a Find the 2 x 2 matrix T that represents a rotation through 90° anticlockwise about the origin 
followed by a reflection in the line y = x. 


b Describe the single transformation represented by T. 


|” pee aaa ee ___ Write down the two matrices for the single 
origin: ( = transformations. 
Reflection in the line y = x: (°? et) 


Find the matrix product to determine the 
T- (? a \@ a) = ( 1 10 ) single matrix that has the same effect as these 

1 OO Oo -1 combined transformations. Make sure you apply 
the matrix product in the right order. 


| b T represents reflection in the line y = O. 


Check where T maps the position vectors 


~ (o)ea(_) 
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The matrix M represents an enlargement with scale factor k followed by a rotation through angle 0 
anticlockwise about the origin. 


a Find the value of k. 
b Find the value of 0. 


a detM=16 Use your calculator to find det M. 

Area scale factor = 16 

k=ViG=4 >__ kis the linear scale factor. The rotation does not 

2/2 2/2 cos@ -siné\/4 O affect area, sok = det M. 
if ( 2Vv2 oye) * (ne cos0 ho 4) 7] 
‘A: cos6) =A.sinb! |___ If the enlargement matrix is Q and the rotation 
=\4asin@ 4 ee matrix is P then M= PQ. 
4 cos8=-2V2 
-2/2 v2 i 
cos @ = — ZS Use one element to find possible values of 0. 
0 = 135° or @ = 225° 
Check as dhe lieauerietb siement { watch out ) You will need to use one of the sin 
i aa tala elements to check which angle is correct. 
sind = ve 50 0 = 135° sin @ is positive so choose the angle in the second 
2 quadrant. 
_{-1 o) a al al : 

ra=(> 4) B=(4 )e=( 3 

Find these matrix products and describe the single transformation represented by each product. 

a AB b BA e AC d A? e C? 
2 A =rotation of 90° anticlockwise about (0, 0) B= rotation of 180° about (0, 0) 

C = reflection in the x-axis D = reflection in the y-axis 


a Find matrix representations of each of the four transformations 4, B, C and D. 


b Use matrix products to identify the single geometric transformation represented by each of 
these combinations. 


i Reflection in the x-axis followed by a rotation of 180° about (0, 0) 

ii Rotation of 180° about (0, 0) followed by a reflection in the x-axis 

iii Reflection in the y-axis followed by reflection in the x-axis 

iv Reflection in the y-axis followed by rotation of 90° anticlockwise about (0, 0) 

v_ Rotation of 180° about (0, 0) followed by a second rotation of 180° about (0, 0) 
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142 


vi Reflection in the x-axis followed by rotation of 90° anticlockwise about (0, 0) followed by 
a reflection in the y-axis 

vii Reflection in the y-axis followed by rotation of 180° about (0, 0) followed by a reflection 
in the x-axis 


R=() S)s=(%, glawt=(5 5) 


Find these matrix products and, where possible, use your knowledge of the standard forms of 
transformation matrices to find the single transformation represented by the products: 


a RS b RT e TS d TR e ST f RST 


Aisa stretch with scale factor 2 parallel to the x-axis, and scale factor 3 parallel to the y-axis. 
Bis an enlargement with scale factor —2. 

Cis an enlargement with scale factor 4. 

a Write down the matrices representing each of the transformations A, B and C. 

b Find the single 2 x 2 matrix representing each of the following combined transformations: 


i B followed by A ii Cfollowed by A QED) ir cis represented by matrix M, 
iii B followed by C iv C followed by C then C followed by C will be 
v C followed by B followed by A represented by MP. 


Use matrices to show that a refection in the y-axis followed by a reflection in the line y = —x 
is equivalent to a rotation of 90° anticlockwise about (0, 0). 


A student makes the following claim: 


\f Tis a reflection in the x-axis and U is a rotation 90° anticlockwise about the origin 


then T followed by U is the same as U followed by T. 


Show, using matrix multiplication, that the student is incorrect. (4 marks) 
-4 0 k 0 sad 

P= 0 9) and Q= (6 i where k is a constant. 

a Find the matrix product PQ. (2 marks) 

b Describe, in terms of k, the single transformation represented by PQ. (2 marks) 

¢ Show that for any value of k, PQ = QP. (2 marks) 
(3 

A=\o 4 

a Find the matrix A2. (i mark) 

b Describe fully the transformation represented by A’. (2 marks) 

B= . ) where a and b are constants. 


c Find the general matrix B? and state, in terms of a and 4, the transformation 
represented by this matrix. (3 marks) 
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d= 
gd ea v2 v2 
The matrix R is given by 1 1 
v2 V2 
a Find R?. (1 mark) 
b Describe the geometric transformation represented by R?. (2 marks) 
¢ Hence describe the geometric transformation represented by R. (1 marks) 
d Write down R°. (1 mark) 


@) 11 


@&) 12 


GP) 13 


@P) 14 


The matrix M represents an enlargement with scale factor k (k < 0) followed by a rotation of 
angle @ anticlockwise about the origin. 


a Find the value of k. (2 marks) 

b Find the value of 0. (3 marks) 
ool 5 0 

A=({ g)anaB=(5 5) 


A triangle T is transformed using matrix B. The image is then transformed using matrix A. 
Given that the area of the image, 7” is 75, find the area of T. (3 marks) 


The transformation T is a rotation through 225° anticlockwise about the origin. 

a Write down the matrix representing this transformation. (1 mark) 
The transformation U is a reflection in the line y = x. 

b Write down the matrix representing this transformation. (1 mark) 


¢ Find the matrix representing the combined transformation of U followed by T. (2 marks) 


A= ( ke i °) where k is a constant. 


v3 =k, 
a Find, in terms of k, the matrix A. (2 marks) 
b Describe fully the transformation represented by A. (2 marks) 
aib 
P= ae where a and / are constants. 
Show that the general matrix P? represents an enlargement, and write down, in terms 
of aand 5, the scale factor of the enlargement. (3 marks) 
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Challenge 


a Given that P = (505% =ainty 


sin? cos@ 
b Interpret this result geometrically. 


), show algebraically that P? (Se 205 sine 


sin2@ cos20)" 


(7.5 ] Linear transformations in three dimensions 


Any linear transformation in three dimensions can be defined by the effect it has on the unit vectors 


1\ /0 0 abe 
(°) (: and (>) The transformation represented by the matrixM=|d e /]willmap 
o/ \o 1 ghi 


2) G) (2) ()=()} 


You need to be able to carry out transformations Thien cine onethe eorinereae 
in three dimensions that are reflections in the are labelled x, yand z, «€ Pure Year 2, Chapter 12 


planes x =0, y=Oorz=0. 


A transformation U, in three dimensions, represents a reflection in the plane z = 0. 
a Write down the 3 x 3 matrix that represents this transformation. 
b Find the image of the point (-1, 2, 3) under this transformation. 


1 
a The point with position vector (2) lies in 
0, 
the xy-plane so stays where it is. 


(2) 
The point with position vector (') lies in 
0, 


they -planeiso stajowhersieis, The plane z = 0 contains the x- and y-axes. 


Hence points in the xy-plane are invariant. 
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(0) 
The point with position vector (2) reflects 
1 


in the xy-plane to the point with position 


{e) 
vector | O ]. 
=I 


Hence the matrix representing the 


100 
transformationis{|O 1 O 
oO -1 


see ae 


The coordinates of the image are (-1, 2, -3). The x- and y-coordinates stay the same, and the 


sign of the z-coordinate changes. 


-1 0 0 
= Areflection in the plane x = 0 is represented by the matrix ( 041 0) 
ooi1 


1 0 0 
= Areflection in the plane y = 0 is represented by the matrix (0 -1 0) 
oo 1 


10 0 
= Areflection in the plane z = 0 is represented by the matrix (0 10 } 
0 0 -1 


You also need to be able to carry out rotations about one of the coordinate axes in three dimensions. 


1 (1) (1) 
= Arotation, angle 0, about the x-axis is represented by the matrix ( cos@ -sin . 
0 sin@ cosé 


cosd O sind 
= Arotation, angle 0, about the y-axis is represented by the matrix| 0 1 0 
-sind O cos@, 


cos@ -sin@d O 
= Arotation, angle 0, about the z-axis is represented by the matrix| sind cos@ 0}. 
oO 0 1 


t online ) Exol a acin a? [ Note } In all cases, # is the angle 
ea Creo ra ET measured anticlockwise when facing 


coordinate axes using GeoGebra. in the positive direction. 


3THSEC fq 145 


Chapter 7 


v3 1 
gy eg 
M=|0 1 O 
1 v3 
Pa © oo 


a Describe the transformation represented by M. 


b Find the image of the point with coordinates (—1, —2, 1) under the transformation represented 
by M. 


r a ae State the axis of rotation. You need to be familiar 
a Rotation about the y-axis. 


with the general forms of matrices for rotations 
about each of the coordinate axes. 


cos@ = 3 50 8 = 30° or 330° 
sind = 4 50 8 = 30° ————___ Use the top-left element to determine two 


possible angles. 
The transformation is a rotation anticlockwise 
about the y-axis through an angle of 30°. |____ sin@ is positive so choose the angle in the first 
8 1 1-3 quadrant. 
2 0 2)/-1 2 
blo 1 O]f{-2)=] -2 Use your calculator to find this matrix product. 
_1 0 V3]\1 1+V3 
2 2 2 


Exercise 


1 Write down the matrices representing the following transformations. 
a Reflection in the plane x =0 
b Reflection in the plane y =0 
¢ Rotation of 180° about the y-axis 
d Rotation of 90° anticlockwise about the z-axis 
e Rotation of 270° anticlockwise about the y-axis 
f Rotation of 300° anticlockwise about the x-axis 


2 Describe the transformations represented by the following matrices. 


v2 v2 
(s% §) (°°) “a =O 
alo 1 0 b(o 10 el Ww 
00 -1 -1 0 0 > > 
0 o1 
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10 0 
@) 3 M=(0 0 -1 


0 1 0 
a Determine the single transformation represented by the matrix M. (3 marks) 
b The point A = (3, -1, 4) is transformed using this matrix. Find the coordinates of 
the image of A. (1 mark) 
¢ The point B = (a, —a, 2a — 1) is transformed to the point with coordinates 
(a, a — 5, -a) using matrix M. Find the value of a. (3 marks) 


4 P is the matrix representing a rotation of 120° anticlockwise about the z-axis. 


a Write down the matrix P. (1 mark) 
b A point Q = (3, -1, 0) is transformed using the matrix P. Find the coordinates of 
the image of Q. (1 mark) 
e A point R = (k, 0, k) is transformed using matrix P. Find, in terms of k, the exact 
coordinates of the image of R. (3 marks) 


® 5 Ais the matrix representing a reflection in the plane x = 0 and B is the matrix representing a 


reflection in plane y = 0. 


a Write down the matrices A and B. (2 marks) 
b The point P (a, b, c) is transformed using matrix A. Find the coordinates of P’ 
in terms of a, b and c. (2 marks) 
e P’ is transformed using matrix B. Find the coordinates of the image of P’ 
in terms of a, b and c. (2 marks) 
v3 
9 5 
0 1 0 
v3 
g fy 
a Find the transformation represented by matrix M. (3 marks) 
b The point with coordinates (k, -k, 0) is transformed using matrix M. Find, 
in terms of k, the exact coordinates of the image of this point. (3 marks) 


® 7 a Write down the matrix representing a rotation of 315° anticlockwise about the y-axis. 


A tetrahedron T has vertices at (1, 0, -1), (1, 1, -1), (3, 2, 3) and (0, 0, 0). 
b Find the images of the vertices of the tetrahedron under the transformation described 
in part a. 


¢ Hence find the volume of T. {Hint } The formula for the volume of a 


tetrahedron is 3 x base area x height. 


Challenge 


a Find the 3 x 3 matrix representing a reflection in the plane x = 0 followed 
by a reflection in the plane y = 0. 

b Find the 3 x 3 matrix representing a rotation of 45° anticlockwise about 
the x-axis followed by a reflection in the plane x = 0. 
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(7.6 ) The inverse of a linear transformation 


Since A-'A = I, you can use inverse matrices to reverse the 
effect of a linear transformation. 


= The transformation described by the matrix A™ has Links A - 
‘eflections are self-inverse. 
the effect of reversing the transformation described bunks) 
by the matrix A. 


Fesamte 


2 
The matrix A = (s & 


Given that T maps point P with coordinates (x, y) onto the point P’ with coordinates (6, 10), 
a find the coordinates of PR 


€ Section 6.4, 6.5 


) represents a transformation T. 


The matrix B represents a transformation U. Given that the transformation T followed by the 
transformation U is equivalent to a reflection in the line y = x, 


b find B. 


25: 2 ) This represents the inverse transformation to 7: 
-1 You can find it quickly using your calculator. 


-(5 26) ————___| a(3)= (i) 


-1 -1/M0, 
= (23) Left multiply both sides by A7: 
| Phas coordinates (35, -16) AA 5 =a3(?) so (;) =A( i) 
we ea=() 4) 
| The matrix representing T followed by Uis BA. 
| os ef oll -1 4) as 3) —— | I This is equal to (a j)ewhich is the matrix for a 


reflection in the line y =x. 


Right multiply both sides by A“. Remember that 
the order is important. 


wane? Qiersonel? das 


Exercise (7F) 


1 The matrix R = ( ah 


a Give a geometrical interpretation of the transformation represented by R. 
b Find R". 


¢ Give a geometrical interpretation of the transformation represented by R-!. 
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a The matrix S = ( 


-1 0 ) 
0 -l 

i Give a geometrical interpretation of the transformation represented by S. 
ii Show that S* =I. 

iii Give a geometrical interpretation of the transformation represented by S~'. 
A “4 


i Give a geometrical interpretation of the transformation represented by T. 
ii Show that T? =I. 
iii Give a geometrical interpretation of the transformation represented by T-! 


b The matrix T = ( 


¢ Calculate det S and det T and comment on their values in the light of the transformations 
they represent. 


The matrix A represents a reflection in the line y = x and the matrix B represents an 
anticlockwise rotation of 270° about (0, 0). 


a Find the matrix C = BA and interpret it geometrically. 
b Find Cand give a geometrical interpretation of the transformation represented by C"!. 
¢ Find the matrix D = AB and interpret it geometrically. 
d Find D~' and give a geometrical interpretation of the transformation represented by D-!. 


> 
The matrix A = le Sh represents a transformation T. 

Given that T maps point P with coordinates (x, y) onto the point P’ with coordinates (5, 8), 

a find the coordinates of P. (2 marks) 


The matrix B represents a transformation U. Given that the transformation T followed by the 
transformation U is equivalent to a reflection in the line y = —x, 


b find B. (2 marks) 
_ (4 ‘) 

Es i 4 

a State the transformation represented by matrix E. (1 mark) 

b Use your calculator to find E~!. (1 mark) 


A triangle T transformed using matrix E is such that the coordinates of the image are 
(4, 6), (9, 7) and (3, 1). 


¢ Using your answer to part b, find the coordinates of the vertices of T. (2 marks) 
M= (¢ *) where a and b are non-zero constants. 


a Find, in terms of a and b, the matrix M~'. (2 marks) 


b The point D = (p, q) maps to the point (—6, 8) under the transformation represented 
by M. Find, in terms of a and 5, the coordinates of D. (3 marks) 
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3 1 
ge 2 
R=|*% -f 
Q ks) 
2 2 
a Describe fully the transformation represented by R. (2 marks) 


1-2v3 24+v3 
2° 2 
represented by R. Find the values of p and q. (3 marks) 


b The point (p, q) is mapped onto ( ) under the transformation 


24 oO =I 
8 A=(7 3)andB=(", 4) 
Triangle 7 is transformed to triangle 7” using the matrix AB. 
Find the matrix P such that triangle 7’ is mapped to T. (3 marks) 


_({6 -2 
9 A= (S 1 ) 
The transformation represented by A maps the point P onto the point Q. 
Given that Q has coordinates (a, 5), find the coordinates of P in terms of a and b. (4 marks) 


10 1 
© 10 M={0 2 -2 
1 3 -l 
The point (a, 5, c) maps to the point (3, 2, -1) under M. Find M™ and hence find 
the exact values of a, b and c. (4 marks) 


11 The 3 x 3 matrix P represents a reflection in the plane x = 0. The matrix Q represents an 
anticlockwise rotation through 90° about the z-axis. 


a Find the matrix M = PQ and interpret it geometrically. (3 marks) 
b Use your calculator to find M“! and give a geometrical interpretation. (2 marks) 
¢ Find the matrix N = QP and interpret it geometrically. (3 marks) 
d Show that N-! = P-'Q™' and interpret geometrically the matrix N-!. (3 marks) 
1 3 -l 
12 The matrixA=|{-1 1 2 | represents a transformation T, in three dimensions. 
2 0 -i 
The matrix B represents a transformation U. Given that transformation T followed 
by transformation U represents a reflection in the xy-plane, find B. (4 marks) 
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Mixed exercis 


1 The matrix Y represents an anticlockwise rotation of 90° about (0, 0). 


a Find Y. qc (1 mark) 
The matrices A and B are such that AB = Y. Given that B= G i). 
b find A. (3 marks) 
e Describe the transformation represented by the matrix ABABABAB and write 

down its 2 x 2 matrix. (2 marks) 


The matrix R represents a reflection in the x-axis and the matrix E represents an 
enlargement with scale factor 2 and centre (0, 0). 
a Find the matrix C = ER and give a geometrical interpretation of the 


transformation C represents. (4 marks) 
b Find C-! and give a geometrical interpretation of the transformation represented 
by Cc! (2 marks) 


r=(t 8 


k 0 
Given that P represents a transformation 7, followed by a reflection in the line y = x, 


a find, in terms of k, a matrix representing T. (4 marks) 
b Given that the point (—3, -2) maps to point (9, 6) under 7, find the value of k. (2 marks) 
. 2v3 -2 i 
The matrix M = 2 2 represents a rotation followed by an enlargement. 
2 29 

a Find the scale factor of the enlargement. (2 marks) 
b Find the angle of rotation. (3 marks) 
A point P is mapped onto a point P’ under M. Given that the coordinates of P’ are (a, b), 
¢ find, in terms of a and 4, the coordinates of P. (4 marks) 

_ (0 y _(0 1 
a=(? 0 and B=(" 0 
a Describe fully the transformations represented by the matrices A and B. (4 marks) 
b The point (p, q¢) is transformed by the matrix product AB. Give the 

coordinates of the image of this point in terms of p and q. (2 marks) 

=a 3 
m=( 5) 
A triangle T has vertices at (k, 2), (6, 2) and (6, 7). Given that T is transformed using matrix M, 
and the area of the resulting triangle is 110, find the two possible values of k. (3 marks) 
-1 0 4 0 

A=| 0 {) and B= (5 3) 
a Find the matrix P = AB. (1 mark) 
A triangle T is transformed using matrix P. 
b Given that the area of 7” is 60, find the area of T. (2 marks) 
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8 


152 


v3 1 
Pg = 
A=| 1 v3 
z “9 
0 0 ol 
a Find the transformation represented by matrix A. (3 marks) 


b The point with coordinates (a, b, —a) is transformed using matrix M. Find, in 
terms of a and b, the exact coordinates of the image of this point. (3 marks) 


a 0 : 
P= (6 4 where a is a non-zero constant. 


a Find, in terms of a, the matrix P-!. (2 marks) 


b The point 4 maps to the point (4, 7) under the transformation represented 
by M. Find, in terms of a, the coordinates of A. (3 marks) 


-1 2 
-5 8 
A triangle 7 is transformed by transformation U followed by an anticlockwise rotation 
through 90° about the origin. The resulting image is labelled 7’. 


The matrix P = ( ) represents a transformation U, 


Find a matrix M representing a linear transformation that maps 7” back onto T. (3 marks) 
-1 0 4 -1 
A=() _,)anaB=(3 75) 


The transformation represented by B followed by the transformation represented by A 
is equivalent to the transformation represented by matrix P. 


a Find P. (1 mark) 
Triangle T is transformed to the triangle 7” by the transformation represented by P. 

Given that the area of the triangle 7” is 35, 

b find the area of triangle T. (3 marks) 


Triangle 7” is transformed to the original triangle T by the transformation represented 
by matrix Q. 


ce FindQ. (2 marks) 
1 0 0 
v2 v2 
M=|° ~2 2 
v2 v2 
Oo ~ 3 


The point (a, b, c) maps to the point (0, 1, 1) under M. Find M~' and hence find the 
exact values of a, b and c. (4 marks) 
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1 =l1 0 


13 The matrix A = (: 0 4 represents a transformation T. 
3 -2 -l 

Given that T maps point P with coordinates (x, y, z) onto the point P’ with coordinates 
G, 7, 4), 


a find the coordinates of P. (3 marks) 
The matrix B represents a transformation U. Given that the transformation T followed by the 
transformation U is equivalent to a rotation through 90° about the x-axis, 


b find B. (3 marks) 


Challenge 


1 Find the 3 x 3 matrix representing the single transformation that is 
equivalent to a reflection in the plane y = 0, followed by a rotation of 90° 
about the x-axis, followed by a reflection in the plane z = 0. 


2 a Show that the transformation described by ie i maps any point in 
the plane onto the line y = x. 
b Find the matrix representing the linear transformation that maps any 
point in the plane onto the straight line y = mx. 
¢ Explain why, in general, the transformation that maps any point in 
the plane onto the straight line ax + by = cis not linear. 


Summary of key points 


1 © Linear transformations always map the origin onto itself. 
+ Any linear transformation can be represented by a matrix. 
ax + by 


2 The linear transformation 7: (3) b ( 
uy ex + dy, 


; i ") (;) ax + by 
since = ; 
e dj} \y, cx + dy 
3 Areflection in the y-axis is represented by the matrix ( 
equation x = 0, as an invariant line. 


) can be represented by the matrix M = \ ‘) 


-1 


0 4] and has the y-axis, which has 


4 Areflection in the x-axis is represented by the matrix 6 


10} Fi 
0 2) and has the x-axis, which has 


equation y =0, as an invariant line. 


5 Areflection in the line y = x is represented by the matrix ¢ a and has invariant line with 


equation y = x. 


6 Areflection in the line y =—x is represented by the matrix ee a) and has invariant line 
with equation y = —x. 
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10 


at 


12 


13 


14 


15 


16 


17 


18 


19 


20 


154 


The matrix representing a rotation through angle @ anticlockwise about the origin is ( 


cos@ -sin ’) 
The only invariant point is the origin (0, 0). 


sind cos@ 
A transformation represented by the matrix fs 4) is a stretch of scale factor a parallel to the 


x-axis and a stretch of scale factor b parallel to the y-axis. 
In the case where a = b, the transformation is an enlargement with scale factor a. 


For a stretch parallel to the x-axis only, points on the y-axis are invariant. The line x =0 is the 
invariant line. 


For a stretch parallel to the y-axis only, points on the x-axis are invariant. The line y = 0 is the 
invariant line. 


For stretches in both directions, including enlargements, there are no invariant lines and the 
only invariant point is the origin. 


For a linear transformation represented by matrix M, det M represents the scale factor for the 
change in area. This is sometimes called the area scale factor. 


The matrix PQ represents the transformation Q, with matrix Q, followed by the transformation 
P, with matrix P. 


-1 0 O 
A reflection in the plane x = 0 is represented by the matrix | Ort a). 
OOF es 


1 20) 10! 
A reflection in the plane y = 0 is represented by the matrix ( -1 a) 
(hy {ee a 


i 1010) 
A reflection in the plane z = 0 is represented by the matrix ( 1 0 } 
0 0 -1 
Arotation, angle 0, anticlockwise about the x-axis is represented by the matrix 
1 10) 0 
0 cos? —sin@ 
0 sind cosé 
Arotation, angle 0, anticlockwise about the y-axis is represented by the matrix 
cos? 0 sin@ 
0 1 0 
-sind 0 cosé, 
Arotation, angle 0, anticlockwise about the z-axis is represented by the matrix 
cos? -sin@ 0 
sind cos@ O 
0 0 1 


The transformation described by the matrix A“ has the effect of reversing the transformation 
described by the matrix A. 
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Proof by induction 


After completing this chapter you should be able to: 
@ Understand the principle of proof by mathematical induction and 


prove results about sums of series — pages 156-159 
@ Prove results about divisibility using induction — pages 160-162 
@ Prove results about matrices using induction — pages 162-164 


Prior knowledge check 


Write down expressions for: 

n DES} 
a >or bs 
ral 


rel 


Chapter 3 


2 Prove that for all positive integers n, 
3" +2 — 3” is divisible by 8. 
+ Pure Year 1, Chapter 7 


These dominoes are set up so that, as each 
domino falls, it knocks over the next one. 
As long as the first domino is pushed over, 
all the dominos will fall. You can prove 
mathematical statements in a similar way 
using mathematical induction. 


g m=(.e S)andn=(0 5 


Find MN, giving your answer in terms of k. 
€ Section 6.2 
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@ Proof by mathematical induction 


= You can use proof by induction to prove Nounccdto con outberntnebecs 
that a general statement is true for all step and the inductive step in order to complete 
positive integers. the proof: carrying out just one of these is not 


= Proof by mathematical induction usually sufficient to prove the general statement. 
consists of the following four steps: 


Step 1: Basis: Prove the general statement is true for m= 1. 

Step 2: Assumption: Assume the general statement is true for 1 =k. 

Step 3: Inductive: Show that the general statement is then true for n= k + 1. 
Step 4: Conclusion: The general statement is then true for all positive integers, n. 


This method of proof is often useful for proving t Links ) You can prove the general results for 
5 ome m 
results about sums of series. Sr, Ur and So? by induction. + Chapter 3 
ri rt mi 


n 
Prove by induction that for all positive integers n, }>(2r — 1) = n?. 
r=l 


‘ 1. Basis step 
pe yer Se eet |__ Substitute 1 = 1 into both the LHS and RHS of the 
RHS =1 formula to check if the formula works for n = 1. 
As LHS = RHS, the summation formula is true 
oncneits 2. Assumption step 


In this step you assume that the general 


Assume that the summation formula is true for Re rererieneniatiersnnere 


nok: 


Ser =) =k 3. Inductive step 

rat r—— Sum tok terms plus the (k + 1)th term. 

With n = k + 1 terms the summation formula 

becomes: This is the (k + 1)th term. 
k+! k 

Ser - 1) = V(r - 1) + 2k + 1) - 1 ——I 

= 


1 


Sum of first k terms is k* by assumption. 


= k? + (2(k + 1) - 1) 


=k? 4+ (2k+2-1) This is the same expression as n’* with n replaced 
p— byk+1. 
=k? +2k+1 
= (k + 1)? 4. Conclusion step 
Therefore, the summation formula is true when Result is true for = 1 and steps 2 and 3 imply 
A= ____ result is then true for m = 2. Continuing to apply 
steps 2 and 3 implies result is true for n = 3, 4, 5, 


If the summation formula is true for n = k then Ge 


it is shown to be true forn=k+1.Asthe -— 
result is true for n = |, it is now also true for Not 


Z is the set of positive integers, 
1,2,3, .... It is equivalent to N, the set of natural 
numbers. 


all n€ Z* by mathematical induction. 
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Prove by induction that for all positive integers n, )>? = En(n + 1)(2n +1). 
r=1 


1 
n=1: LHS = Dye = 1? =1 


rat 


RHS = 2(1)(2\3) = € = 


6 
As LHS = RHS, the summation formula is true 


for n= 1. 
Assume that the summation formula is true 
forn=k: 


ke 
Sor? = Lktk + 2k +1) 
fa 


With n = k +1 terms the summation formula 


becomes: 
kt} k 
Mr = Vr? +k + 1? 
ra otet 


= Ek(k + 2k + 1) + (k + 1? 
(k + 1)(k(2k + 1) + G(k + 1) 
k + 1)(2k? +k + Gk + 6) 

= E(k + 12k? + 7k + 6) 

= Ek + Nk + 2)(2k + 3) 

= hk + Mk +1) + 12k + 1) +1) 
Therefore, the summation formula is true when 
n=k+1, 
If the summation formula is true for n = k, then — 


it is shown to be true for n = k + 1. As the 
result is true for n = 1, it is therefore true for 
all n € Z* by mathematical induction. 


Prove by induction that for all positive integers n, yr = 2(1 + (n- 1)2”). 


n=: LHS = r2"=12)'=2 
at 


RHS = 2(1 + (1 - 1)2') = 2(1) = 2 
As LHS = RHS, the summation formula is true 
for n= 1. 
Assume that the summation formula is true 
for n re k: 
DY r2r = 2 + (k - 1)24,. 


r=t 
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becomes: 

k+t k 
Sora’ = Dora" + (k + 1)2**" 
rm mt 


= 2(1 + (k — 124) + (k + 12441 

= 2 + 2k — 1)2k + (k + 1)2k*! 

=2+(k—-1+k + 1)2k*! 

= 2+ 2k2k+! 

= 2(1 + k2kt!) 

= 2(1 + ((k + 1) - 12k") 


Therefore, the summation formula is true when 
n=k+1. 


IF the summation formula is true for n = k, then 


it is shown to be true form =k +1. As the lidiaienceneamnattenariscn 
result is true for n = 1, it is now also true for statement is true for all n € Z*, but it does not 
all n € Z* by mathematical induction. help you derive statements. 
1 Prove by induction that for any positive integer n, 3 r= n(n +1). (5 marks) 
2 Prove by induction that for any positive integer n, > (5 marks) 
3 a Prove by induction that for any positive integer : 
Sr 1) =4n(n + 1)(n- 1) (6 marks) 
b Hence deduce an expression, in terms of n, for Sr - 1). (3 marks) 
4 a Prove by induction that, for any positive integer 7: 
Yrar -1)=n(n+1) (6 marks) 
b Hence use the standard result for xr to find a value of n such that =A = 4S rr - 1). 
7 ™ (5 marks) 
® 5 Prove by induction that for any positive integer n, 
a ¥  =1-55 b Dre) = (m4 t= 1 c a 
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n 


> on 
6 The box below shows a student’s attempts to prove (d+) = )°r? using induction. 
r=l 


r=1 


i i 
Let n = 1. Then LHS = (s) = (1)? = 1, and RHS = or? = 12 = 1, so that LHS = RHS (Basis step). 
Fat = 


Now we assume the statement is true for n = k: 


and so forn =k +1 the statement is 


(Sr) = Sr 


rt 


Hence, by the principle of mathematical induction, the statement is true for all n € Z*. 


a Identify the error made in the proof. (2 marks) 


b Give a counter-example to show that the original statement is not true. (1 mark) 


n 
7 Astudent claims that )>r 


ret + 


(n? +n + 1), and produces the following proof. 


Assume that the statement is true for n = k: 


ke 
Dra fie +k +1) 


rt 


Whenn =k +1: 
Leal k 
DMr= Vr + (k+1) 
fet fat 


=e tka rke 
= ble e ket + 2k +0) 
= de + 2k ++ k++ 1) 
=hk+ eke) 


This is the original formula but with n = k + 1. Hence, by the principle of mathematical induction, 
the statement is true for all n € Z. 


a Identify the error made in the proof. (2 marks) 
b Give a counter-example to show that the original statement is not true. (1 mark) 
A 
Challenge { Hint ) Yr? = -12 + 22-32 4 BR... 
Prove by induction that for all positive integers n, uae 


= (02 =3-1)"nln +1) 


3THSEC 159 


=>s —— | 


8.2) Proving divisibility results 


You can use proof by induction to prove that a given expression is divisible by a certain integer. 


Prove by induction that for all positive integers n, 3*" + 11 is divisible by 4. 


Let f(n) = 3°" + 11, where nEZ*. 

K0)= 384 1=941~ 20 =AC6), whichis | Iai 

divisible by 4. 

f(n) is divisible by 4 when n = 1. 

f(k) = 3% + 11 is divisible by 4. 

eae Rindwctve step 
= BthxiSt 11 
= (374) +11 

F(k + 1) — f(k) = (9(324) + 11) -— (324 + 11) 

= 4(2(324) 

f(k + 1)= f(k) + 4(2(3°4)) 

Therefore f(n) is divisible by 4 whenn =k +1. “AeConclusionstep 

If f(n) is divisible by 4 when n = k, then it has 

been shown that f(n) is also divisible 

by Ain =i Aeon aida by 

when n = 1, f(n) is also divisible by 4 for When proving that an expression f(n) is divisible 

all n€Z* by mathematical induction. by r, you can complete the induction step by 


showing that f(k + 1) — f(A) is divisible by r. 


Prove by induction that for all positive integers n, n> -— 7n + 9 is divisible by 3. 


Let f(n) =n? — 7n + 9, where nEZ. 

f(1) =1- 7 + 9 = 3, which is divisible by 3. 

f(n) is divisible by 3 when n = 1. 

Assume true for n = k, so that 

f(k) = k? - 7k + 9 is divisible by 3. 

fk + 1)=(k+ 1% -7(k+1)+9 
=k? + 3k? + 3k+1-7(k+1+9 
=k? + 3k? +3k+1-7k-74+9 
=ko + 3k?-4k+3 
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f(k + 1) — f(k) = (k? + 3k? — 4k + 3) 


- (k - 7k +9) 
= 3k? + 3k-6 
= 3(k2 +k - 2) 


F(k + 1) = f(k) + 3(k? +k - 2) 
Therefore f(n) is divisible by 3 whenn =k + 1. 
IF f(n) is divisible by 3 when n = k, then it has 
been shown that f(n) is also divisible by 3 
when n= k + 1. As f(n) is divisible by 3 when 
n= 1, f(n) is also divisible by 3 for allneZ 
by mathematical induction. 


Prove by induction that for all positive integers m, 11"*! + 12?"~! is divisible by 133. 


Let f(n) = 11" + 122", where nEZ*. 
(1) = 112 + 12 = 133, which is divisible by 133. 
f(n) is divisible by 133 when n = 1. 
Assume true for n = k, so that 
f(k) = 114+! + 122k-" is divisible by 133. 
fk + 1) = k++) 4 122tk+ 0-1 
= 1k" (11)! + 1224-1 (12)2 
= (11+!) + 14.4(122k-1) 
F(k + 1) = fk) = (101+!) + 14.4(1224-1)) 
= (1+ 4 122k-1) 
= 10(11*!) + 143(1224-1) 
= 10(11k+1) + 10(122k-") 


& 
3 
= 
® 
s 
w 
° 
< 


Always keep an eye on what you are trying to 


+ 133012"! prove. You need to show that this expression is 
sO H's 1229 divisible by 133, so write 143(12%-}) as 
+ 133(1224-') 10(12?4-}) + 133(1224-}), 


F(k + 1) = f(k) + 10(11k*" + 1224-1) 


+ 133(1224-') 
= F(k) + 10F(k) + 133(1274-") 


= 11f(k) + 133(1224-1) 
Therefore f(n) is divisible by 133 when n =k + 1. 


If f(n) is divisible by 133 when n = k, then it 
has been shown that f(n) is also divisible by 
133 when n =k + 1. As f(n) is divisible by 133 
when n = 1, f(n) is also divisible by 133 for all 
n€ Z* by mathematical induction. 
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Exercise (eB) 


® 1 Prove by induction that for all positive integers n: 


@) 4 
GP) 5 
GP) 6 


a 8"— 1 is divisible by 7 

c 5"+9" + 2 is divisible by 4 
e 3°""'4 1 is divisible by 4 
g n° + Snis divisible by 6 


fin) = 13" - 6" 
a Show that f(k + 1) = 6f(k) + 7(134). 


b Hence, or otherwise, prove by induction that for all positive integers n, f(n) is 


divisible by 7. 


a(n) = 5S" - 6n+8 


b 3” —1 is divisible by 8 

d 2*"— 1 is divisible by 15 

f n+ 6n° + 8nis divisible by 3 
h 2"(3*")—1 is divisible by 17 


a Show that g(k + 1) = 25g(k) + 9(16k — 22). 
b Hence, or otherwise, prove by induction that for all positive integers n, g(n) is 


divisible by 9. 


Prove by induction that for all positive integers n, 8" — 3” is divisible by 5. 
Prove by induction that for all positive integers n, 3°"** + 87 — 9 is divisible by 8. 


Prove by induction that for all positive integers n, 2 + 3°"-*is divisible by 5. 


(3 marks) 


(4 marks) 


(3 marks) 


(4 marks) 
(6 marks) 


(6 marks) 


(6 marks) 


@® Proving statements involving matrices 


You can use matrix multiplication to prove results involving powers of matrices. 


Rogen: rae 1 -1)"_(1 i) 
Prove by induction that for all positive integers n, ( 2 ) = (  } 


nev vee(, 226 2) 4 


rns=(4 '3°)=(6 2)4 


As LHS = RHS, the matrix equation is true for 
n=1, 

Assume that the matrix equation is true for 
sve 


6 a's) 


162 
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With n = k + 1 the matrix equation becomes 
( 2)" =(6 2ylo 2) 


= G 1- cae -1 ;— Use the assumption step. 
ak 


a. O 2 
_ (140 142 ~2(24) 
= ee O + 2(2*) ) 
1 ; A ake 
7 Fs ake ) 
Therefore the matrix equation is true when 
n=k+. 
If the matrix equation is true for n = k, then 
it is shown to be true forn = k + 1. As the 
matrix equation is true for n = 1, it is also true 
for all n€ Z* by mathematical induction. 


Prove by induction that for all positive integers n(? 


Proof by induction 


3. Inductive step 


As this is a proof, you should show your working 
for each element in the matrix multiplication. 
Section 6.2 


This is the right-hand side of the original 
equation with n replaced by k + 1. 


4. Conclusion step 


1 i ies ea 


a sim l e | 1. Basis ste 
a uns = (7 4) = (3 4) au 
ens = (730) +1 a ; 
NN. ff) 3(1) + ‘| ) Substitute m = 1 into both the LHS and RHS 


As LHS = RHS, the matrix equation is true for 

n=. 

Assume that the matrix equation is true for 

n=k: 

es Al = (= +1 9k ) 
-1 4 -k 3k +1 

With n = k + 1 the matrix equation becomes 


yes ae 8 


ea 


see 4) 


" 


2k-3k-1 -9k+12k+4 
—3k-2 Ok+ P| 
-k-1 3k+4, 
=(> (k +1) +1 eee 
- —(k + 1) 3k +1) +1 
Therefore the matrix equation is true when 
n=k+1. 


(5 
Co 
eee 2=-9k -27k+9+ a 
| 


— of the formula to check to see if the formula 
works for n = 1. 


2. Assumption step 


In this step you assume that the general 
statement given is true for n =k. 


3. Inductive step 


‘— Use the assumption step. 


This is the right-hand side of the original 
equation with n replaced by k + 1. 
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If the matrix equation is true for n = k, then 
it is shown to be true forn =k + 1. As the 
matrix equation is true for n = 1, it is also true 


for all n€ Z* by mathematical induction. 


Exercise (sc) 


1 Prove by induction that for all positive integers n, 


(0 1 =( 7) (6 marks) 


2 Prove by induction that for all positive integers n, 


30 -4\"_(2n+1 —4n 
( >) =( n -2n+ y (omarks) 
3. Prove by induction that for all positive integers n, 
2 or 2” 0 
( ) “(a1 1) (olntarks) 
4 a Prove by induction that for all positive integers n, 
5 -8)"_(4n+1  -8n 
(3 =) =( 2n an) Komarks) 
b Hence find the value of 7 such that: 
-1 3\/5 -8\"_ (11 -21 
G ae lls =e) marks) 
5 ThematrixM=(* >) 
a Prove by induction that for all positive integers n, 
nn _ (2" 5(2"=1) 
M'= 0 1 (6 marks) 
b Hence find an expression for (M")"' in terms of n. (4 marks) 


Challenge 


Prove by induction that for all n € Z*, 
n 37-1 
ee 

elo at ite 3 2 0 


Oe LOS |i0) Sal 0 


164 3THSEC 


G1 
®2 


EG) 3 
i) 4 


Prove by induction that 9" — 1 is divisible by 8 for all positive integers n. 


The matrix B is given by B= (f 
a Find B’ and B*. 


Proof by induction 


(6 marks) 


b Use your answer to part a to suggest a general statement for B", for all positive integers n. 


¢ Prove by induction that your answer to part b is correct. 


Prove by induction that for all positive integers n, Sor +4)= 3n(3n +11). 
9 ) 
—4 -7) 
8n+1 lon 
-4n 1-8n 


The matrix B is given by B=(A")". 
b Hence find B in terms of n. 


The matrix A is given by A = ( 


a Prove by induction that A” = ( ) for all positive integers n. 


The function f is defined by f(n) = 5°”"~' + 1, where n is a positive integer. 
a Show that f(7 + 1) - f(n) = w(S"""), where ju is an integer to be determined. 
b Hence prove by induction that f(7) is divisible by 6. 


Prove by induction that 7" + 4” + 1 is divisible by 6 for all positive integers n. 


n 
Prove by induction that for all positive integers n, }or(r + 4) = En(n + 1)(2n + 13). 
r=1 


a Prove by induction that for all positive integers 7: 
2 


JnQn +1)(4n 41) 


r 


a= 
>, show that & must satisfy n = git 


on 
b Given that )0? =k 


r=l r= 


2c 1 OK: 
0c for some positive constant ¢ 


a Prove by induction that for all positive integers : 


n 2" 1 
w=e(? z ) 
0 1 


b Given that det(M") = 50", find the value of c. 


> 
1 


The matrix M = ( 


Challenge 


mee eer) 
sin? cos@ 


a Prove by induction that for all positive integers n, M” = (fe ne Ss) ). 


sinn@ cosn@ 


b Interpret this result geometrically by describing the linear 
transformations represented by M and M”. 
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(6 marks) 


(6 marks) 
(4 marks) 
(3 marks) 
(4 marks) 


(6 marks) 
(6 marks) 


(6 marks) 


(5 marks) 


(7 marks) 


(5 marks) 
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Summary of key points 


1 You can use proof by induction to prove that a general statement is true for all positive 
integers. 


2 Proof by mathematical induction usually consists of the following four steps: 
* Basis: Show the general statement is true for n = 1. 
+ Assumption: Assume that the general statement is true for n =k. 
* Inductive: Show the general statement is true form =k + 1. 
* Conclusion: State that the general statement is then true for all positive integers, n. 
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After completing this chapter you should be able to: 


@ Understand and use the vector and Cartesian forms of the equation 


of a straight line in three dimensions — pages 168-175 
@ Understand and use the vector and Cartesian forms of the equation 

of a plane —> pages 175-178 
@ Calculate the scalar product for two 3D vectors — pages 178-184 
@ Calculate the angle between two vectors, two lines, a line and 

a plane, or two planes — pages 184-189 
@ Understand and use the scalar product form of the equation 

of a plane ~ pages 185-189 
@ Determine whether two lines meet and determine the 

point of intersection ~ pages 189-192 
e Calculate the perpendicular distance between: two lines, a point and 

a line, or a point and a plane ~ pages 193-201 


Prior knowledge check 


1 Find BC given that: 


2 i= ()onoai=() 


3 fst! — |S 
b ti -(3) na ci -( 
4 3 


© Pure Year 2, Chapter 12 


2 Find the exact distance between the 
points with coordinates: 
a (3, -2) and (-1, 4) 
b (1,3, -2) and (-3, 2, -5) 
© Pure Year 2, Chapter 12 


| 3 Givena = 4i — 3j + 2k, find: 
a lal 
b the unit vector in the direction of a. il Vectors can be used to describe points, lines 
{ 4 The lines /, and /, have equations and planes in 3D. Computer graphics artists 
7 1:3x — 4y =7 and 1: 2x + 5y = -3. use 3D vectors to define shapes based on 
Find the coordinates of the point of polygons. By creating a shape from thousands 
intersection of /; and L. of polygons you can create the illusion of a 
Pure Year 1, Chapter 5 smoothly curved surface. 
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@ Equation of a line in three dimensions 


You need to know how to write the equation of a straight line in vector form. 


Suppose a straight line passes through a R 
given point A, with position vector a, and 
is parallel to the given vector b. Only one 

such line is possible. Let R be an arbitrary 
point on the line, with position vector r. 


= — 
Since AR is parallel to b, AR = Ab, where 
Zisa scalar. 

The vector b is called the direction vector 
of the line. 

So the position vector r can be written as 
a+b. o 


You can find the position 
vector of any point R on 
r ——____ the line by using vector 
addition (AOA R): 


os 
r=a+AR 


= A vector equation of a straight line passing through the point A with position vector a, and 
parallel to the vector b is 


r=a+dAb Cau ris the position vector of a general point on 
the line. Scalar parameters in vector equations are often 


where J is a scalar parameter. given Greek letters such as 4 (lambda) and j: (mu). 


By taking different values of the parameter 2, you can find the position vectors of different points 


that lie on the straight line. 
{ online ) Explore the vector equation ep 
Example Cy of a line using GeoGebra. 


Find a vector equation of the straight line which passes through the point A, with position vector 
3i — 5j + 4k, and is parallel to the vector 7i — 3k. 


3 7 
Here a=|-5] andb=| O |. 

4 =3 
An equation of the line is 

3 7 

r=(-5}] +4, 0 

4 -3 
or r= (3i- 5j + 4k) + A(7i — 3k) 
or r= (3 + 7A)i + (-5)j + (4 - 3d)k 


3+ 7h 
or r=( -5 
4 — 3A 
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Now suppose a straight line passes through two given points C and D, with position vectors ¢ and d 
respectively. Again, only one such line is possible. 


R 


You can now use one of the two given points 
and the direction vector to form an equation for 
the straight line. 


— 
You can use CD as a direction vector for the line: 
CD =d-c. 


= Avector equation of a straight line passing through the points C and D, with position 
vectors ¢ and d respectively, is 
@ You can use any point on the straight 
line as the initial point in the vector 
equation. An alternative vector equation 
for this line would be r= d + A(d -¢). 


r=c+A(d-c) 
where J is a scalar parameter. 


Find a vector equation of the straight line which passes through the points A and B, with 
coordinates (4, 5, -1) and (6, 3, 2) respectively. 


“() » 
(6) 


() we dom iepstonecst a 
3)=(2) ——— arene tne, 


() 


orr = (41+ 5j- 


(3) 


k) + (21 — 2j + 3k) 


orr = (4 + 2ni+ (5 — 20j + (-1 + 30k 


4+2t 
orr=(5-2t 


1+ 34 
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The straight line / has vector equation r = (3i + 2j — 5k) + (i — 6j — 2k). 
Given that the point (a, b, 0) lies on /, find the value of a and the value of b. 


-5 -2t=0 
Hees | 
allie A 


The straight line / has vector equation r = (2i + 5j — 3k) + A(6i — 2j + 4k). 
Show that another vector equation of / is r = (8i + 3j + k) + (3i - j + 2k). 


2 6 
Use the equationr =| 5 | + a{-2]. 
-3, 4 


(>) 
When A= 1, r= (2), so the point (6, 3, 1) lies 


onl. j 
6 3 
-2] = 2|-1] so these two vectors are 
4 2 
parallel. 
| So an alternative form of the equation is 
8 3 Using the same value of the 
r= ( 3) + (2) parameter in each equation will give different 
1 2 points on the line. You should use a different 


letter for the parameter of the second equation. 


You also need to be able to write the equation of a line in three dimensions in Cartesian form. 
This means that the equation is given in terms of coordinates relative to the x-, y- and z-axes. 


ay by 
= Ifa= (« and b= (*) the equation of the line with vector equation r = a + Ab can be given 
bs 


43, 
in Cartesian form as 
X-@ V7& I-% 
a 


Each of the three expressions is equal to A. 
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With respect to the fixed origin O, the line / is given by the equation 


ay by 
r= (:) + i(*:) 
ay, by 


a Prove that a Cartesian form of the equation of / is 


4 -1 
b Hence find a Cartesian equation of the line with equation r = ( 3 ) + ( 2 } 
5 


a,+Ab, 
=|d> + Abo 
3 + Abs, 


X = a) + Ab, y = dp + Abo, z = az + Abs 


Rearranging, 


ee) 1 2 
The line / has equation r = | 1 + (2), and the point P has position vector (}) 
4 1 3 


a Show that P does not lie on /. 
0 
Given that a circle, centre P, intersects / at points A and B, and that A has position vector (3), 
6 
b find the position vector of B. 
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Loe y Problem-solving 


1-24 It is often useful to write the general point on 
4a+4 a line as a single vector. You can write each 
\f P(2, 1, 3) lies on the line then component in the form a + Ab. 
2=-2+ A4>1=4 
1= 1-24 51=0 If P lies on |, there is one value of A that satisfies 


3= 4+ ASaeH all 3 equations. You only need to show that two of 


; these equations are not consistent to show that 
so P does not lie on I. P does not lie on /, 
= 2 ° re 
b AP =|1]-|-3]=| 4 The distance between the points with position 
3 6 3. 
— ay by 
|AP| = (2? + 42 + (-3)? = 29 vectors | 42) and | be} is 
A, bs, 
—2+ 4A 2 z 3 a 
The position vector of Bis| 1-22). (by — ay)? + (bz — a2)* + (bs — a3)*. As Pis the 
4a 4 centre of the circle and A lies on the circle, the 
: : radius of the circle is 29. 
= 2 “2+ a 4-4 Pure Year 2, Chapter 12 
BP =|1]-| 1-2a])= 2a 
3, 4+ 4 -1-A 


Use the general point on the line to represent the 


(4 — Aj? + 422 + (-1- 4)? = 29 position vector of B. 


16 - BA +2? + 442414204422 =29 7 = 
Blies on the circle so the length |ppl =V29. 


A i-7 Solve the resulting quadratic equation to find two 


' possible values of 2. One will correspond to point 
A, and the other will correspond to point B. 


6a? - GA +17 = 29 
64? - GA -12=0 
a2-4-2=0 
(A= 2a + 1)=0 
Sod=2ord=-1 


° 
A= 2 gives (2) This is the position eee 
Substitute values of Ainto| 1 — 24 }. Check that 
vector of point A. ( fe ‘) 
-3 one of the values gives the position vector of A. 
A=-I gives | Ss ) This is the position The other value must give the position vector 
3 for B. 


vector of point B. 
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Exercise (9A) 


1 


For the following pairs of vectors, find a vector equation of the straight line which passes 
through the point, with position vector a, and is parallel to the vector b: 
a a=6i+ 5j—k, b= 2i- 3j-k b a=2i+ 5j,b=i+j+k 


2 =3) 
¢ a=—-7i+ 6j+ 2k, b= 3i+j+2k a a-(0).0-(2) 


6 0 4, 1 
e a=(-11],b=| 5 
2 —2. 


For the points P and Q with position vectors p and q respectively, find: 
— 

i the vector PO 

ii_a vector equation of the straight line that passes through P and Q 


a p=3i-4j+2k,q=Si+3j-k b p=2i+j-3k,q=4i-2j+k 
3 -2 

¢ p=i-2j+4k, q=-2i-3j+2k ar-(-i}a-(3) 
4 1 


“rel 


Find a vector equation of the line which is parallel to the z-axis and passes through the point 
(4, -3, 8). 
a Find a vector equation of the line which passes through the points: 
i (2, 1,9) and (4, -1, 8) ii (3, 5, 0) and (7, 2, 2) 
iii (1, 11, -4) and (5, 9, 2) iv (-2, -3, -7) and (12, 4, -3) 
x- -d, z- 
b Write down a Cartesian equation in the form cca LU a etd for each line in part a. 


The point (1, p, g) lies on the line /. Find the values of p and gq, given that the equation of /is: 
2 1 4 2 16 3 

a r-(2) (2) vro(6} (3) c r=(-5) «(3 
1 -9, -1 -8 -10, 1 


2 1 
The line /; has equation r = ( 1 ) + 2 ) The line /, has equation —>=— = —- = —- 
-3 4 


Show that /, and /, are parallel. 


Show that the line /, with equation r = (3 + 2A)i + (2 — 34)j + (—1 + 44)k is parallel to the line /, 
which passes through the points 4(5, 4, -1) and B(3, 7, -5). 


Show that the points EEED Points are said to be collinear if 
A(-3, -4, 5), B(3, -1, 2) and they all lie on the same straight line. 
C(9, 2, -1) are collinear. 


1 3 10 
Show that the points with position vectors ( F ) (=) and ( 4 do not lie on the same 


straight line. “2 8 0 
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The points P(2, 0, 4), O(a, 5, 1) and R(3, 10, b), where a and b are constants, 
are collinear. Find the values of a and b. (5 marks) 
The line /; has equation 
r= (8i— 5j + 4k) + AGi+j — 6k) 
A is the point on /; such that 4 = -2. 
The line /, passes through A and is parallel to the line with equation 
r= (10i + 3j — 9k) + A(2i- 4) +k) 
Find an equation for /,. (6 marks) 
The point A with coordinates (4, a, 0) lies on the line L with vector equation 
r= (10i + 8j — 12k) + A(i-j + bk) 
where a and b are constants. 


a Find the values of aand b. (3 marks) 

The point X lies on L where 4 = -1. 

b Find the coordinates of X. (1 mark) 
3 1 

The line / has equation r = (3) + ar 2 } 
9 —2, 

A and Bare the points on / with 4 = 5 and 4 = 2 respectively. 

Find the distance AB. (4 marks) 
1 2 

The line / has equation r =| -2] + | 1 }. 
3 -1 


Cand A are the points on / with 4 = 4 and 4 = 3 respectively. 
A circle has centre C and intersects / at the points A and B. 


Find the position vector of B. (3 marks) 
+1 . 
The line / has equation x — 5 = = > 
Write x -5 as a 2 and convert the equation of 


A circle C has centre (4, —1, 2) and radius 3/5. 
Given that C intersects / at two distinct points, 
A and B, find the coordinates of A and B. (7 marks) 


the line into vector form. 


-4 1 
The line /; has equation r = 6 ) + ("1 Aand Bare the points on /, with 4 = 2 and 


2=5 respectively. 2 4 


a Find the position vectors of A and B. (2 marks) 


0 
The point P has position vector (2) 
3, 
The line /, passes through the point P and is parallel to the line /,. 


b Find a vector equation of the line /,. (2 marks) 

The points C and D both lie on line / such that AB = AC = AD. 

c¢ Show that P is the midpoint of CD. (7 marks) 
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17 A tightrope is modelled as a line segment between points with coordinates (2, 3, 8) and 
(22, 18, 8), relative to a fixed origin O, where the units of distance are metres. Two support 
cables are anchored to a fixed point A on the wire. The other ends of the cables are 
anchored 
to points with coordinates (14, 1, 0) and (6, 17, 0) respectively. 
a Given that the support cables are both 12m long, find the coordinates of A. (8 marks) 


b Give one criticism of this model. (1 mark) 


(9.2 ) Equation of a plane in three dimensions 


The equation of a plane can be written in vector form. 
Suppose a plane passes through a given point A, with position vector a. fiz / 
Let R be an arbitrary point on the plane, with position vector r. LA 

— 
Then, using the triangle law, r=a+ AR. o 


= 
Since AR lies in the plane, it can be 
written as Ab + sic, where b and ¢ are 
non-parallel vectors in the plane and 
where 4 and ju are scalars. 


So the position vector r can be written as r=a+Ab + pic. 


= The vector equation of a plane is r = a + Ab + juc, where: 
ris the position vector of a general point in the plane 
is the position vector of a point in the plane 

¢ band care non-parallel, non-zero vectors in the plane 
° Aand pare scalars 


Find, in the form r = a + Ab + jue, an equation of the plane that passes through the points. 
A(2, 2, -1), B(3, 2, -1) and C(4, 3, 5). 


=< —- 
AB and AC are vectors which lie in the plane. 
es 

AB = OB- OA=i 

— o$— ss > 

AC = OC - OA = 21+,j + 6k 


So an equation of the plane is 


r= 2i+ 2j-k+ i+ u(2i+j+ Sk) 
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2 
Verify that the point P with position vector ( 2 ) lies in the plane with vector equation 


iy 


3+2A+ p 
-24+ A+ 2y 
If P lies on the plane, 
2 3+2A+ pw 
2)=| 4+ A- pg 5 
ies 
2= 3 +24 + p so 2+ p=-l Ut) If the point P lies on the plane then there will 
2=4+4A4- p so A- p=-2(2) be values of 4 and j: that satisfy all three of 
eo? 4 2 $2p co 2eQpe1 @ these equations simultaneously. Solve one pair 


of equations simultaneously, then check that the 


Solving equations (2) and (3) simultaneously, Solicnis eatery the wai eaiaton 


(3) - (2): 3u=3 so p=l 
Sub in (2): A-1=-2 so A=-1 
Check in equation (1): 

24 + = -2 + 1=-1 So P lies in the plane. 


The direction of a plane can be described by giving a normal vector, n. This is a vector that is 
perpendicular to the plane. 


One normal vector can describe an infinite number of parallel planes, so the normal vector on its own 
is not enough information to define a plane uniquely. 


zi n=ai+ bj+ck 


x 


= A Cartesian equation of a plane in three 
Not: i i i 
dimensions can be written in the form Canijesie HISer Lee envouie Cues 


ax + by +cz=dwhere a, b, cand dare equation of a line in two dimensions: ax + by =c. 


constants, and ( is the normal vector P ep 
Ps { Online ) Explore the vector and Cartesian 


to the plane. equations of a plane using GeoGebra. 


You can derive this result using the scalar product, which you will learn about later in this chapter. 
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Example 


The plane J7 is perpendicular to the normal { Notation } Paresemclianiamesanediiondns 
capital Greek letter pi, IT. 


vector n = 3i — 2j + k and passes through the 
point P with position vector 8i + 4j — 7k. 
Find a Cartesian equation of IT. 


3x-2y+z=d 
3x&-2x4+1x(-7)=9 


So d = 9 and the Cartesian equation of IT is 
3x — 2y+2=9. 


Exercise (98) 


1 Find, in the form r = a + Ab + jvc, an equation of the plane that passes through the points: 


a (1, 2,0), (3, 1, -1) and (4, 3, 2) b (3,4, 1), (-1, -2, 0) and (2, 1, 4) 
e (2,-1,-1), (3, 1, 2) and (4, 0, 1) d (-1, 1, 3), (-1, 2, 5) and (0, 4, 4). 
-1 
2 The plane JI is perpendicular to the normal vector 3 and passes through the point with 
2 
4 
position vector (2) Find a Cartesian equation of J7. 
6 
2 3 1 
® 3. Find the value of k, given that the plane /7 with vector equation r =| -1] +A) 2 }+y|-1 
: 3 —2, 3 
passes through the points: 
a (7,-1,k) b (1,k, 11) e (k, -4, 10) d (10, k, -k) 


4 A Cartesian equation of the plane J7 is 2x -— 3y + 5z = 1. 
a Verify that the plane passes through the point: i (1, 2, 1) ii (2, -4, -3) 
b Write down an equation of a normal vector to the plane. 
5 The line /is normal to the plane JT with Cartesian equation 5x — 3y — 4z = 9 and passes 
through the point (2, 3, -2). Find: 
a a vector equation of / b a Cartesian equation of / 
6 The diagram shows a cube with a vertex at the origin 


and sides of length 3. 
Find a Cartesian equation for each face of the cube. 
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7 Show that the points (2, 2, 3), (1, 5, 3), (4, 3, -1) and (3, 6, -1) are coplanar. (6 marks) 
Points are said to be coplanar if they 
all lie on the same plane. 


8 Show that the points (2, 3, 4), (2, -1, 3), (5, 3, -2) and (-1, -9, 8) are not coplanar. (6 marks) 


9 The plane JZ has vector equation r = 3i — 2) + k + A(—2i + 3j + Sk) + u(4i + 2j - 3k). 
The point A lies on J7 such that 2 = | and p= 2. 


a Find the position vector of A. (2 marks) 

Point B has position vector (1, -7, 2). 

b Show that B lies on JT. (2 marks) 

The line / passes through points A and B. 

¢ Find a vector equation of /. (3 marks) 
. —| | 

The point C lies on / such that loa | = lod. 

d_ Find the position vector of C. (3 marks) 


Challenge 


A plane has vector equation r = 2i + 3j + A(i— 2j + k) + x(2i —j + 3k). 
Aline has vector equation r = (2i + 6j + k) + 4(5i — 7j + 6k). 
Show that the line lies entirely within the plane. 


[9.3 ] Scalar product 


You need to know the definition of the scalar product of two vectors in either two or three 
dimensions, and how it can be used to find the angle between two vectors. To define the scalar 
product you need to know how to find the angle between two vectors. 


On the diagram, the angle between the vectors a and bis 0. 
Notice that a and b are both directed away from the point ¥. 


x @) 
a 


Find the angle between the vectors a and b on the diagram. 4 
x: 


The angle between a and b is 180° — 20° = 160°. 
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= The scalar product of two vectors a and b is written as a.b, and defined as 


a.b = |a||b| cos 0 [ Notation } The scalar product 
where @ is the angle between a and b. is often called the dot product. 
5 You say ‘a dot b’. 
You can see from this diagram 
a that if a and b are the position t Online ) Use GeoGebra 
vectors of A and B, then the to consider the scalar product 
angle between a and bis 2AOB. as the component of one vector 
/\ in the direction of another. 
oO B 
b 
a.b 


= If aand bare the position vectors of the points 4 and B, then cos(ZAOB) = 


If two vectors a and b are perpendicular, the angle between them is 90°. 
Since cos 90° = 0, a.b = |a||b| cos 90° = 0. 
= The non-zero vectors a and b are perpendicular if and only if a.b = 0. 


If a and b are parallel, the angle between them is 0°. 
= If aand bare parallel, a.b = |a||b]. In particular, a.a = |al?. 


Find the values of 
a ij b kk ¢ (4j).k + (3i).(3i) 


F ee | 


b kk=1x 1x cosO°=1 


ce (Aj).k + (3i).(3i) aoe | 


= (4 x 1 x cos 90°) + (3 x 3 x cosO*) 
=O0+9=9 


Example (12) 
ay 


b 
Given that a= ( and b= (=) prove that a.b = a,b, + ayb, + a3b3. 
ay bs 
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| ab = (ai + aj + ask).(bi + boj + bk) 
baj + bak) 
bi + boj + bok) 
+ agk.(b,i + baj + bak) 
= (a,i).(byi) + (a,i).(bzj) + (a,i).(bsk) 
+ (apj).(b,i) + (a2j).(b2j) + (@2j).(bak) 
+ (agk).(b\i) + (azk).(b2j) + (azk).(b3k) 
= (ayb,)i.i + (a,b2)i,j + (ajb3)i-k 
+ (acbi)j.i + (acba)j.j + (asb3j-k 
+ (azb,)k.i + (asba)k.j + (asbs)k-k__| 


= ayb; + asbp + asbs 


The above example leads to a simple formula for finding the scalar product of two vectors given in 
Cartesian component form: 


® Ifa=a,i+ aaj + ask and b = b,i + b,j + 3k, 


a, [by 
ab= («) bz | = a,b, + dzbz + ash; 
sy, by 


You can use this result without proof in your exam. 


Given that a = 8i- 5j - 4k and b = Si+ 4j -k, 
a Find a.b. 
b Find the angle between a and b, giving your answer in degrees to | decimal place. 


a 
_ =e 


= (6x 5) +(-5 x 4) +(-4 x +1) 
=40-20+4 

=24 

(b a.b = |a||b] cosd 


|b] = (5? + 4? + C1)? = 42 


cos@ = pecan 
V105 V42 


0 = 68.8" (1 dp) 
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Given that a = -i + j + 3k and b = 7i — 2j + 2k, find the angle between a and b, giving your answer 
in degrees to 1 decimal place. 


lal = (0? + 12 + 3? = VT 
|b] = V7? + (2? + 2? = 57 
Vit 57 cos@ = -3 


cos0 = 


-3 
V11V57 
0=96.9° (1 dp) 


Given that the vectors a = 2i — 6j + k and b = Si + 2j + Ak are perpendicular, find the value of 4. 


=-2+2 
-2+1=0 
A=2 


ol) |__| ppp 
= smal aiaa || 


Given that a = —2i + 5j - 4k and b = 4i — 8j + 5k, find a vector which is perpendicular to both 
aand b. 


23) <omav(i) =0 — 


EN} (2it 


-2x+5y-42=0 (1) 
4x - 6y+5z=0 (2) 
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\letz=1 
| 


-2x+5y=4 (from 1) 
4x - 6y=-5 (from 2) 
[Sox = jy = Zand z= 


|A possible vector is 41+ Sj +k. 


| Another possible vector is 
(AGi+ Sj +k) = 7i+ G+ 4k 


The points A, B and C have coordinates (2, -1, 1), (5, 1, 7) and (6, —3, 1) respectively. 
— 

a Find AB.AC 

b Hence, or otherwise, find the area of triangle ABC. 


—~ [3 py 
la AB =(2) and AC =| -2 
| 6 ) 
| 


=> 
AB.AC =3x4+2x(-2)+6x0=8 


lp |aBl = 3? 4 224 @ 

ib laBl = V3 4 22+ =7 

|B = eter 
| aC | = 4+ CaP +O" = 25 


eaves 
cos(ZBAC) = —AB-AC” 
\4al|acl 
__ 6 
7 x WS 
= 0.2555... 
| LBAC =75.1937..2 
| Area = 1/48! laé Isin (ZBAC) Problem-solving 
=4x 7 x 2V5sin(75.1937...°) You could find ZBAC by finding the lengths 4B, 
BCand AC and using the cosine rule, but it is 
= 1543 2 dp) quicker to use a vector method. 
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Exercise (9c) 


1 
2 


10 


11 


@) 12 


The vectors a and b each have magnitude 3, and the angle between a and b is 60°. Find a.b. 


For each pair of vectors, find a.b: 
a a=Si+ 2j+ 3k, b=2i-j-2k b a= 10i- 7j+ 4k, b = 3i- 5j- 12k 
e a=i+j—k,b=-i-j+4k d a=2i-k, b= 6i- 5j- 8k 


e a=3)+9k,b=i- 12)+4k 

In each part, find the angle between a and b, giving your answer in degrees to | decimal place: 
a a=3i+7j,b=Si+j i 5j,b = 61+ 3j 

¢ a=i-7j+8k, b= 12i4+2j+k —j+ 5k, b= 1li-3j+4k 


e a=6i-7j+ 12k,b=-2i+j+k f a=4i+ 5k, b= 6i-2j 

g a=—Si+2j- 3k, b= 2i-2j- 11k h a=i+j+k,b=i-j+k 
Find the value, or values, of 4 for which the given vectors are perpendicular: 
a 3i+ Sjand Ai + 6j b 2i+ 6j—k and di - 4j - 14k 
¢ 3i+Aj-8k and 7i- 5j+k d 9i — 3) + Sk and Ai + Aj+ 3k 


€ Aj+ 3j-2k and di + Aj + 5k 


Find, to the nearest tenth of a degree, the angle that the vector 9i — 5j + 3k makes with: 
a the positive x-axis b the positive y-axis 


Find, to the nearest tenth of a degree, the angle that the vector i + 11j — 4k makes with: 
a the positive y-axis b the positive z-axis 


The angle between the vectors i+ j + k and 2i + j + k is @. Calculate the exact value of cos 0. 
The angle between the vectors i + 3j and j + Ak is 60°. Show that 4 = P| 8 
Find a vector which is perpendicular to both a and b, where: 

a a=i+j-3k,b=Si-2j-k b a=2i+ 3j-4k, b=i- 6j + 3k 


¢ a=4i-4j-k, b=-2i-9j+ 6k 


The points A and B have position vectors 2i + 5j + k and 6i + j — 2k respectively, and O 
is the origin. Calculate each of the angles in AOAB, giving your answers in degrees to 
1 decimal place. 

The points A, B and C have coordinates (1, 3, 1), (2, 7, —3) and (4, —5, 2) respectively. 
a Find the exact lengths of AB and BC. 

b Calculate, to one decimal place, the size of ZABC. 


Given that the points 4 and B have coordinates (7, 4, 4) and (2, 2, 1) respectively, 


a find the value of cos ZAOB, where O is the origin (4 marks) 
b show that the area of AAOB is BE} (3 marks) 


3THSEC 183 


Chapter 9 


® 13 AB is a diameter ofa circle centred at the Problem-solving 


origin O, and P is a point on the =a Bron ihe tacetratth ai 
circumference of the circle. By considering oh avector, Looks Soe c rae ene ie In 
a semi-circle is 90°. 


the position vectors of A, B and P, prove 
that AP is perpendicular to BP. 


14 Points A, Band C have coordinates (5, -1, 0), (2, 4, 10) and (6, -1, 4) respectively. 


a Find the vectors CA and CB. (2 marks) 
b Find the area of the triangle ABC. (4 marks) 
¢ Point D is such that A, B, Cand D are the vertices of a parallelogram. Find the coordinates 
of three possible positions of D. (3 marks) 
d Write down the area of the parallelogram. (1 mark) 
15 The points P, Q and R have coordinates (1, -1, 6), (-2, 5, 4) and (0, 3, -5) respectively. 
a Show that PQ is perpendicular to OR. (3 marks) 


b Hence find the centre and radius of the circle that passes through points P, Q and R. 


(3 marks) 


1 Using the definition a.b = |a||b| cos @, prove that a.b = b.a. 
2 The diagram shows arbitrary vectors a, b and ¢, and the vector b + ¢. 


R 
a Show that: 

i a(b+c)=|a|x PO 

ii a.b=|a|x PR 

iii a.c = |a| x RO 
b Hence prove that a.(b + ¢) = a.b + a.c. 


(9.4 ) Calculating angles between lines and planes 


If two straight lines in three dimensions intersect, then you can calculate the size of the angle 
between them using the scalar product. 


= The acute angle @ between two intersecting The modulus signs around the 


straight lines is given by whole expression ensure you get an acute angle. 
ab If you need to work out the size of an obtuse 
cos = jallby angle between two lines, use the formula then 


ae . subtract the resulting acute angle from 180°. 
where a and b are direction vectors of the lines. 
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The lines /, and /, have vector equations r = (2i + j + k) + (3i— 8j — k) and 
r= (7i+ 4j +k) + s(2i + 2j + 3k) respectively. 
Given that /, and /, intersect, find the size of the acute angle between the lines to one decimal place. 


-(-2) ss»=(2)  ———wetecioneaos 


wae ab 
la||b| 
3\ (2 
a.b=|-8].| 2 
-1/ \3. 
=6-16-3=-13 


lal = (3? + C8? + C1? = 74 
|b] = (2? + 2? + 3? = 17 
-13 
V74 VI7 
0 = 685° (1 dp) 


cos0 = 


You can use the scalar product to write a vector equation of a plane 
efficiently. 


Suppose a plane JT passes through a given point A, with position 
vector a, and that the normal vector nis perpendicular to the plane. 
Let R be an arbitrary point on the plane, with position vector r. 


— 

Then, AR=r-a 
= — — 

As AR is a vector which lies in the plane, AR is perpendicular ton so AR.n=0. 

This means (r — a).n=0 

You can rewrite this as r.n=a.n 


Since a is a fixed point, a.n is a scalar constant, k, and the equation of the plane /7 is rn=k. 


= The scalar product form of the equation of a plane is r.n = k where & = a.n for any point in 
the plane with position vector a. 


The plane J passes through the point A and is perpendicular to the vector n. 


2 3 

Given that OA = ( 3: ) and n= ( 1 ) where O is the origin, find an equation of the plane: 
5, 1 

a in scalar product form Db in Cartesian form 
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=) 


3 1 

—5/ \=1 
=2x3+3x1+4(-5) x (1) 
=64+34+5=14 


So a scalar product form of the equation 


fa 
of Tis) 1 | = 14. 
-1 Problem-solving 


b ( { ‘) =14 You can convert between scalar product form and 
oc} \44 Cartesian form quickly by writing the general 

So a Cartesian form of equation of II is 
3x+y—-z=14 


position vector of a point in the plane as r= () 
Z, 


You need to be able to calculate the angle between a line and a plane. 


Find the acute angle between the line / with equation 
r= 2i+j- 5k + A(3i + 4j — 12k) and the plane with { ontine ) Explore the angle between 
equation r.(2i - 2) - k) = 2. a line and a plane using GeoGebra. 


line I 


The normal to the plane is in the direction 
n= 2i-2j-k. 
The angle between this normal and the line / is 6, 


(31 + 4j - 12k).(2i - 2j - k) 
where. cos? = ———_—— = —————— 
V32 + 42 + (-12)2 (22 + (-2)2 + (12 


= 10 _ 10 
~13x3° 39 
So the angle between the plane and the line lis a 


where a + 0 = 90°. 


; 10 
== = 14.9°. 
So sina 39 and a@ = 14.9) 


= The acute angle @ between the line with equation r = a + Ab and the plane with equation 
r.n=k is given by the formula 
bn 


sind = 
|b||n] 
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You need to be able to calculate the angle between two planes. 


Find the acute angle between the planes with equations { Online ] Visualise the angle between a) 
1.(4i + 4j — 7k) = 13 and 1.(7i — 4j + 4k) =6 respectively. __ two planes using GeoGebra. 


| The normals to the planes are in the directions 
ny = 41+ 4j - 7k and n, = 7i- 4p + 4k 


The angle between these normals is 0, where 
(4i + 4j — 7k).(7i - 4j + 4k) 
cos# = 


V4? + 4? + (-7)? (7 + (-4)? + 4? 


is 8B - 16 - 28 
“ ViG + 16 + 49 V49 + 16 + 1G 
16 
“er 
So 8 = 101.4° 


180 — 101.4 = 78.6° 


= The acute angle @ between the plane with equation r.n, = k, and the plane with equation 
r.n, = kz is given by the formula 
ny.n, 
{n,||n| 


Exercise (90) 


1 Given that each pair of lines intersect, find, to 1 decimal place, the acute angle between the 
lines with vector equations: 


a r=(2i+j+k) + A(3i-5Sj—-k) andr =(7i+ 4) + k) + (21+ j-9k) 
b r=(i-j+ 7k) + A(-2i—j + 3k) and r = (81 + 5j—k) + (4 - 2j + k) 
¢ r=(3it 5Sj—-k) +A(i+ j +k) and r = (-i+ 11j + 5k) + (2i-7j + 3k) 
d r= (i+ 6j-k) + (8i-j—2k) and r = (61 + 9) + (i + 3) — 7k) 

e r= (2i+k) +A(11i + 5j—3k) and r = (i+ j) + p(-3i + 5j + 4k) 


cos 9 = 


2 Find, in the form r.n = k, an equation of the plane that passes through the point with position 
vector a and is perpendicular to the vector n where: 


a a=i-j-kandn=2i+j+k b a=i+2j+kandn=5i-j-3k 
e¢ a=2i-3kandn=i+3j+4k d a=4i-2j+kandn=4i+j-5k 


3 Find a Cartesian equation for each of the planes in question 2. 
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ny 
A plane has equation r.n = k, where n= ("} Find a Cartesian equation of the plane. 

M13, 
Find the acute angle between the line with equation r = 2i + j — Sk + A(4i + 4j + 7k) and the 
plane with equation r.(2i + j- 2k) = 13. 


Find the acute angle between the line with equation r = -i- 7j + 13k + A(3i + 4j- 12k) and the 
plane with equation r.(4i — 4j - 7k) = 9. 


Find the acute angle between the planes with equations r.(i + 2j - 2k) = | and 
r.(—4i + 4j + 7k) = 7 respectively. 


Find the acute angle between the planes with equations r.(3i— 4j + 12k)= 9 and 
r.(5i— 12k) = 7 respectively. 


The straight lines /, and /, have vectors equations r = (i + 4j + 2k) + A(8i + 5j +k) and 
r= (i+ 4j + 2k) + ,(3i + j) respectively, and P is the point with coordinates (1, 4, 2). 

a Show that the point Q(9, 9, 3) lies on /). 

Given that /, and /, intersect, find: 

b the cosine of the acute angle between /, and /, 

¢ the possible coordinates of the point R, such that R lies on /, and PQ = PR. 


x-6 Yt+3 7242 x+5 yr-I5_ 7-3 
= = and = = 


The lines /, and /, have Cartesian equations 


: -l° 2° 3 2 3 1 
respectively. 
a Show that the point A(3, 3, 7) lies on both /, and /,. (3 marks) 
b Find the size of the acute angle between the lines at A. (4 marks) 
1 3 3 -4 
The lines /, and /, have vector equations r =| 3} +A{_ 2 }andr=| 5] +,{-3). 
3 -1 -2 1 
The point A is on /, where 4 = 3 and the point B is on /, where js = -2. Find the size of the acute 
angle between AB and /). (6 marks) 
a Show that the points A(3, 5, -1), B(2, -2, 4), C(4, 3, 0) and D(1, 4, -3,) are not 
coplanar. (6 marks) 
b Find the angle between the plane containing 4, B and C and the line segment AD. (4 marks) 
A regular tetrahedron has vertices A, B, C and D, B(O,1, 1) 


with coordinates (0, 0, 0), (0, 1, 1), (1, 1, 0) and (1, 0, 1) 
respectively. Show that the angle between any two 
adjacent faces of the tetrahedron is arccos(3). 


D(1,0,1) 


CA, 1,0) 


(7 marks) 
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14 A flagpole is supported by 3 guide ropes which are attached at a point 20m above the base of 
the pole. The ends of the ropes are secured at points with position vectors (0, 8, 2), 
(12, -5, 3) and (-2, 6, 5) relative to the base of the pole, where the units are metres. 
The flagpole will be stable if the angles between adjacent guide ropes are all greater than 15°. 
Determine whether the flagpole will be stable, showing your working clearly. (7 marks) 


9.5) Points of intersection 


You need to be able to determine whether two lines meet and, if so, to determine their point of 
intersection. 


A and js are the parameters in Lines do not intersect. 


the vector equations of the lines. No solutions 


Write the equations ; 
in column notation eitetites Try to solve 


and set them equal linear equations the neers jenuations 
to each other. involving 4 and j. ly. 


Do these 
solutions satisfy the 
third equation? 


Solutions 
exist 


Lines do intersect. Substitute your values for 2 and 1 into the equation of one of 
the lines to find the point of intersection. You can use the other equation to check. 


The lines /, and /, have vector equations 
r= 3i+j+k + A(i- 2j-k) and r = -2j + 3k + (-Si + j + 4k) respectively. 
Show that the two lines intersect, and find the position vector of the point of intersection. 


B+ a —Sp 
(: “2i)= —2+ p 
1- Aa 3+4u 
Solve the simultaneous equations 
3+A=-5Syu (1) 
and1-A=3+ 4p (2) 


Adding gives 4=3-p 
and so #=-1. 


Substituting back into equation (1) gives 4 = 2. 
Check ps = -1, 4 = 2 also satisfy the third 
equation. 


1-21 =-2 + p gives -3 =-3 


So the lines do intersect. 


B+ a 5 
Substituting A = 2 into { 1 - 24 } gives | -3]. 


Roam’ | -1 
. = peslgacie da ue = i ee 
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You also need to be able to find the coordinates of the point of intersection of a line with a plane. 


Find the coordinates of the point of intersection of the line / and the plane IJ where / has equation 
r= -i+j—5k + A(i+j + 2k) and JZ has equation r.(i + 2j + 3k) = 4. 


The line meets the plane when 


4 4 a /1 
1+ i){2) =4 
5 + 2a/ \3 


1+A+ 211 +4) +3(-5 + 2d) =4 


WA-14=4 
WA =18 
A=2 
So the line meets the plane when A = 2, at —— 
the point (1, 3, -1). 
a If the line were parallel to the plane 


then this equation would produce either no 
solutions (if the line does not lie in the plane), or 
infinitely many (if it does). 


= Two straight lines are skew if they are not 
parallel and they do not intersect. 


The lines /, and /, have equations x= 2 =9 =e= 


respectively. 


Prove that /, and /, are skew. 


| Q+ 2) (_ + « Problem-solving 


-3 +24 Au To show that two lines are skew you need to show 
t+ 4-2 that they do not intersect and that they are not 
2+44=-14+5n = (1) parallel. Start by writing the general point on each 

-3 + 24 = 4p (2) line. Equate these general points and attempt to 


()- 2x (2): 6=1-3n 5 p=-3 solve the three equations simultaneously. 


Substituting into (2): -3 + 24 = 12 = A= -F 


Check for consistency: 
z 
1+4= -5 and 4 - 2p = 10. 
1+4# 4 - 21 50 equations not consistent 


and lines do not intersect. 


4 (2) 
Direction of |, is (2) or (:) 

1 2 

i) 

Direction of |, is ( 4 ) 

2 
Direction vectors are not scalar multiples of 
each other so lines are not parallel. —a— 


Hence |, and Ip are skew. 
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Exercise (9) 


1 


In each case establish whether lines /, and /, meet and, if they meet, find the coordinates of 
their point of intersection: 

a /, has equation r =i + 3j + A(i-j + 5k) and /, has equation r = -i- 3j + 2k + yi + j + 2k) 

b /, has equation r = 3i + 2j + k + A(i+ j + 2k) and /, has equation r = 4i + 3j + (-i+ j-k) 

¢ /, has equation r = i+ 3j + 5k + A(2i + 3j + k) and /, has equation r = i+ 3i + 3k + (i+ j- 2k) 
(In each of the above cases 4 and yj: are scalars.) 


With respect to a fixed origin O, the lines /, and /, are given by the equations 
iin = (-6i + 11k) + A@Gi-j +k) 
bir = (2i- 2) + 9k) + (21+ j - 3k) 
Show that /, and /, meet and find the position vector of their point of intersection. (6 marks) 


3 2 5 2 
The line /, has equation r = | 1 ) +4 2) and the line /, has equation r = (:) +h ( 1 ) 
-2, 3 0 -1 


Show that /, and /, do not meet. (4 marks) 


In each case, find the coordinates of the point of intersection of the line / with the plane J. 
a ir=i+j+k+A(-2i+j-4k) 

IT: r.3i - 4j + 2k) = 16 
bo ir=i+j+k+A(2j-2k) 

IT: ¥.3i-j - 6k) = 1 


2 1 
The line / has equation r = | 3 ) + i) 
-2 1 
1 
a Show that / does not meet the plane with equation r.J 1 | =1. (4 marks) 
-2 
b Give a geometrical interpretation to your answer to part a. (1 mark) 


5 3 
The line with vector equation r ( :) + (2) is perpendicular to the line with vector 


0 -1 et 
equation r=| 11] + P}). 
3 P. 


a Find the value of p. (2 marks) 
b Show that the two lines meet, and find the coordinates of the point of intersection. (4 marks) 


5 -1 
The line /,; has vector equation r = (: +2 1 ) and the line /, has vector equation 
1 2 


4 1 
nel (: +y | 0 } where 4 and j: are parameters. 
1 -1 
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i) 8 


€P) 9 


@) 11 


The lines /, and /, intersect at the point A and the acute angle between /; and /, is 0. 


a Find the coordinates of A. (4 marks) 

b_ Find the value of cos @ giving your answer as a simplified fraction. (4 marks) 
c yell ze y-l z 

The lines /, and /, have equations = =e = = = 4 2 and x= 6 == ; 2 respectively. 


Prove that /, and /, are skew. 


With respect to a fixed origin O the lines /, and /, are given by the equations 


wee(2)(3)—wen()oo(2) 


where 4 and ju are parameters and p and q are constants. Given that /, and /, are perpendicular, 


a_ show that ¢ = 4. (2 marks) 
Given further that /, and /, intersect, find: 
b the value of p (6 marks) 
¢ the coordinates of the point of intersection. (2 marks) 
9 
The point A lies on /, and has position vector -1 } The point C lies on h. 
-14 


Given that a circle, with centre C, cuts the line /, at the points A and B, 


d_ find the position vector of B. (3 marks) 


Draw a diagram showing the lines J, and /, and 
the circle, and use circle properties. 


2 
The plane JT has equation at 3 ) =k where k is a constant. 
-1 
6 
Given the point with position vector | —2 } lies on I, 
4 
a_ find the value of k (3 marks) 
b find a Cartesian equation for I. (2 marks) 


The point P has coordinates (6, 4, 8). The line / passes through P and is perpendicular to I. 
The line / intersects J7 at the point N. 


¢ Find the coordinates of N. (4 marks) 
= +2 -z 
The line / has a Cartesian equation — ee at 


The plane 7 has Cartesian equation 4x + 3y — 2z = -10. 

The line intersects the plane at the point P. 

a_ Find the position vector of P. (5 marks) 
b_ Find the acute angle between the line and the plane at the point of intersection. (5 marks) 
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@® Finding perpendiculars 


You need to be able to calculate the perpendicular distance between: 
e two lines 

© apoint anda line 

© apoint anda plane 


In each case, the perpendicular distance is the shortest distance between them. 


= For any two non-intersecting lines /, and /, there is a unique line segment 4B such that 
A lies on /,, B lies on /, and AB is perpendicular to both lines. 


= The perpendicular from a point P to a line /is a line through P which meets / at 
right angles. 


= The perpendicular from a point P to a plane JJ is a line through P which is parallel to the 
normal vector of the plane, n. 


3THSEC 193 


Chapter 9 


Example 


Show that the shortest distance between the parallel lines with equations 
r=it2j-k + A(Si + 4j + 3k) andr = 21+ k + pu(5i + 4j + 3k), 
21V2 

10 


where 4 and 1 are scalars, is 


| Let A be a general point on the first line and B 
| be a general point on the second line, then 


— (1\/ 
| AB =(-2} +44] where t= -24. ————5 


2 3, 
|f 1+5t\ /5 
|{-2 + 41].|4]=0. 
}\ 24+ 3¢/ \3, 
|5+251-6+161+6+91=0 
501 = -3 
t=- 
| 15 35 
V=5t T= 50) 50 
| =|-2 - 22) =]-12 
||-2 + 41] =|-2 — 50] =|-s0] —————*" 
4B: 2 
\2+3 \ 2-50 50, 
Fpl . [Soe t Met + or 
laB| = 2+ Ne 
awe 
=70 Because the two lines are parallel, 
| So the shortest distance between the two the line segment AB is not unique. There 
| awe are infinitely many line segments that are 
| lines is 5 perpendicular to both lines, but they will all have 


the same length. 


| 0 -1 2 
The lines /, and /, have equations r = () + { ) andr= ( 3, + A- } respectively, 


where 4 and j are scalars. o tl ee ia 
Find the shortest distance between these two lines. 


| Let A be the general point on I, with position { Online ) Explore the perpendicular 


| ! distance between two lines using GeoGebra. 
| vector | A] and let B be the general point on 
A 


1+ 2 
| 1s with position vector | 3-p 


a oe 
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ee 
r = 
= —1+2p 1 2+ 2p 
AB=|3- pl]-(4J=| 3- p-a 
== 4 A f= =o 


= 
| AB is perpendicular to h, 50: 


| {-2+ 2p (0) 
|| 3- w-al[1}=o 
-1- p-a/ \1 


3-p-A-1-p-Az=0 
}2-2n-21’=0 (1) 


— 
AB is perpendicular to Ip so: 


aaa 2 
(| 3- n-4){-1]=0 
-1- pa} \-1 Problem-solving 


444-34 ptdeleptas0 As AB is perpendicular to /, and /,, the scalar 
-6 + G+ 24=0 (2) product of the direction vectors of the lines is 
From (1), A=t—p Zero. You can use this fact to generate two linear 
| equations in A and ji. 


From (2), -3+3u+A=0 


| — 
| 50-34 34+1-p=O>p=1 
ee |+— fee ey 


|2-2-24=04=0 


—2+2u —2+2 
= 
|AB=| 3- p-A}=|[ 3-1-0 
—1- pa -1-1-90, 


— = 
|4B|= (0? + 2? + (2) = v8 = 2V2 

| So the shortest distance between the two 

| lines is 2V2. 


Example 2) 
x-1_ yr-l_2+3 


The line / has equation —=— = ——- = =e and the point A has coordinates (1, 2, -1). 


a Find the shortest distance between A and /. 
b Find a Cartesian equation of the line that is perpendicular to /and passes through A. 
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| a Vector equation of | is 


r(.) (2) 


So a general point B, on the line has 
1 +20 

position vector | 1 — 2a]. 
-3= A 


= 1422 1 2a et be the postion vector ofa general ponton 
then WB =( 1 *2i]-(2)=(-1- 2) 4 


2a 2 
-1-24].{-2]=0 

-2- a -1 
444+2+41+2+1=0 


FR . (Coz ne + C4? 
r/c _ RASA 


_¥29 _ 
="3 = 1.603 sf) 


So the shortest distance between A and / 
v29 


is ie or 1.80 (3 s.f). 


— 
b AB is perpendicular to I, so direction of 
8 


-8 a 
perpendicular is -$ o( ‘} 
14 14 
8 


A vector equation of the line through A 
1 6 

perpendicular tolisr=| 2] + yl) 1}. 
=I 14, 

So the Cartesian equation of the line is 


2 z+! 
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You can use the principles covered above to give meaning to the constant, k, in the scalar product 
form of the vector equation of a plane. 


= kis the length of the perpendicular from the origin to a plane J7, where the equation of 
plane J7 is written in the form r.fi = k, where fi is a unit vector perpendicular to J7. 


= The perpendicular distance from the point 
with coordinates (a, 3, -) to the plane 


with equation ax + by + cz=dis { Note } This formula is given in the formulae 
booklet and you can use it without proof in your 


laa +bB+cy-dl 
va? + b? + c? sata 


Find the perpendicular distance from the point with coordinates (3, 2, -1) to the plane with 
equation 2x - 3y+z=5. 


i BSS "Substitutentotheformula, 
Distance = = = 
V2? + (-3)? + 1? 


= 1-61 
: , — Eee 
ce 


The plane JZ has equation r.(i + 2j + 2k) = 5. The point P has coordinates (1, 3, -2). 
a Find the shortest distance between P and IT. 

The point Q is the reflection of the point P in 7. 

b Find the coordinates of point Q. 


a Cartesian equation of II is x + 2y + 2z = 5. 


|txt+42x34+2x(-2)-5|)_ 
Distance: —<—$ qq 


Vi? + 22 + 22 
_l-2l_2 
a 
b A perpendicular vector to II is 
n=i+ 2j+ 2k 
Let Q have coordinates (x; 1). 


Let M be the midpoint of PQ. 
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A vector equation of the line through P, M 


1 1 { ontine ) Explore reflections in a plane cP 

and Qisr=|{ 3)+A)2 using GeoGebra. 
=2, 2. 

M lies on this line so has position vector 


1+ a 
| 221) 
=2 + 2A, 
1+ AV fi 
M also lies on II, oo at2i)(2)=5 
—2 + 2A, 


1+A+2(3 + 2d) + 2(--24+ 24)=5 
3+R=5 
asd 
ing \ 19 
M has position vector] 3+ 2x }=| 3 
=2'+.2'% 3 -#, Abeta a 
P is the initial point in the equation of l, ( 3)ste position vector of point P, so if the 
1 1 = 1 1 
; wee 2 
50 if M has position vector ( 3) + (2) point on the iner=( 3) (2 with A=kisa 
oe a 2. 
then P has position vector 5 a distance x away from P, then the point with 
1 rl 145 2 A= 2k will be a distance 2x away from P. 
(2) +2x4(2)- 3+2xg]=| 2 
2, il 1 


198 3THSEC 


Vectors 


x-2 Yr-4 7246 


The line /; has equation =~ = —- = ——. The plane IZ has equation 2x - 3y +z=8. 


The line /, is the reflection of line /, in the plane J7. Find a vector equation of the line /,. 


2 2 Problem-solving 
| A vector equation of I, is r= ( 4 ) + (2) You need to find two points on the reflected line, 


6 d 4. One is the point of intersection of /, and JT. 


So P(2, 4, -6) is a point on line /. 
| 
Let A be the point of intersection of fy and IT. Lectderianalg ogee 20) Bolauon 


A lies on |, and on 2x - 3y + 
2+2a 

A has position vector ( 4=- 2 and satisfies 
“6+ A 


2(2 + 2a) - 3(4 - 24) - 6 +A=8 
44+44-12+61-64+1=8 
MA = 22 

A=2 


| So A has coordinates (6, O, —4). 
A perpendicular direction vector to IT is 
|n=2i-3j+k. 


| A vector equation of the line through P 


| 2 2 
perpendicular to Tisr=|{ 4] + p{-3]. 


-6, 1 
Let Q (x, 9), 2) be the point of intersection 
| of this line and J. 
| Let M be midpoint of PQ. 

M lies on line and on 2x - 3y +z =8s50 


| satisfies 

| 2(2 + 2p) - 3(44 - 3p) -C+p=8 

44+4u-124+9n2-6+p=86 
14 = 22 


u 


HET 
2 2 
| So M has position vector | 4] +>|-3 
6, 1 
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and Q has position vector 


i 
AND 
ee, 
+ 
no 
x 
wiz 
! 

@ 
—— 
" 

5 ~ 
a8 Ie 


|So Q has coordinates (3°, -32, -22) 


| Ib is the line through Q and A, so has 


direction: 
16 
a 7 
AQ = ~8 m 
5 
7 
6 & 
A vector equation of Ip is r = ( 0) + (9) 
-4 4 


1 Find the shortest distance between the parallel lines with equations 
r= 2i-j+k+A(-3i-4j + 5k) andr =j +k + (-3i- 4] + 5k) 
where 4 and ju are scalars. 


2 Find the shortest distance between the two skew lines with equations 
r=j+k+A(-i+j—k) andr = Si-2j + 2k + p(4i — 2j + 3k), 
where 4 and 1 are scalars. 


3 Determine whether the lines /, and /, meet. If they do, find their point of intersection. If they do 
not, find the shortest distance between them. (In each of the following cases A and ji are scalars.) 


a /, has equation r = 7i + 3j + k + A(6i + 2j - 4k) and /, has equation r = -i + j + 2k — 2yjj 
j+3k+ u(i-j+k) 
j+2k+ p(i+j+k) 


b /, has equation r = 2i + j — 2k + A(2i - 2j + 2k) and /, has equation r 


¢ /, has equation r =i + j + 5k + A(2i + j— 2k) and /, has equation r = -i- 


4 Find the shortest distance between the point with coordinates (4, 1, -1) and the line with 
equation r = 3i—j + 2k + 4(2i—j—k), where y is a scalar. 


5 Find the shortest distance between the parallel planes. 
a _1.(6i + 6j- 7k) = 55 and r.(6i + 6j - 7k) = 22 
b r=3i+4j+k + A(4i +k) + (81 + 3) + 3k) and r= 14i + 2j + 2k + A(3j +k) + (8i-9j-k) 
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6 The plane JZ has equation r.(10i + 10j + 23k) = 81. 
a Find the perpendicular distance from the origin to plane /7. 
b Find the perpendicular distance from the point (—1, -1, 4) to the plane JZ. 
¢ Find the perpendicular distance from the point (2, 1, 3) to the plane J7. 
d Find the perpendicular distance from the point (6, 12, -9) to the plane J7. 


2 1 Problem-solving 
of 


7 The line / has vector equation r= (. 2]- Let M be the midpoint of the line segment 


3 joining P to its reflection in /. This segment must 
The point P has coordinates (3, 0, 2). be perpendicular to / and pass through it. 
Find the coordinates of the reflection of the point P in the line /. (5 marks) 


8 The plane JT has equation —-2x + y + z= 5. The point P has coordinates (1, 0, 3). 


a Find the shortest distance between P and J7. (3 marks) 
The point Q is the reflection of the point P in 7. 
b Find the coordinates of point Q. (5 marks) 
9 A birdwatcher is located on a hilltop. Relative to a fixed origin O, the position vector of the 
5 
birdwatcher is | 4 Jim The birdwatcher is able to spot any bird that 
0.7 


flies within 500m of her position. A kestrel flies from point A to point B, where points A and B 


3 12 

have position vectors (;) km and ( 0 Jn respectively. The kestrel is modelled as flying in a 
0, 1.2 

straight line. 


a Use the model to determine whether the birdwatcher is able to spot the kestrel. (7 marks) 
b Give one criticism of the model. (1 mark) 
10 The plane J7, has equation 3x — 2y + 42 = 6. 
a Find the perpendicular distance from the point (4, -1, 8) to J7,. (3 marks) 
The plane J7, has vector equation r = A(2i — 2j + 3k) + (-3i + 3k) where 4 and j are scalar 
parameters. 
b Show that the vector 2i + 5j + 2k is perpendicular to J7,. (2 marks) 
¢ Find the acute angle between IZ; and I, (3 marks) 
- . xt2 y-2 z4+1 . 
11. The line /, has equation i iii and the point A has coordinates (3, -1, 2). 
a Find the shortest distance between A and /). (5 marks) 
b Find a Cartesian equation of the line that is perpendicular to /; and passes 
through A. (3 marks) 
2 4 1 
12 The line /, has vector equation r = | -1 } + 4| -3 ]. The plane J7 has equation r.{ -1 } = 4. 
2, 4 -1 
The line /, is the reflection of line /, in the plane 7. 
Find a vector equation of the line /,. (7 marks) 
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Mixed exercise (9) 


® 1 


© 
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The line / passes through the points A and B with position vectors i — j + 3k and i + 2j + 2k 
respectively, relative to a fixed origin O. 


a Find a vector equation of the line /. (4 marks) 
b Find the position vector of the point C which lies on the line segment AB such that 
AC =2CB. (3 marks) 


Find a Cartesian equation of the straight line that passes through the points with 
coordinates (7, -1, 2) and (-1, 3, 8). (4 marks) 


Find a vector equation of the straight line which passes through the point A with 
position vector 2i + 3j — 4k, and is parallel to the vector 2j + 3k. (3 marks) 


3: 2 
A straight line / has vector equation r = (2) + { i) 
1 -1 


a Write down a Cartesian equation for /. (2 marks) 
b Given that the point (0, a, b) lies on /, find the value of a and the value of b. (3 marks) 
A straight line / has vector equation r = (i + 2j — k) + A(3i + j — 2k). 


Show that another vector equation of / is r = (7i + 4j — Sk) + A(9i + 3j — 6k). 


— : ~ xX+2 y-2 743 
A straight line / has Cartesian equation “T= 3° a 
a Find a vector form of the equation of /. b Verify that the point (0, 8, 5) lies on /. 


A plane passes through the points A(2, -1, 2), B(1, 3, -1) and C(4, 2, 5). 
a Find a vector form of the equation of the plane. 
b Find a Cartesian form of the equation of the plane. 


A Cartesian form of the equation of a plane is 3x + 2y — 4z = 18. Find a vector form of the 
equation of the plane. 


4\ /1 2 

With respect to an origin O, the position vectors of the points L, M and N are (7 (;) and () 

respectively. 77} \2 6, 
— — 

a Find the vectors ML and MN. (3 marks) 

b Prove that cos 2LMN = 7 (3 marks) 


Referred to a fixed origin O, the points A, B and C have position vectors 9i — 2j + k, 
6i + 2j + 6k and 3i + pj + gk respectively, where p and q are constants. 


a Find, in vector form, an equation of the line / which passes through A and B. (2 marks) 

Given that C lies on /, 

b find the value of p and the value of q (2 marks) 

¢ calculate, in degrees, the acute angle between OC and AB. (3 marks) 

The point D lies on AB and is such that OD is perpendicular to AB. 

d_ Find the position vector of D. (5 marks) 
3THSEC 


® 


15 


16 


1 5 
Referred to a fixed origin O, the points A and B have position vectors ( 2 and ( 0 
-3 


-3 
a Find, in vector form, an equation of the line /; which passes through A and B. 


The line /, has equation r = (2) + (2), where j is a scalar parameter. 
3 2 
b Show that A lies on /. 
¢ Find, in degrees, the acute angle between the lines /, and /,. 
The point C with position vector i ) lies on /,. 
5, 
d Find the shortest distance from C to the line /;. 


Vectors 


respectively. 


(3 marks) 


(2 marks) 
(4 marks) 


(4 marks) 


Two submarines are travelling in straight lines through the ocean. Relative to a fixed origin, the 


vector equations of the two lines, /; and /,, along which they travel are 
Air = 3i+ 4j- 5k + A(i- 2j + 2k) 
bir = 91+ j- 2k + u(4i+ j-k) 

where 4 and ju are scalars. 

a Show that the submarines are moving in perpendicular directions. 

b Given that /, and /, intersect at the point A, find the position vector of A. 

The point B has position vector 10j- 11k. 

¢ Show that only one of the submarines passes through the point B. 


d Given that | unit on each coordinate axis represents 100m, find, in km, the 
distance AB. 


Find the shortest distance between the lines with vector equations 
r=3i+sj-k and r=9i-2j-k+«i-2j+k) 
where s and ¢ are scalars. 


Obtain the shortest distance between the lines with equations 
r=(3s-3)i-sj+(s+ Dk and r=(34+ i+ (21-2)j+k 


where s and ¢ are parameters. 


(2 marks) 
(4 marks) 


(3 marks) 


(2 marks) 


(4 marks) 


(4 marks) 


Find, in the form r.n = p, an equation of the plane which contains the line / and the point with 


position vector a where: 

a /has equation r =i + j—2k + A(2i-k) anda =4i+ 3j+k 

b /has equation r =i + 2j + 2k + A(2i+ j- 3k) anda = 3i+ 5j+k 
¢ /has equation r = 2i—j +k + A(i+ 2j + 2k) and a = 7i + 8j + 6k 


Find a Cartesian equation of the plane which passes through the point (1, 1, 1) and contains 


. . x-2 yt4 zl 
the line with equation ns ie 
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A plane passes through the three points A, B and C, whose position vectors, referred to an 
origin O, are i+ 3j + 3k and 3i + j + 4k, 2i + 4j + k respectively. 


a Find, in the form /i + mj + nk, a unit vector normal to this plane. (4 marks) 
b Find also a Cartesian equation of the plane. (2 marks) 
¢ Find the perpendicular distance from the origin to this plane. (4 marks) 


a Show that the vector i + k is perpendicular to the plane with vector equation 


r=i+sj+di-k) (3 marks) 
b Find the perpendicular distance from the origin to this plane. (4 marks) 
¢ Hence or otherwise obtain a Cartesian equation of the plane. (2 marks) 


The points A, B and C have position vectors i + j + k, 5i- 2j + k and 3i + 2j + 6k respectively, 
referred to an origin O. 


a Find a vector perpendicular to the plane containing the points A, B and C. (4 marks) 
b Hence, or otherwise, find an equation for the plane which contains the points A, B and C, 
in the form ax + by + cz + d=0. (2 marks) 


Planes J7, and J7, have equations given by 
IT: r.Q2i-j +k) =0, 
ITy: v.(i + 5j + 3k) = 1 


a Show that the point A(2, -2, 3) lies in J7,. (2 marks) 
b Show that /7, is perpendicular to /7. (4 marks) 
¢ Find, in vector form, an equation of the straight line through A which is perpendicular to I7,. 
(2 marks) 
d Determine the coordinates of the point where this line meets /7,. (4 marks) 
e Find the perpendicular distance of A from IT. (4 marks) 
With respect to a fixed origin O, the straight lines /; and /, are given by 
1 2 
Arr=[{1]+a{ 1], 
0 2, 
1 —3) 
hir=|2]+n) 0 
2 1 
where 4 and j: are scalar parameters. 
a Show that the lines intersect. (3 marks) 
b Find the position vector of their point of intersection. (1 mark) 
¢ Find the cosine of the acute angle between the lines. (4 marks) 


The line /, has vector equation r = 6i + 8j + 5k + A(i— j + k), where 2 is a scalar parameter. 
The point A has coordinates (3, a, 2), where a is a constant. The point B has coordinates 
(8, 6, b), where b is a constant. Points A and B lie on the line /,. 


a Find the values of a and b. (3 marks) 


Given that the point O is the origin, and that the point P lies on /; such that OP is 
perpendicular to /,, 


3THSEC 


EP) 23 


b find the coordinates of P. 
¢ Hence find the distance OP, giving your answer in surd form. 


Vectors 


(5 marks) 
(2 marks) 


Relative to a fixed origin O, the point A has position vector 6i + 3j + 4k, and the point B has 


position vector 5i + 2j + 6k. The line / passes through the points 4 and B. 


as 
a Find the vector AB. 

b Find a vector equation for the line /. 

The point C has position vector 4i + 10j + 2k. 

The point P lies on /. Given that the vector CP is perpendicular to /, 
¢ find the position vector of the point P. 


With respect to a fixed origin O, the lines /, and /, are given by the equations 


3 2 1 i 
dir=[-2 vf ) L:ir=|12 (2) 
4 -1 8 -1 


where 4 and j are scalar parameters. 

a Show that /, and /, meet and find the position vector of their point of 
intersection, A. 

b Find, to the nearest 0.1°, the acute angle between /, and /,. 


5 
The point B has position vector (. i 
3 
¢ Show that B lies on /;. 
d Find the shortest distance from B to the line /,, giving your answer to 
3 significant figures. 


The plane P has equation r.(2i — 2j + 3k) = 1. 

The line / passes through the point A (1, 2, 2) and meets P at (4, 2, -1). 
The acute angle between the plane P and the line / is a. 

a Find a to the nearest degree. 

b Find the perpendicular distance from A to the plane P. 


(2 marks) 
(2 marks) 


(6 marks) 


(6 marks) 
(3 marks) 


(1 mark) 


(4 marks) 


(4 marks) 
(4 marks) 


Two aeroplanes are modelled as travelling in straight lines. Aeroplane A travels from a point 


120 200° 


with position vector (“s) km to a point with position al 20 km, relative to a fixed 


13 5 


5 


-20 
origin O. Aeroplane B starts at a point with position vector ( 35 km relative to O, and flies in 


10 
the direction of | -2 ]. 
0.1 


a Show that the flight paths of the two aeroplanes will intersect, and determine the position 


vector of the point of intersection. 
An air traffic controller states that this means that the planes will collide. 
b Explain why this conclusion is not necessarily correct. 
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Challenge 


1 a Show that the equations 4x — 2y + 6z=10 and -2x + y—3z=-5 


represent the same plane. 
4 -2 6 
b Hence explain why the matrix] -2 1 -3) is singular for all 
(VE ate 


possible values of a, b and c. 


¢ Find values of a, b and c such that the matrix equation 


4 a2 16 \ fx! 10 
-2 1 -3}){y)=|(-5] has 
AE ci Ne 15, 


i nosolutions 
ii infinitely many solutions. 


2 The points A, Band C have coordinates (2, —9, 0), (10, -3, 6) and 
(8, -1, 2) respectively. Find the centre and radius of the circle that 
passes through all three points. 


Summary of key points 


1 A vector equation of a straight line passing through the point A with position vector a, and 
parallel to the vector b, is 


r=a+ db 
where 2 is a scalar parameter. 


2 Avector equation of a straight line passing through the points C and D, with position vectors 
cand d respectively, is 
r=c+A(d-o) 
where J is a scalar parameter. 


ay by 
3 Ifa= (:) and b =| 4; J, the equation of the line with vector equation r = a + Ab can be given 
as, by 
in Cartesian form as: 
X-@_Yr@_ 2-4 
bb 
Each of these three expressions is equal to A. 


4 The vector equation of a plane is 
r=a+Ab+ yc, where: 
* ris the position vector of a general point in the plane 
« ais the position vector of a point in the plane 
« band care non-parallel, non-zero vectors in the plane 
+ Aand pare scalars 
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5 A Cartesian equation of a plane in three dimensions can be written in the form ax + by + cz=d 


where a, b, c and dare constants, and ( is the normal vector to the plane. 
¢ 


6 The scalar product of two vectors a and bis written as a.b (say ‘a dot b’), and defined as 
a.b = |a||b|cos0 
where @ is the angle between a and b. 
A 


Z0\ 


oO B 


7 |faand bare the position vectors of the points A and B, then cos(ZAOB) = 
8 The non-zero vectors a and b are perpendicular if and only if a.b = 0. 
9 If aand bare parallel, a.b = |a||b]. In particular, a.a = |al?. 


10 Ifa=a,i+ a,j + a,kand b=5,i+ bj + bjk 


ayy [br 
ab= («3 by | = ayby + azbz + ash; 
as) \p, 


11 The acute angle @ between two intersecting straight lines is given by 
cab | 
|al|b| 
where a and b are direction vectors of the lines. 


cos@ = 


12 The scalar product form of the equation of a plane is rn = k where k = an for any point in the 
plane with position vector a. 


13 The acute angle @ between the line with equation r = a + Ab and the plane with equation 
nn =k is given by the formula 
b.n 


sin@ = |-———_ 
beim 


14 The acute angle @ between the plane with equation r.n, = k, and the plane with equation 
nz = kz is given by the formula 
nn, 


cos@=|——| 
|n,||n2| 
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15 Two lines are skew if they are not parallel and they do not intersect. 


16 For any two non-intersecting lines /, and /, there is a unique line segment AB such that A lies 
on 1, Blies on J, and AB is perpendicular to both lines. 


18 The perpendicular from a point P to a plane J7 is a line drawn from P parallel to the normal 
vector n. 


19 kis the length of the perpendicular from the origin to a plane 7, where the equation of plane 
JZ is written in the form r.fi = k, where fis a unit vector perpendicular to I. 


The perpendicular distance from the point with coordinates (a, (3, 7) and the plane with 
equation ax + by + cz=dis 
laa + bG + cy -d| 

Vette 


208 3THSEC 


Review exercise 


® 1 


a=(o 2 Z)e-( 
0 2 -1 3 
where p and q are integers. 
Determine whether or not the following 
products exist. Where the product exists, 
evaluate the product in terms of p and q. 
Where the product does not exist, give a 
reason. 


) 
€ Section 6. 6 


a AB () 
b BA ( 
¢ BAC (ly 
d CBA (a 
0 3 10 00 
m=(2, 3}t=(4 1}.0=(5 4 
Find the values of the constants, a and b, 
such that M? + aM + b1=0. (3) 


Sections 6.1, 6.2 


cd 

Find an expression for 4, in terms of a, b, 
cand dso that A? - (a + d)A = A, where I 
is the 2 x 2 identity matrix. (3) 
Sections 6.1, 6.2 


LQ 
A matrix Ais givenasA=(3 0 1 
a -l 2, 


aff’ 


3 3 -l 
Given that A? = ( 5 “1 find the 
9 6 -l1 
values of a and b. (3) 


Section 6.2 


A= 


2 3 é 
el ] , where p is a real constant. 


Given that A is singular, 
a find the value of p. (2) 


Given instead that det A = 4, 
b find the value of p. (2) 
Using the value of p found in part b, 
¢ show that A?- A =AI, stating the 
value of the constant k. (2) 
€ Section 6.3 


4 -l 2 0 
aa(%, 2} B=(3 ‘| 
a Find A“, qd) 
b Find (AB)", in terms of p. (3) 
Given also that AB KA ) 
¢ find the value of p. (2) 
€ Section 6.4 
k 1 -2 
A=|0 -1 k 
9 1 0 


where k is a real constant. 
a Find the values of k for which A is 
singular. (3) 
Given that A is non-singular, 
b find A“! in terms of k. (4) 
€ Section 6.3, 6.5 


2p p 2 

A=| 3 0. 0 | where pisa real 
-1 1 -l 

constant. 

Given that A is non-singular, find A7 in 


terms of p. (4) 
Sections 6.3, 6.5 
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iew exercise 2 


4p 
—3p 
non-zero constants. 


A= ( 2) where p and g are 


a Find A™, in terms of p and q. (3) 
Given that AX = 2p 2), 

TE og 
b find X, in terms of p and g. (3) 


Section 6.4 


Three planes A, B and C are defined by 
the following equations: 


By constructing and solving a suitable 
matrix equation, show that these three 
planes intersect at a single point and find 
the coordinates of that point. (5) 
© Section 6.6 


A llama farmer has three types of llama: 

woolly, classic and Suri. Initially his flock 

had 2810 llamas in it. There were 160 

more woolly llamas than classic. 

After one year: 

* the number of woolly llamas had 
increased by 5% 

* the number of classic llamas had 
increased by 3% 

* the number of Suri llamas had 
decreased by 4% 

* overall the flock size had increased by 46 


Form and solve a matrix equation to 

find out how many of each type of llama 

there were in the initial flock. (7) 
Section 6.6 


Three planes have equations given by 
x—2y-pz=-2 
2x+py+5z= p 
x+3y-2z=-p 
Where p is a real constant. 
Given that the planes do not meet at a 
single point 


a Find the possible values of p (3) 


@) 14 


b Identify two possible geometric 
configurations of the planes, stating 
the corresponding value of p in each 
case. 


(5) 


© Section 6.6 


The matrix A represents a reflection in 
the x-axis. 


The matrix B represents a rotation of 135°, 
in the anti-clockwise direction, about (0, 0). 


Given that C = AB, 
a find the matrix C 
b show that C? =I. 


(2) 
(2) 


€ Sections 7.2, 7.4 


The linear transformation T is 
represented by the matrix M, where 


ab 
m-(* a 


The transformation T maps (1, 0) to (3, 2) 
and maps (2, 1) to (2, 1). 


a Find the values of a, b, ¢ and d. (4) 
b Show that M?=I. (2) 
The transformation T maps (p, q) to 
(8, -3). 
¢ Find the value of p and the value 

of g. (3) 


Sections 7.1, 7.6 


The linear transformation T is defined by 


x 2y-x 
a ()) - ( 3y 
The linear transformation T is 
represented by the matrix C. 
a Find C. (a) 
The quadrilateral OABC is mapped by T 
to the quadrilateral OA'B’C’, where the 
coordinates of A’, B’ and C are (0, 3), 
(10, 15) and (10, 12) respectively. 
b Find the coordinates of A, Band C. (2) 
c Sketch the quadrilateral OABC and 
verify that OABC is a rectangle. (3) 
€ Sections 7.1, 7.6 
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® 


GP) 18 


3 1 =1 
A={l 1) 1 |juwe#l 
Ss 3. we 


a Show that det A = 2(u - 1). (2) 
b Find the inverse of A. (4) 
a 
The image of the vector * a 
c 
3.1 


transformed by the matrix]1 1 1 


> 3 6 


¢ Find the values of a, b and c. (3) 21 
# Sections 6.3, 6.5, 7.6 


The transformation R is represented by 
the matrix M, where 22 
3 a 0 
M=/2 b 0 
e 0 1 
and where a, b and ¢ are constants. 
Given that M = M"', 
a find the values of a, b and ¢ 


6 23 


b evaluate the determinant of M (2) 
¢ find an equation satisfied by all the 
points which remain invariant 
under R. (2) 


Sections 7.5, 7.6 24 


A triangle T, of area 18cm”, is transformed 
into a triangle 7’ by the matrix A, where 

k k-1 
3 2k ). keR. 


a Find det A in terms of k. (3) 
Given that the area of 7’ is 198 cm’, 2 


b find the possible values of k. (3) 
€ Sections 6.3, 7.3 


| 


3 3 
The matrix M = . - represents a 
irae 26 


rotation followed by an enlargement. 
a Find the scale factor of the 
enlargement. 


@) 27 


Q) 
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b Find the angle of rotation. 
A point P is mapped onto a point P’ 
under M. Given that the coordinates of 


P' are (p, q), (3) 
¢ find, in terms of p and gq, the 
coordinates of P. (4) 


Sections 7.4, 7.6 


Use the method of mathematical 
induction to prove, for n € Z*, that 


Sur +3)= inn +1)(n +5) (6) 
r= 
Prove by induction that, for all n € Z*, 
Ser -1p= in (2n — 1)(2n + 1) (6) 


ral 

The rth term, a,, in a series is given by 
a,=r(r+ 1)(2r +1) 

Prove, by mathematical induction, that 

the sum of the first 7 terms of the series is 


(6) 


dan + 1P°(n + 2) 


Prove, by induction, that for all n € Z*, 


Vee -l= pan — 1)(n + 1)(3n + 2) 


ral (6) 
Section 8.1 
Given that f(m) = 3” + 2""*?, 
a show that, for k € Z*, f(k + 1) - f(k) 
is divisible by 15, (3) 
b prove that, for all 7 € Z*, f(n) is 
divisible by 5. (4) 
f(n) = 24 x 2 + 3, where nis a 
non-negative integer. 
a Write down f(n + 1) - f(7). (3) 
b Prove, by induction, that f(7) is 
divisible by 5 for n € Z*. (4) 


Prove that the expression 7” + 4" + 1 is 
divisible by 6 for all positive integers n. (6) 


Prove by induction that 4” + 6n — 1 is 


divisible by 9 for all n € Z*. (6) 
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EP) 28 


EP) 29 


© 2 
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Prove that the expression 34"~! + 2”-!+5 
is divisible by 10 for all positive integers 


a (6) 


Section 8.2 33 


lie 
Oe le 2 
Prove by induction that, for all positive 
integers n, 


, Where c is a constant. 


€ Section 8.3 34 


it eet 

ar=(5 : “| ) 
3 01 

a=(4, 4) 


Prove by induction that, for all positive 
integers n, 


5 
Ara ( 20+ 1 n ) 0) 


Section 8.3 


-4n  -2n+1 


Derek is attempting to prove that 2" + 3 
is divisible by 3 for all positive integers n. 
He writes the following working: 


Assume true for n =k, so 2‘ + 3 is 
divisible by 3. 
Consider n =k + 1: 

2h+t4 Ba 2x 2ke3 

= 2(2* + 3)-3 

By induction hypothesis 2* + 3 is 
divisible by 3, and 3 is divisible by 3, 
hence 2'*' + 3 is divisible by 3. 
Hence by induction 2" + 3 is divisible 
by 3 for all positive integers n. 


a Explain the mistake that Derek has 
made. (2) 
b Prove that 2”" - 1 is divisible by 3 for all 
positive integers 71. (4) 


Section 8.2 
The line / has equation 


ane 


A and Bare the points on / with 4 = 4 and 
A=-l respectively. 


© 35 


EP) 36 


Find the distance AB. (4) 


€ Section 9.1 


The points P(1, -1, 3), O(a, 3, 8) and 
R(S, 7, b), where a and b are constants, 
are collinear. Find the values of a and 
band the vector equation of the line 
through the three points. (5) 


© Section 9.1 


A(3, -1, 4), BU, 1, 2) and C(4, -2, 0) lie 
in a plane. 
a Find the Cartesian equation of the 


plane. (4) 
b Write down a normal vector to the 
plane. (1) 


Disa point in the plane with coordinates 
(2, k, -2). 
¢ Find the value of k. (2) 


© Section 9.2 


The line /, has vector equation 
r= 1li+ 5j+ 6k + A(4i + 2j + 4k) 
and the line /, has vector equation 
r= 24) + 4) + 13k + (7i+j + 5k) 
where 4 and y are parameters. 
a Show that the lines /, and /, intersect. 
(3) 
b Find the coordinates of their point of 
intersection. (2) 
Given that @ is the acute angle between /, 
and 1, 


¢ find the value of cos@. Give your 
answer in the form kV3, where k isa 
simplified fraction. 


GB) 


Sections 9.3, 9.4, 9.5 


The line /, has vector equation 

r=8i+ 12j+ 14k + Ai+j—k) 
The points A, with coordinates (4, 8, a) 
and B, with coordinates (b, 13, 13), lie on 
this line. 


a Find the values of a and b. (2) 
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Given that the point O is the origin, and 
that the point P lies on /, such that OP is 
perpendicular to /,, 


b find the coordinates of P. (3) 
¢ Hence find the distance OP, giving 
your answer as a simplified surd. (3) 


Sections 9.3, 9.4, 9.5 


Referred to a fixed origin O, the point A 
has position vector a(4i + j + 2k) and the 
plane JT has equation 

r.(i— 5j + 3k) = Sa 
where a is a scalar constant. 
a Show that A lies in the plane J7. (2) 
The point B has position vector 

a(2i + 11j - 4k) 


b Show that BA is perpendicular to the 


plane IT. (3) 
e Calculate ZOBA to the nearest one 
tenth of a degree. (3) 


Sections 9,3, 9.4 


-1 
The plane JT has equation 7 2 =k 


, 1 
where k is a constant. 


© » 


© 4 


3 
Given the point with position vector (:) 41 


1 


lies on JT, 
a find the value of k (3) 
b find a Cartesian equation for J7. (2) 


The point P has coordinates (4, -3, 2). 
The line / passes through P and is 
perpendicular to I. The line / intersects 
IT at the point N. 

¢ Find the coordinates of N. 


(4) 


€ Sections 9.2, 9.5 
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The line / has Cartesian equation 


x=1 +3 2-2 
= a = 3 2 The plane JT has 
Cartesian equation 2x + y-z=5. 


/intersects the I at the point P. 

a Find the position vector of P. (5) 

b Find the acute angle between the line 
and the plane at the point of intersection. 
Give your answer in radians correct to 
three decimal places. (5) 


Sections 9.4, 9.5 


The points A and B have position vectors 
i-j+ 3k and 4i + 3j - 2k respectively. 
a Find |AB]. 

b Find a vector equation for the line /, 
which passes through the points A 
and B. 

A second line /, has vector equation 
r= 6i+ 4j - 3k + 4(2i+j-k) 

¢ Show that the line /, also passes 
through B. 

d Find the size of the acute angle 
between /, and /,. 


Q) 


Q) 


(2) 


(3) 

e Hence, or otherwise, find the shortest 
distance from A to /,. (3) 

Sections 9.4, 9.5, 9.6 


The plane JJ has equation 
—3x + 2y + 32 =-7 and the point P has 
coordinates (-1, 2, -3). 
a Find, correct to three decimal places, 
the shortest distance between P 
and 7. (G3) 
The point Q is the reflection of the point 


Pin Il. 
b Find the exact coordinates of Q. 


6) 


Section 9.6 
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42 Two fish are modelled as travelling in 
straight lines. A shark, swims from 


2 
a point with position vector ( 3: ) toa 
1 


—2 
point with position vector | i) both 
ll 
relative to a fixed origin O and with units 
given in metres. 
A flounder, starts at a point with 
2 
position vector (°) relative to O, and 
1 


-2 
travels in the direction of (-') 
3 
a Show that, no matter how fast either 
fish swims, the shark will never catch 
the flounder. (7) 
b Give one criticism of this model. (1) 


Section 9,5 


1 Find the 3 x 3 matrix representing the single 
transformation that is equivalent to a reflection 
in the plane x = 0, followed by a rotation of 270° 
about the y-axis, followed by a reflection in the 
plane y =0. € Section 7.5 


2 The points A, B and C have coordinates (Hint } z - 
(-2, -3, 0), (-1, -1, 3) and (1, 1, 1) respectively. For question 2, consider angle ABC. 
Find the centre and radius of the circle that 
passes through all three points. + Chapter 9 


3 The diagram below shows two different ways 
in which four non-parallel lines can divide the 
plane into regions: 


11 regions 10 regions 


Prove that if m non-parallel lines divide the 
plane into r regions, then 


2n<r <n? +n +2) € Chapter 8 
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Further Mathematics 
AS Level 
Paper 1: Core Pure Mathematics 


Time: 1 hour 40 minutes 
You must have: Mathematical Formulae and Statistical Tables, Calculator 


1 


w 


4 


With respect to a fixed origin O, the lines /, and /, are given by the equations: 
i: = (-3i + 5k) + (Si -j +k) 
rr =(10i-j + 15k) + (61 — 2) + 4k) 
Show that lines /, and /, do not meet. (4) 
2k 3 
M= (: -3 i) where k is an integer. 
3-1 2 
a Find det M, giving your answer in terms of k. (3) 
Three planes A, B and C are defined by the following Cartesian equations: 
A:2x+ky+3z= 1 
B: 3y+ 2 
C:3x- y+2z= 3 
b Given that the planes do not meet at a single point, determine whether the three equations 
form a consistent system, and give a geometric interpretation of your answer. You must 
show sufficient working to justify your conclusions. (5) 


The cubic equation 
2x8 - 3x? -7x-1=0 
has roots a, 3 and 7. 
Without solving the equation, find the cubic equation whose roots are (2a — 1), (23 - 1) 
and (27 - 1), giving your answer in the form pw? + gu? + rw + s = 0 where p, g, rand s are 
integers to be found. (6) 


a Prove by induction that for all positive integers n, 


p(n +1P (6) 


b Use the standard results for Ye and >> to show that for all positive integers n, 


Soar +1)= Fn(n + 1)(n +2) (4) 


r= 


¢ Hence show that 7 = 1 is the only value of 7 that satisfies 
Yoaes 47 (5) 
rat r=1 
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5 f(z) = 24 - 1423 — 782° + kz + 221, where k is a real constant. 
Given that z = 3 - 2iis a root of the equation f(z) = 0, 


a show that z? — 62 + 13 isa factor of f(z) (4) 
b find the value of k qd) 
¢ solve completely the equation f(z) = 0 and show the roots on an Argand diagram. (4) 


6 The plane J/ has Cartesian equation x — y + 2z = 3. 
a Find a unit vector f normal to JZ. (2) 


0 2 
A line / has vector equation r = ( 3 ) wf 4 ) 
-1 3 


The line intersects 7 at point P. 


b Find the coordinates of P and the acute angle between / and JI, giving your answer in 
radians correct to two decimal places. (7) 


7 Frances makes silver jewellery beads. 
Each bead is formed by rotating the curve shown 
through 27 radians about the x-axis. ysdx-x? 
Each unit on the axes represents | mm. 


Silver costs £0.05 per cubic millimetre. 


a Find the cost of the silver needed to make 500 beads. (6) 
b State one limitation of this model. (1) 
lee. ae 
: v2 v2 : 
8 The matrix M = 5 5 | fepresents an enlargement followed by a rotation. 
v2 v2 
a Find the scale factor of the enlargement. (2) 
b Find the angle of rotation. (2) 


A point P is mapped onto a point P’ under M. Given that the coordinates of P’ are (a, b), 
¢ find, in terms of a and 4, the coordinates of P. (4) 


9 Shade on an Argand diagram the set of points 
(2eC:k-2l<3}n{zeC:5 <arge-24)< 77} (6) 


10 A stolen car is modelled as travelling in a straight line from a point A(5, 3, -1) to a point 
B(7, -5, 8). The police are waiting for the car to pass at a point modelled as the origin, O. The 
police have a ‘stinger’ that they can deploy to stop the car. The ‘stinger’ is 6 metres in length. 
a Given that each unit in the model represents one metre, determine whether or not the police 
can successfully stop the car. 7) 
b State one limitation of this model. (1) 
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CHAPTER 1 4 
Prior knowledge check 5 Seti e #-3 
1 a 5y2 b 63 © 65 6 
220 b 2 el 7 
3 44/10 8 2i _32+4i/2 _ 16, 2V2, 
4 Bra @ 242 66~*~«*S 
Exercise 1A 9 qta*tea eta 
1 a 3i b 7i e Mi d 100i 
e 151 t 5 g 2iv3 h 35 
i 10WV2 9 j 73 
2 a 13+1li b 5+2i ec 44+i d 342i qt eee E 
e949 ff 7-4 g 442i h 242i (4204-2) 20 
i 1-5si j 0 arate 
3 a 444i b 24-121 © 12451 d 2447i : 
e3-2 ff 3451 g 344i h 42 1 epin3s.=Spa14 
4 a 2y2-iv2 bb (14V3)+(3-3V3)i 29 29 
5 a -12i b 4 544i, /5+4i_ 11,8 
Y copear baka 43-131 Bem 2 et 
a -3+4i -12i c - 131 i 3 
8 a z+w=(a+bi)+(a—bi) =2a 14) @, 22S pee 104 Tel 
b z-w=(a+bi)-(a-bi) = 2bi eed eet 
20 =p?+4 
Exercise 1B 243 p= 26 


1 b z=22iv10 b de 
e z=+2iV6 2 
2 b z=7+ 213 Exercise 1E 
3 b z=123i 1a -1+5i, b -2 © 26 
e 2 a 443i,4-3i b 8 © 25 
3 a 2-3: b 2-42+13=0 
4 b 4 a 54i 
5 a b (2-G-illz-5 +i) =0 
: eeyolendzyaasvol 2 -(5 + ilz-(5 - iz + (5-15 +i1=0 
6 <b<\44 or -2V11 <b <2V 11 3-102 +26 = 0 = p=~10,9 = 26 
Exercise 1€ 5 24102+41=0 
1 a 114231 b 364331 ¢ 154231 d 2-101 © 
e 5-251 f 394801 g -77-361 h 10i 7 
i 54-621 j -46+9i 8 
2 a 41 b 53 ¢ They are both real 
d_ (a+ bi)(a— bi) = a + b°, which is real. 


Pehl) O-4 
3.q=$ 


-ti)-2 
a=7,b=-6ora=18,b=-1 3) 
a -t b 81 © 2i d -60i 


=2?-3z+3 so p= 


3 
4 
5 -8i,a=0,b=-8 9 (2-(5 + gilli - (5 - gi) = 2*- 102 + 25 +g" 
6 -119- 120i, so real part is -119 = 4p=10= = 25+ q'=345q=3 
7 a -2i b ~49 - 661 Exercise 1F 
8 Subettute 2 . 1 a {2)=8-24+42-26=0 
2 8 Pes b =243iorz=2-3i 

eid 2a 
Challenge b 
a (a +bi® =a - b? + 2abi « 
b  a?-b?=40,2ab =-42 + a==21 3 3, 

b* + 40b? - 441 = 0 = (b? - 9b? + 49) =0 4a 

b=-3(b <0) + a=7, 024-49 7-3: 

.z=-44+iorz=-4-i 

Exercise 1D 5 .b=25 b -1,-4+3i,-4-31 © 9 
1 a 8-21 b 6+5i ce 343i 9 d V5-iW10 6 46,d=-60 
2 a z+zt=12,22%=45 bb 24+2*=20,22*= 125 7 

© z+z*=3,22"=3 d z+2*=2y5, zz*=50 6 2-4i,244i 
3a -$-ti ob Mati ce Mi a 9 
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2 9)(z?-122+40) bb z=43,622i 4 2=442)/2i 
~3-i,2 + 3iand 2-31 : 
(2 - (2 - 3illz -(2 + 30) = 22-42 413 Exercise 2A 
12 a (22-424 13)\z?+bz+e) 1 Im 
= z'- 1023+ 712? + Qz +442 d(-2,5) « 
b=-6,c = 34 
b Q=-214 ¢ z=2+3i,2-3i,3+5ior3-5i 
e (0, 3) 
Challenge 
b=0,c=2,d=4,e=-8,f=16 of (v2, 2) ea(7,2) 
Mixed exercise h(-4,0) 
1a 6+i b ~6+ 12 © 50-22i - 7 > 
2 -2/14<b<2yi4 Re 
3 3+iV3,3-i/3 e(C6,-1) 
4 (1+2i)° 
= 1 + 5()N2i) + LOU P21? + LOITA(2i) + SIL) + (210° *b(,-4) 


+ 10i + 40i? + 801° + 80i* + 321° 

= 1+ 10i - 40 — 80i + 80 + 321 

= 41-381 

Substitute z = 3 + i into f(z) to get f(z) = 0. 

a 4-2i b -14-2i c i 

(45 - 28il(1 - iv3) fhe 28/3 rm (4% 3- 28); 
4 


Nnoaa 


(1+ /3ill1 - V3i) 4 


3+i (3 +03- 
9 a f-Hi 
z _la+ bila + bi) _ a+ 2abi + bee 
Na+b a? iP 
* , (_2ab_): 
+ (ete)! 
5 : 2 
At 5 _ 3-59 | gr + 15, 3 
q+5i G+ 25 +25 
= q? + 269 + 25 =0 > q=-1,q=-25 


lla 


LC 
b t+ pigs Si 
12 x4 yit dile - yi 
(x + 4y) + (4x + yi 
x4 dy =-3,4e +y=18 > x= 5.y 
(9 + GiN2 + 3i) _ 18+ 391+ 181? _ 4, 
(2-3i2+3) 4-91 
qq WHSNG= a) | _Tq__ 12- 
(@+qi4-qi) +16 g+16 
15 a 642i b z?-12z+40 
16 
17z 
18 z 
19a 
a 
3 


13 


+i,2-ior-4 
1+ 3ior 1-3: 
16 b -4iand-3 


20 
21 3-2i,3 + 2i,iv6 and 
22 a p=-18 b 1,4,3+ 


Challenge 


a Ifarootis not real, the other root must be its complex 
conjugate, but only real numbers are equal to their 


y 


conjugate. 
b (+ife-iP=2t+ 2241 
CHAPTER 2 
Prior knowledge 2 
1 (x +3)? +(y- 6)? =25 
2 a 6-31 b 2143: ce 3+3i 
3 a 13cm b 67.4° 
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¢ (0, 1) and (0, =) are on the unit circle. 
(- ) + (3) = 1, so other 4 points also lie on the 
unit circle. 
Exercise 2B 
1 a Modulus = 13, argument = 0.39 
b Modulus = 2, argument = 2 
ce Modulus = 3V5, argument + 2.03 
d= Modulus = 2v2, argument = —> 
e Modulus = 113, argument = -2.42 
f Modulus = 137, argument = 1.92 
8 Modulus = 15, argument = -0.46 
h Modulus = 17, argument = -2.06 
2 ai VB=22 if 
b i 50 =5y2 ii = 
a p=-17,q=10 _ a 
b i V72 = 6v2 ii 7a 
d i 2a =a2 uw 2 
3 a Im 
a z,=3+iand z, =3 -i. Other way round acceptable. 
b Ima 
b 
4a 
7 B 
}___ a 
ol #2, Re 
a 
b 
¢ ae (4+ 6i1-i _ 10+ 2% 
5 Bk Race Lo 
(+i -i 2 
3-2 342 oa 
pot” 6 E82) koe 
O| 
ae 
d Argand diagram showing z, = 3 + i,z,=}+3iand 
2oqai 
Z 
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7 a 446i b -20+48i Challenge 

© 52 =2/13 d 1.97 a |z|=2,argz=S,z= 2(coss +isin3) 

8 a |6+6il=/72 =6)2 - 3 3 

p (4+ 2ila + bil2 ~ 4i) _ (16 ~ 12iNa + bi) Ze 128(cos 5 + ising) = = 64 + 64iV3 
(2442-4) 20 k=64 

_ (4a + 3b + (2234); é ie = 

5 b z*= 16(cos $= + isin 4) - 8 ~ 8iv3 

d -0.81 3 3 


p=-8 
¢ All points lie on the same line as shown. The values of k 
and pare the values of the scale factor of the enlargement. 


Im Io? = 64 + 64iy3 


12 Using sine rule, |z| = 
Exercise 2C 


= Exercise 2E 
Ta 2v2 (cost + isin?) b 3(cos5 + isin) ia is b Im 
© 5(cos2.21 +isin2.21) d 2(cos—F + isin—Z) 6 10 
e@ /29(cos(-1.95) + isin(-1.95)) i 
f 20(cosx + isinx) 
8 25(cos(-1.29) + isin(-1.29)) Lu 10 
h 5)2(cos SE + isin = - Re Re 
3 a V5 egg say 
2 a 3(cos(-Z) +isin(—Z))  b *(cos0.46 + isin0.46) 
© 1(cos5 + isin) en - 
3a b Se a ¢ -3V3 +3i 
as e 2- f 23 +2i 
4 a -2+2i3 
3 : 
p 


Exercise 2D 
1 ai [z,2)=30 ii argizyzy) = 2 
iit 30(cos2 + isin 2) 
bi iz2=8 ii argiz,zy = 12% 
iit 8(cos +32 + isin 432) ” 
12 12, 
2 a [2,2,)= 2, argiz,2,) = $2 
[=| Za 14x 
» el tanle)~4 i 
[zi] = 64, arg(z’) = 
3 a cos50+isins@ b”-1 c ii 
d 3V2 e -V3-i f -5y3+5i 
& cos36+ isin3¢ h 3-31 
4 a cos3@+ isin3¢ b 242i ec - 
d= cos(—5é) + isin(-—54) or cos5@—isin5¢ 
5 a z=6/3 (cos3 + isin) 


o 


i w=V3(cos 2% + isin 


i) 


ii 18cos(~23) + isin(- 
iii 6(cost + isinZ) 
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Answers 


6 a Im b In 


Re 


b i (4+ /39)i and (4 - y39)i 
iseaeand 5 4y3 
3 a Ima 


=) 
Re 


b (x- 5% + (y+ 7 =25 

€ 2arctan(3) - 7= -0.330 rad (3 s.f.) 
4 a (x-4¥ + (y-3)= 

b Im 


> 
Re 
Y 


© [Phin = 35 [Zhai = 
5a 


ce 2.51 rad 


nla 


Answers 


b_ Use the cosine rule to find |z\* + 2|z| — 5 = 0, solve to 
getz=-1+\6 
12 a [Zp = 6V2 +4 and [Zmn| = 6V2 - 4 
b (-2.38,7) 
13a 


15 ab argz—2-i)= 5 


|z-2il = |z- 81] 
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Answers 


|z-3+2i=4 


Re 


arg(z-1)= a 


© a=3+42/2,b=-2- 2/2 
17 a z=4+44iV3 b arg(z - 8) = 
18a 


(-4, 0) a) Re 


b Hence the minimum value of |z| is |Zlmin = 203 
9a Im 


GS) 


Paes “ 7 


0 
7] = 2 Im 
Maximum value of arg(z + 15 - 2i) = 6 
inl 2 2 2 lz] = |z - i] 
sin(2)=__2 _=_2_ 
(3) V2?+7? 53 
= = 2 aresin( 2) 
53 Re 
© (-8+ 2,4 -v2) and (-8 - v2.4 + V2) 
Challenge l=5 
0.37 <0<2.77 


Exercise 2F 
b 


1a Im 
ke<3 
Re 


Im 


223 


Answers 


arg(z - 4 - 2i) =0 
Re 


6 2V2x - 2/2 ii (x+ P+ y?=9 
b z=-\2 + 2iv2 orz=-2i 
¢ Im 
ie 
Challenge 
Ima 
Mixed exercise 2 
1g 2084 nd eg 
2 a 2 
b 
2 a -1+2i,-1 2i are two of the roots. These roots can 
be used to form the quadratic z* + 2z + 5. 
(2 - 1)(2* + 2z + 5) = fiz), so third root is 1. 
b Argand diagram showing -1 + 2i, -1 = 2i and 1. 
¢ Sides of triangle are V8 ,v8 and 4. (8) + (v8) =42. 
3 a -1+4i,-1-41,2,1 
b  Argand diagram showing above roots. 
4 a 4x-y=3 
~Bx - 6y =0 > x =-2y 
224 


10 


11 


12 


phos 


Roope 


Argand diagram showing the point z = 3 ~ $i 
5 


3 
—0.46 rad 


52 co tei a -= 
2? =(a®- 16) + 8ai 

22 =2a+8i 

2? + 22 =(a? + 2a 16) + (8 + Bali 
a=-1 

z=-1+4i 

jel=v17 = 4.12 


82 


-1 + 4i, 2? =-15 - 8i and z* + 2z = -17 on 


le] =4V170 

argz = 1.49 

z=-3+4i 
-z=-44+2i 


[-4 + 2il = 4)? + (2)? = (20 = 25 
2.68 


¥y 


bi © -2.50 
~_Sa_,-a? +6; 
2+ai 44a? 44a" 
for argz = = real and imaginary parts must be 
equal 


a cannot be negative otherwise argz is negative 
a=1 


24 = 200-25) + tin(-22)) ana 


Zy= 2(cos( 3) + isin(3)) 


i 22 
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13 42 (cos(-Z) + isin(-3)) 
14 a (x41? +(y-1P=1 


arg (z-2+ 4i) =F 


Answers 


“6 O Re 


20 a i y=x-2 


ii (x- 2) +y°=8 
b -2i,4+2i 


le-2|=2y2 
/ 


\z-3+i|=|z-1-i] 


Challenge 
=a . a b 32-3 
Max value = +0 
6 3 31 
sin| >] = = = =S 
(3) V6! 45 V5 
Tygak in( 
aEeoaZe2 aresin( =) 
17 a Im 
(PY CHAPTER 3. 
Q Re Prior knowledge 3 
a (x + 3)(x+ 2) 
b (x-@+4) 
3)(a + 2) 
b_ (3.96, 3.86) and (1.14, -1.03) eee 
© (-0.41,0.41) 2 : i eae kenge 
Hes aes 
a8 _ © (2k- Nk? +5) 
5.5) Exercise 3A 
1 a 16 b 820 © 210 d_ 4950 
(6,3) e 775 f 15150 g 610 h 3240 
2 n=32 
3 k=14 
4 a n(2n-1) 
ei 
Re b vr-de Dre n(2n~1)~4n(n+1) 
fa 
i petteg s 8 =4n(4n - 2 -n-1) =4n(3n - 3)=3n(n- 1) 
274 10 


225 


Answers 


e 
5 Sr Sred (2n\(2n +1) - (n= 2(n-1) 
= 
= 7(2n(2n + 1) ~ ‘n ~ In - 2) = 3(8n? + 5n - 2) 
= }(n + 2)(3n-1) 
6 n2(n? + 1)—3n(n + 1) 
= gn(n(n? + 1) (n+ 1)) = 5n(n? +n-n-1) 
= gn(ni - 
b 3276 
7 a 4565 b -28485 © 2576 
8 a DoGr+2)=3) r+ 2) 1 =3nln+ 1) +2n 
S os 
= 5n(3(n + 1) + 4) = Zn(3n + 7) 
a eo 
b Ler = 4)= 5) 7-401 = S2m\2n + 1) - 42n) 
<5nQn+1)-8 8n = 10n? - 3n = n(10n — 3) 
me 
c Sere 3)= 2Qur+ D3 = (n+2)(n+3)+3(n+2) 
= “in +2)(n+ 3), +3)= in +2)(n +6) 
a Yur +5)= Ase 51 
a ee 
2 ae 
ie ( 2 >) + (da a 1) 
ile ale 
= 4(Ln(n + 1) ~ 3) + 5(n = 2) = 2n® + 2n— 12 + 5n~ 10 
= 2n? + Tn = 22 =(2n + 11)in—2) 
oa Cur s)= 4ycr- DS kk +1) - 5k 
= 
_ kes 2k ~ 5k 2 2k 3k 
b 51 
10 a=7,b=-3 
pa et et 
ta Lert = adore hn 3(4n - 1)(4n) + (4n- 1) 
~ont4n ~ 1) + Gn — 1) =n - 1N6n +1) 
= 24n?-2n-1 
b 14949 
aa ae ata 
12a de- Sn =-5QUr+4 
= -3(2k + 12k + 2) + 4(2k +1) 
=-5(2k + Ik +1) + 42k +1) 
= (2k + 1)(-5(k + 1) +4) = (2k + 15k = 1) 
= (2k + 15k +1) 
b -1525 
c Viera Ya- 5r) = -(-540) = 540 
a 
13. If g(r) = 2r, then y g(r) = n? +n. Hence fir) = 2r + 3. 
14 a fir)=4r-1 b 210 
Challenge 
n=4 
Exercise 3B 
1 a 30 b 22140 e 19270 
d= 24502500 e 25502500 f 379507500 
g 173880 
226 


= 
2 a DP =am2n+ 1V4n+ 1) =An2n+ Wdn+ 1) 
= 
Pe 


b Soe =22n— Nenyeen- 1) +1) 


42n(2n - 1)(4n - 1) =yn2n —1)(4n -1) 


n(2n + 1l4n + 1) = 2(n = Iln2n = 1) + 1) 
n(2(2n + 1{4n + 1) ~(n- 1)2n- 1) 
n(16n? + 12n + 2~2n* + 3n-1) 

=tnln+ Il4n +1) 


ok 


2(m + 1? and so Yor = Mn+ Ben + k + 1? 
= 


(8m)? (3n + 1)? - Fne(n + 1)? 


n2(9(3n + 1- -(n+1)) 
gn?(8In* — n? + 54n—-2n+9-1) 
= n2(20n* + 13n + 2) = n%{(4n + 1)(5n + 2) 
b 218200 


5 oa Spr Sr. = 1(an)e(an + 1)? —Mn- ten? 
a 
n2(4(2n + 1)? = (n= 1)) 
n(16n? + 16n +4 —n? + 2n-1) 
*5n? + 6n +1) =2n%{n-+ 1\5n +1) 
b 3159675 
6 a 9425 b 25420 
© 10507320 d 393825 
7 a Dre 2r+5)= ores y+ oy 
= = 
chan + 12m +1) + Enln + 1) +100 
Ln(2n? + 3n+ 1+ 21n+ 21 +60) 
= n(n? + 12n +41) 
b 51660 
8 a Dyresare=dore3yor+ do 
eS 
n(n + W(2n+ 1) +3nin+ 1) +n 
n(2n® + 3n+1+9n+9 +6) 
n(n? + 6n + 8) = Fn(n + 2)(n +4) 
b=4 
b 22000. 
oa Dre = Ere De 
stain +1)7- “Intn +1)@n+1) 
La(n + 1)(3n(n + 1) - 2(2n + 1) 
n(n + 1N3n? - n - 2) 
at 
b orr-1) 
= 
= Un - 1(2n — 1) + 1(82n - 1)? - 2n- 1) - 


fi 


n(2n — 1)(12n® — 14n + 2) 
= jun - 1(6n? - 7n + 1) 
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10 


i 


12 


13 


14 


a Dre Dir+ y= + Aan D> 
ma m7 7 = 


= jnln + 1)(2n + 1) + n(n + 1) + 3n 
= {n2n? + 3n + 1+ 12n +12 + 18) 
= pn(2n? + 15n + 31) 

b }n(l4n? + 45n + 31) 


a Des sire a= Leet Dy 


n(n + 1y(2n + 1) + "Fpl +1)+12n 
= tn2n? + 3n +1 + 21n +21 +72) 
= flr? + 12n + 47) 

b 3n(13n? + 48n + 47) 


a nr+ 3 = dor +6 +9) 

= — ee ae 
ne(n + E+ n(n + 12n + 1) + Snin + 1) 
= qnn + (nln + 1) + 4(2n + 1) + 18) 


= qntn + 1)(n? + 9n + 22) 
b 59070 


kn kn 


a Ser-n-2d 7-1 knikn + 1) ~ kn = ken 


mt tt 


b n=9 


a Ye-4=Sr-yYe 

= ie 

= Anns 1? Inln + Qn +1) 
n(n + W(3n(n + 1) - 2(2n + 1)) 


2 
qn + 1)(3n? — n~2)= Snln + 1)(n- 1)(3n + 2) 
bn= 4 


Challenge 


b 


f(x) = 1, f(a) 2x - 1, f(x) = 3x2 - 
f(x) = 4x3 - 6x? + 4-1 

Given h(x) = ax? + bx? + ex +d, 
nahin) = ant + bn + en® + dn 


3x41, 


= Wiatiny + bh) + cf) + athe = Sate 


= = 


for g(r) = af\(r) + bf,(r) + cfr) + df) 


Mixed exercise 3 


1 


3 
4 


b 1230 
e 37400 


e 385 
f 24001875 


dain + 1 + 2) 
nin + 1) + 3n +1) 
Anin + {n- 4) 


n(n? + 4n® + 5n +10) 


guin + 1)(2n ~ 5) 
4nl2n? + 3n - 29) 


a orr-3)= or -3or 
mi mi 
n(n + 1? ~ 5n(n + 1)(2n + 1) 
In(n + (nln + 1) - 22n + 0) 
= pln + 1)(n? - 3n ~ 2) 
soa =~3,b=-2. 
b 35490 


b 
nin + iin +4) d 
f 
h 


ca 
» 


10a 


b 
lin 


Answers 


Ner- p24 4 r+ 1 

a a ee 

=2n(n+ D2Qn+1)-2nln+ +n 

= flr + IA2n + 1) - 6) +n =Inln + l4n-4)+n 
= quldn? ~ 4 + 3) = jnl2n - 1(2n+ 1) 

$n(4n - 1)(4n + 1) 


Yur +2)= ve + 2 
mt ma mi 


= Inn + 12n+ 1) + nln + 1) =4nln + Yn +7) 
9160 


Sore 


emer) + 122m) +- pun + 1)(2n +1) 
= jnl2n + 1(2(4n + 1) - 2-1) = tnl2n + V7n+ 1) 
8215 


Die dr Yr-da 


a tntn + 1)(2n+ D ~ dain +1)- 
2toa5: is n=7 


Sree +1)= yp + 4 SnAn+ 1)? + 4nin +1) 


or mI 


= nin + Dinin + » + 1) = jnln + Dn? +n+1) 


100 SF - Sr 4nin + 1)(200n + 97) 


Now it orer +1) = > (100°? - 7), then 


mi mi 

= n(n + 1{n® +n + 1) = jnln + 1(200n + 97) 
tn(n + 1)(3(n® + n+ 1) = (200n + 97) = 

= Inn + 1)(3n? - 197n - 94) = 

But n + 0, n+ -1 and 3n? ~ 197n - 94 has 

discriminant 39937 which is not square. 


Sore 1F= Deore by 
“tna ++ enta +n dain +1) 


= dln + In + 2)08n + 5) 


n=10 
=15 


Challenge 


Lili + 1N2i+ n= Dgeeyest ta 


Then use the formulae for sums of i, @, # to obtain the 
result. 


= dntns Dn + 24D +E 
ia 


» $589) Saba) 


r= 


2S) 2) 


‘pu ew 


a 
(n+ In + 2) + dinln + Rn + 1) + Inn + 1) 


Ln(n + 1)(n? + 5n + 6) 


= qqnln + 1)ln + 2)(n + 3) 


227 
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CHAPTER 4& 
Prior knowledge 4 — 
1 ax=-2+i b x= 72h 
2 -2and1+i 
3 a -land3 b 4and8 ce -jand} 
Exercise 4A 
4 ef a8 
3 a 
9 13 
eg ai 
b b=2,c=17 
W k= V2 and m=—-222 or k= 12 and m= 222 
12 a -2 b -26 
13 a 24 b q>36 


Exercise 4B 
1 


8 a aby xqae 15; apy= 8 bo 
9 a Ys there are two other real roots, so a* couldn't 
also be a root. 
b m=13,n=12,a=3 
10 a -Land3+i b -20 


11 a@=2andk=2o0ra=8andk=5 


Challenge 

If all three roots are real, then the three expressions 

will clearly all be real, so assume there are two complex 

conjugate roots, a + bi, and one real root, r. 

a atf+y=r+(atbi)+(a-bi)=r+2acR 

b a3 + By + ya =rla + bi) + (a + bi) (a - bi) + (a - bir 
=2ar+a?+b?eR 

© afy=ra +t bila -bi) = ra? +b) ER 

Exercise 4C 

ta 


2 


L 
z 


lla 2 b d=-494, 
12 a a+9+(3+i)+(3-i) => 40+494+5=0 
aA(3 + i)(3 - i) = 1009 = > 4ag-1=0 
b -1,-4,3+i,3-ip=11,q=44 
c In 


nl 
I 
e 
IS 


Sle sl 


Ce 
le we 
So 
ae 
1 
4 


1 
12 e ¥ 

63 53 1a 72a 
“a ao 4% eon 
-1 16 

z os 823 31 
7 7 Ia 8 
59 
> 

= 6,08 + by +70 =9, 037 = 15 

ii 18 iii 11 

2,08 + 3) + 70= “0, apy =~ 


i i 38 itt 
12 (a+ 8+ =(a+3+Ma? + # +7 + Aas + y+ 70) 
Salt +P + a(F +7) + Hla? +7) 
+a? + #) + 2a + 9+ Was + 3 +70) 
(a+ 3+ Map + hy + 0) 
= 028 + Pa + 027 + ya + fy +778 + Baty 
= al +92) + Ala? + 74) + ya? + 4) + Bay 
(a+ 9 +7P S07 + H+ + 3a + 3+ Was + By + 70) 


— Bay 
a8 + P+ 7= (a+ 8+ 5) - 3a + B+ >Mas + By +70) 
+ Bay 
13 a -12 b a+8+7=0,asy=-} c it 
14 a Yo=0, Lea 2, Yagy = 1, a6 = 
-4 iii 7 
b Sas -},Nas=1,Yasy=-5 ¢ f 
(a+ +746 


oF + F478 + H+ Bad + By +98 + 07 + 5 +08) 
a+ F477+F= (Na) - Aas + By +75 + 07+ BS 
+ ad) 


228 { Online ) Fulgqq4gHeo[fpns are available in SolutionBank. at 


Answers 


Exercise 4E 8 a a+ 84+ 7=$,09+374+ 70-4, 0%) =3 
1 a w*-10w* + 23w-9=0 biz? ii 2 iii 
b w*- 14? + 24w + 40=0 9 a7 b Seale 2, Yay B ce & 
2 a Bw +23w2 + 52w+3 2 be 
be ae plato 10 a -30 baaieys 0, agy = e + 
Dig2iidy = LOrees OW 11 2w* + 9w* + 39w - 104 = 
. oe oe 12 a 3w'-2w*- 10w* + 28w +64=0 
2 lees =O b 2w* + 14w* + 21w* + 43w +298 =0 
5 wi-4w? + lw -53=0 
6 a 2w'+ 12w%— 45? + 54w-81=0 Challenge 
b 2w' + 12w* + 19w* + 12w + 2=0 1 wi-10w*+w+1=0 
7 a w+ 4w'—12w* + 32w + 80=0 2 w'+4w*+w-1=0 
b w'+ 10w" + 33? + 48w + 33=0 3 w'-5/w-1+1=0 
ye - - = 
‘a cuaeren 
Prior knowledge 5 
Challenge 1 a 64 b a eZ 
a w'—7w" + 17w?- 25w-34=0 24 : 
b Im, 3 Jpoxt+ 7x - 6 dx = 125 
1 b tx © 487 d Sr 
2 
2) Re 3 
4 2 
5 b Bir 
6 
7 
Mixed exercise 4 8 ; ; 
1 @=250,b=325,c=110,d=-7,e 9 y=rin['rde = alralh = ark 
2 a af + fy + 0 = 37, ah =52,p=-a-f-y7 Challenge 
b -10 By 
3 a -2-i,5 b -15 
4 x=1,7,13 0r19 Exercise 5B 
Sal 1a Br 140167 
b d=7,e=-2 iia 
6 a (24+ (-2-)+7+5=-6374+54+2=0 2 xf (gy? +1) dy =a] 
(-2 + iN-2 - ys = 85 + 556 = 85 > W-17=0 3 a i 
b Roots: -2 +i, 1 # 4i; m= 14,n=58 4 a6 
c 5 25x 
4 
6 a x-2x+1=ysy=lx-1) 
= \y +1 (y>0) > x2 =y 4 2/y4l 
p 2482 
f a 3 
8 144 
why aD pte 
9 x ftx? dy == 
aftr dy=—5 
7 a A(2-5i)*- 16(2 - 5i)* + 115(2 - 5i + 4(2 - 5i)-29=0 rater 
b 245i, 45 been Sic 
c Im. ¢ Rotation about x-axis: 
V= 4013.5)? x 9 = 287 q 
Rotation about y-axis: r = 9, h = 13.5 
Va jrx 9 x 13.5 = Bn 
2 a Substitute (2, 8) into both equations. 
b Bi2y 4 1B, = SS, 
105 05 
3. a. Solve the equations simoltanoously to get = 2. 
y=4 
B(4,0) 
b 2B. 
3THSEC 229 
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4 a A(-2, 2) and B(2, 2) = 3 
5 Mn = Se a 3s 
a 5 4 
6 4 5 -t 
7 16x-67r = 107 6 
8 1947 7 2+3i,2 
15 8 
9 a x=-V2 and x=\2 b 63.98 
9 
Glisllenge 10 ~5,10 
1 — Shr + HB = 56m 
Exercise 5D 
1 a 5<k<15 b Snktm? 
¢ The actual tent would probably not follow the exact 
same shape as the model. 
32768 
2 =a mem? 
3 a lor b 247 
c The solid formed by rotating about the x axis, as the 
solid formed by rotating about the y-axis will have a 
flatter, disc-shape which does not closely match the 
shape of an egg _vI7 eo is 
4 xftyl dy =5 x8 b=6.25em © z= FE (cos(-76%) + isin(-76%) 
5 a 19.3cm b 3162.8cm'  e 75.9cm? vi7 Se 
A 5G oso 01809 w= “F7 (cos76° + isin76°) 
6 a 325.8cm* 12 1.318 radians, 1.823 radians 
b Yes. Volume of water at a height of 10cm is 3a Im 
280.2 cm’. With the extra 50cm’, this is greater 
than 325.8 cm", so the water will overflow. (-9,17) 
7 4867 + 259.20 = 745.20 
Challenge 
15 
2 
Mixed exercise 5 o Re 
1 Atty ‘ 
a ai ai b 2.06 e 1-2i 


4 Res if- = 
3 oa xtedet days y=(x+ 2" 14a |z/=|5 +i[*=25+1=26 


sega (pater ad—aly ep laf’ = [243i =449=13 = 
b Yn p 32 
* a ue : 
2 15 a 2=(2-i'=4-4i+=4-4i- 


5 a 
5 a 241)%=4.5 b 2-2iand-2 


3x24+4x4.5 =24 


1549, 5027 
b 210 105 


6 a 17.6r-0.8x = 16.8rcm* 
b e.g. the shape of the holder is unlikely to exactly 
follow the curve 
Bn + 4 = Mle 
3430 
16 
Challenge 
a R= ny? = alr? x") 
bo Ve foal? — x9) dx = 2a forte? — x9) de 


= 2a [rex - a’ = 2n(r#- 2) =4ar? 


Blas 
a + Shy = 


nia 


Review exercise 1 
1 oa 4-(5+p)i  b Sp+4pi © 
2 a -23<k<2B b 0,12v2i b |e) =2V2, la] 
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© |z/°+P@=8+2=10=|z,)*, so z0PQ isa 21 Im 
right angle. 

d -1+i 

(cos2x + i sin2x\(cos9x + i sin9x) 

(cos9x — i sin9x)(cos9x + i sin9x) 

_ (cos2x cos9x — sin2x sin9x) + i(cos2x sin9x + sin2x cos9x) 


cos*9x + sin?9x 
cosl1x +isinIlxy 
1 
Ima > 
o Re 
(3,-1) 
P, 
> 22a Im 

Re 
> 
0 Re 

Q 
b maximum value of |2| is 3 + v5 
minimum value of |z| is 3 - V5 
9a Ima 
> 
a) Re 
ba 
20 a Ima 
> 
o Re 
3Vv2 3v2). 
b zai (3+ Z )i =4nln + I2n + 1) - 2n(n + 1) +n = n(n? - 1) 
3THSEC 231 


Answers 


26 Yue -3)= Ye - 3D 
ma mt = 


= tn(n + 1 - 2\in + 3) 


27 a Dyer -D= de 2} 
ma =e 


= yun + D(2n + 1) ~Zn(n + 1) = fala + lan - 1D) 
b 17730 


28 a (Gr? + 4r-5)=6) 7° +47 -5n 
i mi 


= n(n + 1)(2n + 1) + 2n(n + 1) - 5n = nl2n? + 5n - 2) 
b Beeeo 


298 Lorene YS 


(n+ W2n + 1) + dna + 1) =4nln + Wn + 2) 


24 Pa ei 
b Yn = Lars -Lonr+ 1) 
= = a 
= Man\(3n + W3n + 2) —Hn— nln +1) 


= 4n( 26n? + 27n +7) =4n(2n + (132 +7) 
p=13,9=7 


1 a 
4n%(n + 1)? - $ntn + 1) 


30a pos be tke -d 

b 23703950 
31a -12 b 0,-t e 3 
32a 4 b 3-F ez 


33 w' + 3w? + 11lw-23=0 
34 a wi —3w'- 18w* + 81w + 324=0 
b w+ 2w* — 8w? + 6w+79=0 


35 a 1 b ae 
36 5 

37 24.7 

38 a 20 


b V=nf"100 - - 20) dy = nf'40y ~ y® ~ 300 dy 


= n|20y? -£ ~ 300y| 


= 600 - s -(b- a) = 900(b - a) 


ce £104.72 
39 a 24mm b 13.6 grams. 
¢ Any valid reason, e.g. the gold may have voids or 
impurities, the actual dimensions may differ from 
those modelled, answer is given to too great a 
degree of accuracy. 


Challenge 
1a 
Im 


=((2n)2 + 52m) = rn ~ 1)? - 5(n - 1) 
= 3n?+7n+4=(n+ 1)(3n+4) 
3 w*-6w*- 20w - 200 =0 


CHAPTER 6 
Prior knowledge 6 
6 
8 (3 
2avce7Z,y=3 b 
Exercise 6A 
1 a 2x2 b 2x1 ¢ 2x3 
d 1x3 e 1x2 f 3x3 
1000 
0100 
7 oo10 
0001 
3 a=6,b=2 
8 - 2 2 00 
4 a(t) (3 3) elo 
5 a Notpossible (3) e (14) 
e (3 -1 4) 
g (-3 1 -4) 


b=-2,¢=2,d=1,e=-1,f=3 


2-1 8 3 -7 1 -1 6 
9a (3 1 4 b (1 7 -4)c¢ 14 8 -4 
14 -3, -1 -1 -4 2 5 1 


di a=3,b=-5,c=6 ti a=8,b=-9,c=-1 


oa (2 as)» (3 5) e (4) 
d Aand B are not the same size, so you can’t subtract 
them. 
cae ary) » (i ae 
¢ (11 12) a 


OO ala IS 
whens 
wenis, 


co 
— ee 
i e 
ake 
an 
fl 
DLE 
—— 


b p=13.q=3,r=12 
18 a=-6,5=-4,c=2,d= O,e=1k=-2 


Exercise 6B 
1 a 1x2 b 3x3 © 1x2 
d 2x2 e 2x3 f 3x2 
3 2a 
a) » (4 4) 
-3 -2 -1 1-4 
Pes » (5 3] 
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Answers 


4 a Not possible b (3 4) 
© Not possible a (7) 
e (-8) f (7 -7 
5 6-a 2a) 
1 4 -2 
6 (O? aee2) 
<a a 324 
Bae eta a esas 
© ft 5) milena ae 
9 a ( 4) b () 9) e (I 2x4) 
10 a fA ne 
“8 -14 
a {-4 +] b (-16 29) 
an) 
2a Fi b (-3 2 3) 
=2 
Ba Fs + 
sf 8 Bs De 
mel att a)=(or oes) (ha) = 
14 aB=(?) 4) anaac= (3 councials a 
B+ca(5 4 


$0 A(B + €) = e Fa i 


Bars (3 Hl )=(6 q 


tarstal? 3+(5 9) 


4)=(3 10)=48+8C 


67) 


2a+e+1 be 2+ce 
16 1 2a+b+1 ac-1 
b+e 


ab+1 
17 a=3,b=-2 


v8 A= Fs a)" 


me 1 ES 


19 p=2.q=-3 


2-b 


Challenge 


1 


Z 
3 
4 
5 


+12 
+4p 
+12 
+4p 


3THSEC ff 


6 ao b -56 el do 
7 a 20 b 17 ec 0 

8 17 

9 -8,- 


ia wan ar a oP at IF t0 10) 
= 2(0 — 40) - 5(-16 - 12) + 3(-20-0)=0 
7 6 7 
b (2 -10 4) 
137 (12 
c det aB) = 7/29 > 4\- 2 +7 


= 7(-120 + 28) - 6(-24 + 52) + 7(-14 + 130) 
=0 


0 j-a ¢| 
to(in 8 l= deat ary 2 
6 -c 
= 0 +abe - abe = 
12. Determinant = 2x + 10x + 44 = ae «a 
forx eR. 
So determinant # 0, therefore matrix is non-singular. 
13 -1,0,3 
14a 7 b k=-2.5 e 


d_ detMN = 26 + 23 = 49, detM detN = 7 x 7=49 


=o) 


= 


ce 1) 
2 


2 4 6 
15 a -35 b -4 “(3 2 1) 
-20 6 5 
4 6 
d= det(AB) = 9 14 
I-20 6 5 
= -70 =(-35) x 2 =detA x detB 
Challenge 
a kG TG A) 4 
(aka TG A)G 3) 
» (0 oklo oF lo okt obo ah 


obi ok(o a(t ahd 4) 
ramitarsnee 
a_ Non-singular. Inverse = (3 


b Singular 


d_ Non-singular. Inverse = (3 


or 


¢ Singular 
e Singular 


f Non-singular. Inverse = ( . 


2 (2 +a) aa 
l+a -a 


12 
b ob 
(AA)BC = At = (B'B)C = BIA" 
CA = BAA) =B? 


b | b (provided a+ 0, b #0) 


we 
& 
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1(2 -b 32 
B® oo (4a: Sa) B G 3 
9 a A*B=ABA = A’B =B = A?= BB" = A?=1 
-(e a b a)_(c d\_(b a 
b aB=(; 5) BA (i ea a 
Hence a= d and b=c, 173 
MONBARS ‘ eral -2) 
lta At 3) b p=3 
PENT 2 
12 a ke + 3k +12 


2 
b Determinant = (k + 3) + 9.75 = 9.75, so non- 

singular. 
ce k=-1 


10 0 0 10 0 
tal § oO} ec 5 3 
0-4 i 43 
— 44) psy 
2 «(3 4 - ile 3-5 
= $3) a4 
y eee 
101 2 6 
3 a{0 1 0} b +4 
20 - a , 
é 
Le od 
4 32 2 
c BIAt= 0 ria 
2 2° i) 
i 2 
agit a k 1 
4 a doan2i jl-oft jl+3h || 
= (4-1) + 3k 1) = 3k +1) 
‘i 3 3 -3 
b gigl1-4k 5 3k-2 
k-1 -2 2 
5 a=-4,b=8,c=3 
2 -1 1\/2 -1 1 i304 
6 a A*=(4 -3 Of 4 -3 O]=|-4 5 4}, 
-3 3 1/\-3 3 1, 3 -3 -2, 


2 -1 1\/-3 4 3 10 0 
Até=(4 -3 O}/-4 5 4)=(0 1 0 
-3 3 W/\3 -3 2, oo 1 


ane 


a 


1 1 O\/1 1 O 4 2 1 
a A*=(3 -3 1](3 -3 1]=(-6 15 -1 
0 3 a4\- 3 2 93 7 


1 1 O\/4 -2 1 -2 13 O 
AB=|3 -3 1]/-6 15 -1]=|39 -54 13 


o 3 2\9 -3 7 0 39 11 
13 13 O uw 6 @ 
12a ast=(39 -39 n)-(0 15 0] 
0 39 26, 0 0 15, 
-2 13 0 
-( 54 new 
oO 39 11 


b 151 = 13A — A? = 15A7 = 13AA* - A3A"! = 131 - A? 


-o8 -24/ 3)eor 0a 
a deta = 23 +l 3-20-12 +6) +112 -0)=0 


-6 16 12 
b{3 -8 -6 


-3 8 6 
2 0 1\/-6 3 -3' 
c aer-(4 3 (is -8 :] 
0 3 -4/\12 -6 6 
-12+0+12 6+0-6 -6+0+6 
(2624 12 -24+12 -i2 242) 
0+48-48 24424 0+24-24 


a All values of k 
af} 3-k 6-k 
b 20 5 5 
1 -k-2 -k-4 
2 -6 2p+3 


3 1 -3 -4 
A{1) 0) wre a = 6 5 -7),detA=111. 
2! \-3, 14 6 


So A is invertible, there is a unique solution to the 

set of equations and the three planes meet at a single 
point, (1, 2, -2). 

£1440, £1250, £310 

500 brown, 250 grey, 1250 black 

a = 2. Not consistent. The three planes meet in a prism. 
14 q 


j2 -3 2 3 

. 4 de 4 

-6 + 3q) - 4(-4 + 39)+ gl2q - 34) 

6 +39 + 16 - 129 -q? 

=-q?-99+10 

det M=0 = -9?-9q + 10=0 = g?+9q-10=0 

b i Consistent, infinity of solutions, planes meet in a 

sheaf 

ii Consistent, unique solution, planes meet in a point 
iii Inconsistent, no solutions, planes meet in a prism 
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Mixed exercise 6 3 a Not linear (x? and y’ cannot be written as ax + by) 
feaacil0. ot aacc(l <2 
1 b Linear (? 7) ce Linear (| 
amear (0 9 Seen 
a d Linear (? ot e Linear (5 3) 
2 Bite fecan(2 1 scan (0) <1 
(G4) a Linear (21) b Linear ( =!) 
ee a (1,1), (2, 3),(-5, 1) 
. m(& 2) b (3, -2), (14, -6), (9, -2) 
4 © (-2,-2), (-6, 4), (-2, 10) 
5 6 a (-2,0), (0, 3), (2, 0).(0, -3) 
‘ b (-1,-1),-1, 9,0, 0,0, -D 
e (-1,-1),(,-0, (1, 0,1, D 
7 a (-2,-1),(-4,-1), C4, -2), (2, -2) 
1_(k 2) 
if » pale é b TF 
8 a K-2k+6 4 
b detB =(k- 1% +5 > 5, so detB + OandB 
non-singular. 
c k=-3, 7 ; 2 
9 a m=\2,m=-V2 b (= 3 
10 a az—2 em | 
(‘i 1 “i 2 lo 2 | 4% 
b= 1 13 8 
W3a+12\) oq -11 3a-4 Ly 
xy (6 i 
"1 a(i)- -2],whereA=(1 -4 2], detA=26. 
Ge zu Rotation th ough 180° abo (0, 0) 
So A is non-singular and has an inverse. There is a 8 a2 ae, tee 0,4) eae 
unique solution and the planes intersect at a single b Uk da oe Bea als 
point, (2, 2, 2). 
12 700 Hampshire, 1400 Dorset horn, 400 Wiltshire horn ai 
13 a=-3,b=13 
Challenge 64 
=(@ 6) pi(h /) sea =hl- 
Let a= (4 5). n=(i /). deta = ad ~ be, detB = hl ~ jk , 
So detAdetB = (ad — be)(hl ~ jk) = adhl — adjk — behl + bejk 
ah+bk aj+l 
an (Oh ae Gj+dl 2 
det(AB) = (ah + bk)(cj + dl) ~ (aj + Ich + dk) 
= adhl - adjk ~ behl + bcjk = detAdetB é a 
HAPTER rnlarg ent, tre (0,0) iad 
¢ Enlargement, centre (0, 0), scale factor 
Prior knowiadas 7 ng 9 a (0,-2),(0, -6),(4, -6), (4, -2) 
1a ( ) b } b Uk 
1 3, 138 . 
2 a -10 bai y) 
Tl_4 3 
5-4 -2 
3 f-1 -2 -1 4 
1 5 -1 
Exercise 7A 
1 a Notlinear b Not linear 
¢ Not linear d Linear mi 
e Not linear f Linear +4 [4 [2/4 $ af 2 
scaanil2) = 
2a Linear (3 a L, 
b Not linear (2y + 1 and x - 1 cannot be written as 
ax + by) ; 
c Not linear (xy cannot be written as ax + by) 
; 0 2 210) A 
a Linear (9 ?) e Linear(? t) 


3THSEC 235 


Answers 


¢ Reflection in y = x and enlargement, centre (0, 0), 
scale factor 2 
10 a (4,1), (4,3), (1, 3) 
b The transformation represented by the identity 
matrix leaves T unchanged. 


ae 3 kx’ 2 -3\(kx' 2kx — 3ky’ 
a r=(t P)s0 ea (i Melelece) 


= 4757 99) =4nG) 
b mh) + Gel) =o a) 


Yat Yo 
(@ i # Fal _ (2 +22) - 3ly see) 
Yt U2) \ e+ eet + Ye 


= (2215308) 4 (Pts 0) 0 nh) + Ty) 


Xt yy Xa Yo Yo 
Exercise 7B 
ra 4) 
» (6 S)l)-(Q)e4=0.-9 
0 A))=(4)sa=8.-9 
0 A)G)=(4)ee=8.-2 
a <a) 
»(S ob)-C ‘ali 
8 Q)=(3)eee=ca-n 
@ NB Caler-cs.0 
8 B-Gesea 
a @) 


=(-1, 4), C =(-2, 4) 


-2/3 -1, -8) 
23-52-43), 


C =(-2/3 - 1,2 -/3) 
5 a P’=(2,-2),Q'=(3,-2), R= (3, -4) ,S’=(2,-4) 


b P=(0,- 2V2),Q’ 


2 We 5 _ 3/5) 
w= (2, -12), S'=(-V2, - 3v2 
ae (v 2) 

6 a Arepresents a reflection in the x-axis. B represents 


a rotation through 270° anticlockwise about (0, 0). 


b (3,-2) © a=0,b=0 
7 a Rotation through 225° anticlockwise about (0, 0) 
pe ae 
b p=3,.q=1 c ai i 
2 2, 
d_ Rotation through 45° clockwise about 
(0, 0); 3, -1) 


8 a Reflection in the line y =x b (e 1 
9 a a=-05 
_ yo9°. (-0.5  -0.866 
beeedZt (ines -0.5 
949°. ( 0-3 0.866 
OSRATT (eaees -0.5 ) 
oO -1 = = 
10a (° a b a=0,b=0 
Challenge 


Rotating (5 ) by # takes it to (ee) and rotating (9 ) by 


8 takes it to ( (2), so the matrix for the rotation is 
cosé 


(oe sind) 
sind cos#)” 
Exercise 7C 
te) Gs) © 62) 4605 
2a4 b3 e4 d 25 
3 a (0,0) b 12 
- z +0 
aera eed et a) 


5 a Stretch parallel of the x-axis, scale factor 2 and 
stretch parallel to the y-axis, scale factor -3 


b k=4 
6 a (3,9),(15,9), (15,6) b 18 
7 a (4,0), (8, 0), (8, -15), (4, -15) 
b 60 
8 a Enlargement, centre (0, 0), scale factor 2/5 
b a=lora=7 
pe+p p+q 
9 a( ) patent 
pP+qp p+q, e # 
8 0 
10 (0 Ss) 
b Stretch parallel to the x-axis, scale factor 8; and 


stretch parallel to the y-axis, scale factor -8. 


Or enlargement scale factor 8 and centre (0, 0) and 
reflection in the x-axis. 


eloeka 
¢ k=fork=-3 
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Challenge 
a 0 P 
b Foranys.4:(5)=(5 o)l)=(0) 
The y-coordinate is 0, so all points (x, y) map onto the 
a-axis. 


Exercise 7D 
0 1). ee 
1a (4): Reflection in y =x 


o 
3 


. 
S 
5 
8 
3 
3 
B 
2 
g 
& 
5 
Fy 
8 
8 
g 
f 
& 
8 
3 
3 
S 


e : Enlargement scale factor 4, centre (0, 0) 


-1 0 1 0 -1 0 
a (9 {)@(o 4)-2(0 4) 
b i Reflection in y-axis 

ii Reflection in y-axis 

iii Rotation of 180° about (0, 0) 

iv Reflection in y =-x 

v_ No transformataion (Identity) 

vi Rotation of 90° anticlockwise about (0, 0) 

vii No transformataion (Identity) 


3 a S Al reflection in y = x with a stretch by scale 
factor 3 parallel to the x-axis and by scale factor 2 
parallel to the y-axis. 
15 
0 
x-axis and by scale factor -10 parallel to the y-axis 
c i A enlargement by scale factor 5 about (0, 0) 
and rotation through 270° anticlockwise. 
a (15 0 
0-10 
x-axis and by scale factor -10 parallel to the y-axis 
e he 3), enlargement by scale factor 5 about (0, 0) 
and rotation through 270° anticlockwise. 
f (0 15 
10 0 
factor 15 parallel to the x-axis and by scale factor 
10 parallel to the y-axis. 


4a a? a. (2 a 4 9) 


4 oF stretch by scale factor 15 parallel to the 


): stretch by scale factor 15 parallel to the 


): reflection in y = x with a stretch by scale 


o sh \o -2h “lo 4 
eit SJ *6 2) #0 % 
w(0 a6) ¥ Co 24) 


5 Reflection in y-axis = M=(7} HI 


0 
Favs eciNins diciamainihOe sal 

Reflection in line y = 2=N=(9% a) 

Combined transformation = NM 

_(0 -1\/-1 0)_/0 -1 

=(4 alle W=( Fal 

4 We (ene jo) 

1 0 sin90°  cos90° 

so it represents a rotation through 90° anticlockwise 

about (0, 0). 
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Answers 


Sjnev=(1 9) 
veal oll A)=(r o) 


Tu=(5 St o)-(4 o)e" 


0 
4k 
7 0 2) 
b Stretch by scale factor -4k parallel to the x-axis and 
by scale factor 2k parallel to the y-axis. 
=(k 0\/-4 0)_/(-4k 0)\_ 
¢ or =(6 n le 2)=( 0 gy) = PO Uirom part a 
9 0 
iu 0 16, 
b Stretch by scale factor 9 parallel to the x-axis and 
by scale factor 16 parallel to the y-axis. 
c ta 2 ; stretch by scale factor a* parallel to the 
x-axis and by scale factor 6? parallel to the y-axis, 
9 a (9 3) 
b Rotation of 90° anticlockwise about (0, 0) 
c Rotation of 45° anticlockwise about (0, 0) 
1 0 a ; 
d 0 ) (Identity matrix) 
10 a k=-3 b 0=45° 
113 
ee a ie 
v2 v2 01 v2 V2 
12a ai a b(? 4) oa 
v2 v2. v2 v2, 
ke +3 oO 
aie ( 0 B+ ) 


b Stretch by scale factor k® + 3 about (0, 0). 


2_(a b\/a b)_(a?+b® ab-ba\ 
Pa) NG a)= (ib 60 besa") 
= (e +o 0 ) 
0 at+b? 
This represents an enlargement about the origin, scale 
factor a? + b*. 


Challenge 
2 _ (cos ~sind\/cosd sain) 
~ Lal er cose llaind cos?) 


2 (cost ~sin’@ -2 sind cos) _ (cosze =sin26 
2 sind cos cos*@-sin®#) \sin2@_cos20 
b Two successive anticlockwise rotations about the origin 
by an angle @ are equivalent to a single anticlockwise 
rotation by an angle 20. 


Exercise 7E 


-1 0 0 10 0 10 0 
1 af{o1o} b{o -1 0) ¢ {0 1 0 
001 001 00-1 
0 0 
0 -1 0) 00 -1 io 
d{1 0 o} e{o1 of ¢ 2 2 
001 10 0 o 1 
2 a Reflection in the plane z= 0 a 8 
b_ Rotation anticlockwise 90° about y-axis 
¢ Rotation anticlockwise 135° about z-axis 
237 


Answers 


Rotation anticlockwise 90° about x-axis 
G,-4,-1) ce a=2 

7 » (34 8341 9) 
a ar) 2 oo 


k 
-1 0 0 1 0 O 
A=|0 1 O],B=|0 -1 0 
0 O01 o 0 1 


Soa 
b (-a, b,c) © (-a,-b, c) 
6 a Rotation 210° anticlockwise about y-axis. 
-ky3 4) 
» ( 2” bo 
1 1 
EE (Gh ae 
v2 v2 
7 alo 1 0 
iO}, se 
w2 v2 
b (V2, 0, 0), (/2, 1, 0), (0, 2, 3/2), (0, 0, 0) 
el 
Challenge 10 0 
-1 0 0 o +t 
a 0 -10 b v2 v2 
001 ott 
v2 v2 
Exercise 7F 
1 a_ Rotation of 90° anticlockwise about (0, 0) 
ol 
» (4 a) 
c¢ Rotation of 270° anticlockwise about (0, 0) 
2 a i Rotation of 180° about (0, 0) 
2_(-1 O\/-1 0)_/1+0 0+0)_/1 0} 
sd ale Alle 4)" 0+0 021) 1) 
=I 
iii Rotation of 180° about (0, 0) 
b i. Reflection in y =-x 
2_(0 -1\(/0 -1)_(0+1 0+0)_/1 Oo 
ur=(% oS o)=(20 110) (0 1) 
Pi 
iii Reflection in y =x 
¢ det§ = 1; the area of a shape is unchanged by a 
rotation. 
detT = -1; the area of a shape is unchanged by a 
reflection (the minus sign indicating that it has been 
reflected). 
1 0). Pare 
3a (5 |); reflection in y = 0 
1 0). ae 
b ( 2 ):reftection in y = 0 
-1 0). ee 
© (GQ): reflection in x =0 
-1 0). Pee 
a (7 9); reflection inx=0 a 
13 23 “44 
4a (24) Bla ai 
2 2 
238 


Enlargement, scale factor 4, centre (0, 0) 
i 0 
bee, 
+ 


a. 
a 
0 


a 
» 


a_ Rotation of 330° anticlockwise about (0, 0) 
b p=-2,q=1 


(33) 

32 
-$-b, - 2a - 3b) 
23-4 
-1 


10 ;a=10,b=-6,c=-7 


3 
2 
01 0 
lla ( 0 0} rlectn ny = 
0 
1 
0 
0 


0 
0} reflection in y =x 


0 -1 0 

c (: 0 a 
001 

d N=QP>Q'N=P>P'Q'N=I>P! 


0 -1 0 
N'=(-1 0 0}; reflection in y =-x 


oo1 
-0.1 0.3 -0.7 
12(03 0.1 O01 
-0.2 0.6 -0.4 
Mixed exercise 7 
0-1 -2 3) 
oe (t Py) b -1 A) 
10 ; inc ; 
c (6 1) (Identity matrix); four successive 


anticlockwise rotations of 90° about (0, 0). 
2a G 5) reflection in x-axis and enlargement s.f. 2, 
centre (0, 0) 


; reflection in x-axis and enlargement s.f. 2, 


v3 b aiy 
e (Bark, op 


5 a Arepresents a reflection in the line y = x; 
B represents a rotation through 270° anticlockwise 
about (0, 0) 


b (-p.9) 
k=-2.80rk=14.8 


*(0 3) 


8 a Rotation 150° anticlockwise about the z-axis 
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1 
10) 
9 al? 
ol 
a 
14 
10 (, 5 
z 3 
“41 37 
aia (Fl b7 elas 
1 0 0 
o 2 v2 
12 2 ~2|;a=0,b=-V2,c=0 
v2 v2 
o 2 2 


Challenge 
100 
1 {0 0 -1 
Or ae 0 1a) _ (0 +6) _ (b) 
; : _ (0+ 6) _ 

2 a Let the point be Pla, b): G ils) = () 33) = () 
So P’ is (b, b); its x- and y-coordinates are equal, so 
itisony=x 

01 

> w) 

c Ifc=0, then the line ax + by = ¢ does not go 
through the origin. Hence the origin cannot be 
mapped to itself, and the transformation is not 
linear. 

CHAPTER 8 

Prior knowledge 8 

1 a dnn+1) b Mn+ In + 2\2n+3) 

2 rr 3 = 39-1) =3"x8 
5k 4-8k ) 

5k+5 -8k- 14 

Exercise 8A 

1 Basis: When n = 1: LHS = 1; RHS = $(1)(1 + 1) =1 

Assumptior 4k(k +1) 

Induction: )or= Dor + (k+1) = 2kk + 1) +k +1) 

- =Mk+ 1k +2) 

So if the statement holds for n = k, it holds for n = k +1. 

Conclusion: The statement holds for all n € Z*. 

2 Basis step: When n = 1: LHS=1; RHS=4(1)*(1 + 1)? = 1 

i 
Assumption: oy ek + 1)? 
Induction: Spe z ys + (b+ 1) = tek + 1)? 
mt 
+(k+ 0° 
= Hk + AK + 4(k + 1) = Hk + DK + 2)? 

So if the statement holds for n = k, it holds for n = k + 1. 

Conclusion: The statement holds for all n € Z*. 

3 a Basis: n= 1: LHS = 0; RHS = }(1)(1 + 1) - 1) =0 


Assumption: rir — 1) = $(k + 1k - 1) 
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Answers 


Induction: )o7(r -)= Lr 1) +(k+ Dk 
Ske + 1k - 1) + kk + 1) 

= 1k + 1k - 14 3)=4k(k + 1K +2) 
So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 
zat 
Snr = 1) = 4n + Hien +1) + n+ 1-1) 
a = 4n(2n+ In +1) 
Basis: n = 1; LHS = 2; RHS = (1)*(1 + 1) =2 

rn 


Assumption: )r(3r - 1) = k(k +1) 
os 


Induction: 73 - 1)= Sar -1) 

+ tk + 18k + 2) 

= Kk + 1) + (k + 13k + 2) 

= (k + 1k + 2) 
So if the statement holds for n = k, it holds for 
n=k+1,. 
Conclusion: The statement holds for all n € Z*. 
n=15 
Basis: 


n= 1: LHS = 5: RHS=1 ~ 3 = 5 


Assumption: Ley 1-$ 


induction: 5 3) py Aah 


So if the statement holds for n = k, it holds for 
n=k+1. 

Conclusion: The statement holds for all n € Z. 
Bi n 


1: LHS = 1 1!=1; RHS =(1+1)!-1=1 
k 


Assumption: rir!) = (n+ 1)! = 1 
= 
ma 


Induction: Dn = = nen +(k+ 1k + D! 
Le D1 +k + e+! 
=(k+ IMk + 2)-1=((k+1)+ 1-1 

So if the statement holds for n = k, it holds for 
n=k+ 
Conclusion: The statement holds for all n € Z*. 

a a ae a es er 
Reais gi RHS 2373 

A(3k + 5) 

rir+2)~ e+ 1k +2) 


asaumnion: 4 


an 4 
rir+ 2)" (k+ Dk +3) 
. A(3k + 5) ” 4 
(k+ Dk +2)" b+ DK +3) 
_ 3K + 5k + 3) ri A(k + 2) 

(k + 1k + 2k +3) (k + Dk + 2)(k + 3) 
_ (BK + SK + 3) + 4k + 2) _ (K+ 18K + 8) 
(ke D+ 20k +3) (e+ 2k + 3) 
_ b+ 113k + 1) +5) 
“(k++ K+ +2) 
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Answers 


b 


So if the statement holds for n = k, it holds for 
=k+l. 

Conclusion: The statement holds for all n € Z*. 

The student has just stated and not shown that the 

statement is true for n =k + 1. 

e.g. n= 2: LHS = (1 + 2)? = 9; RHS = 1? + 2? +9, so 

that LHS + RHS. 

The student has not completed the basis step. 

e.g.n=1: LHS = 1; RHS=i(17 + 1+ I) =341 


Challenge 


Basis 


LHS = (-1)'x1# = -1; RHS =H - )(H)0 +1) 


assumsaion: tyr? = eek + 1) 


Induction: Sen 


ka 


Seve + EDR + DP 


a = 
V)kk(k + 1) + (-Dek + 1)? 
DM(k + CK + 2(k + 1) = {1k + 1k + 2) 


tement holds for n = k, it holds for n =k + 1. 
‘he statement holds for all n € Z*. 


Exercise 8B 


loa 
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Let fin) = 8" - 1 where n € Z*. 

Basis: n = 1: f(1) = 8 - 1 =7 is divisible by 7. 
Assumption: f{k) is divisible by 7. 
Induction: f{k + 1) = 88°! -1=8 x 8§-1 = 8f{k) +7 
So ee statement holds for n = k, it holds for 
n=k+ 

Conclusion: The statement holds for al n € Z*. 
Let fln) = 3°” ~ 1 where n € Z*. 

Basis: n = 1; {(1) = 3*- 1 = 8 is divisible by 8. 
Assumption: f{k) is divisible by 8. 
Induction: f(k + 1) = 3° - 1 = 3% x 3?-1 
f{k + 1) - f(k) = (3% « 3% - 1) - (3% - 1) = 8 x 3% 
So if the statement holds for n = k, it holds for 
n=k+1. 


Con jon: The statement holds for all n € Z*. 
Let f(r "+ 9" + 2 where n € Z*. 
Basis: n = 1: {(1) = 5 + 9 + 2 = 16 is divisible by 4. 


Assumption: f{k) is divisible by 4. 
Induction: f(k + 1) = 5**'+9**1+2=5%5'+9 


x42 
fk + 1) = fk) = (5 x 5E +9 x OF + 2) — (54+ 98 
+2) 
=4x 5+ 8x OF 
So if the statement holds for n = k, it holds for 


n=k+1. 
Conclusion: The statement holds for all n € Z*. 
Let f(r 4" — 1 where n € Zt. 
B n= 1: f(1) = 2*- 1 = 15 is divisible by 15. 
Assumption: f{k) is divisible by 15. 
Induction: f(k + 1) = 2%**"-1=16x 2-1 

f{k + 1) = fe) 16 x 2 — 1) - (2-1) 

=15x 2% 

So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 
"-1 + 1 where n € Z* 
=3'-! +1 =4 is divisible by 4. 
Assumption: flk) is divisible by 4. 


Induction: f(k + 1) = 3% *!-141=3? x 3141 
f{k + 1) — fk) = (3? x 3°" + 1) - (871 + 1) 
=8x3"-" 
So if the statement holds for n = k, it holds for 


The statement holds for all n € 2°. 
Let fin) = n° + 6n* + 8n where n € Z* 
1: f(1) = 1° +6 x 17+ 8 = 15 is divisible 


umption: f{(k) is divisible by 3. 
et flk + 1) =(k + 1)° + 6(k + 1)? + 8k + 1) 
=k + 9k? + 23k +15 
f[k + 1) - f(k) = 3(K? + 5k + 5) 
So if the statement holds for n = k, it holds for 


The statement holds for all n € 2°. 

g Let f(n) = n® + 5n where n € Z*. 

i :f(1) = 1° + 5 = 6 is divisible by 6. 

Assumption: f(k) is divisible by 6. 

Induction: f{k + 1) = (k + 1)' + 5(k + 1) = k¥ + 3k? 
+ 8k+ 6 

f(k + 1) - f(k) = 3k? +3k + 6 = 3k({K + 1) +6 

where 3k(k + 1) is divisible by 3, and one of k and 

k +1 must be even, so 3k(k + 1) is divisible by 6, 

Therefore, if the statement holds for n =k, it holds 


forn=k +1. 
Concl The statement holds for all n € 2°. 
h Let fin) = 2" x 3°"- 1 where n € Z*. 


Basis: f(1) = 2 x 3? - 1 = 17 is divisible by 17. 
Assumption: f(k) is divisible by 17. 
Induction: f(k + 1) = 2**1 x 3% +" — 


18 x 2 x 3% 
-1 
f(k + 1) - fk) = (18 x 2 x 3% - 1) — (24 x 3% = 1) 
=17 x 2! x 3% 
So if the statement holds for n =k, it holds for 
n=k+l1. 


1 


The statement holds for all n € 2°. 
a f{k +1) =13**!- 6+! = 13 x 13'- 6 x 6 

— 64) +7 x 13" = 6flk) + 71134) 
:f)=13 7 is divisible by 7. 
Assumption: f(A) is divisible by 7. 

Induction: f{k + 1) = 6f{k) + 7134) by part a. 
So if the statement holds for n = k, it holds for 


~ 6(k + 1) +8 = 25 x 5%- 6k +2 

'5(5% ~ 6k + 8) + 144k - 198 

5g(k) + 916k ~ 22) 

b Basis: n = 1: g(1) = 5*- 6 + 8 = 27 is divisible by 9. 
Assumption: g(k) is divisible by 9. 
Induction: g(k + 1) = 25 g(k) + 9(16k ~ 22) by part a. 
So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 

Let f(n) = 8* — 3" where n € Z*. 

Basis: n = 1: f(1) = 8 - 3 = 5 is divisible by 5. 

Assumption: f{k) is divisible by 5. 

Induction: f{k + 1) = 8°! ~ 34°" = 8 x 8-3 x 3# 
fk + 1) - 3f{k) = (8 x 8¢ - 3 x 34) — 3(8* - 34) 

=5x8t 

So if the statement holds for n = k, it holds for 

n=k+1. 

Conclusion: The statement holds for all n € 2°. 

Let fin) = 32°** + 82 - 9 where n € Z. 

Basis: n = 1: (1) = 3* + 8 - 9 = 80 is divisible by 8. 
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Assumption: {{X) is divisible by 8. 
Induction: f{k + 1) = 3% +2 + 8(k + 1) - 9 =9 x 3%? 
+ 8k-1 
flk + 1) - fk) = (9 x 3% +2 + 8k - 1) - (B+? + 8K -9) 
= 8 x 3248 = 834241) 


So if the statement holds for n = k, it holds for n =k + 1. 


Conclusion: By induction, the statement holds for all 
neZ. 
6 Let fl ? where n € Z* 
Basis: n = 1: * + 3°= 65 is divisible by 5. 
Assumption: f(k) is divisible by 5. 
Induction: f{k + 1) = 20+" + 3% +)-? = 64 x 2%4+9 
x Be? 
fk + 1) + fk) = (64 x 2%+ 9 x 3% 4) + (2% + 3%) 
= 65 x 2%+ 10 x 3%? 


yn 4. Ben 


So if the statement holds for n = k, it holds for n = k + 1. 


Conclusion: The statement holds for all n € Z*. 
Exercise 8C 
1 Basis: n= 1: LHS =RHS=(1 7 


asomnion} 3 (5 3) 


Induction: (ea a =( a 


= (1+ 242k 
020 Oni) 


= 7) 4) 
)-(2 m+ 0) 


So if the statement holds for n = 
Conclusion: The statement holds for all n € Z*. 


2 Basis: n= 1: LHS = RHS = ( =) 


sssumtion (f 3) =(4St 3 


amt? 3)"=(2 10 3) 


= (PEs 4k \e -4 
~2k+1 -1 

= (hes Sete 
Bk-2k+1 -4k+2k-1 

sae —4(k +1) ) 

k+l ~2(k+1)+1 


So if the statement holds for n = k, it holds for n = k + 1. 


Conclusion: The statement holds for all n € Z*. 


3 Basis:n= 1; Lus=Rus=(7 9) 


Assumptions (i 4) )- oF 1 ' 


ain P= 1G 8 


_{ 2&+0 a 
“\2e1-241 041 
2g) 

“bens 1) 


*\or-4 


So if the statement holds for n = k, it holds for n =k + 1. 


Conclusion: The statement holds for all n € 2°. 
=8 

3) 

5 *8)'= 4k+1 -8k ) 
2-3, 2k 1-4k 


it holds for n =k + 1. 


a | 2 9) 


Answers 


- at 15 
Induction: ( 3) 6a yt 
= (tet -8k Je =) 
2k 1-4k/l2 -3 
= (20845 — 16k ~B2k=8 + 248) 
10k+2-8k -16k-3+ 12k 
a ern 
2k+1) 1-4k+1) 
So 7 the statement holds for n = &, it holds for 
n=k+l. 
Conclusion: The statement holds for all n € Z*. 
b n=6 ~ 
5 a Basis: n = 1: LHS = RHS = (° ‘i 


re mt jan: M = (2 ae ») 


+ 25 2* 5(2*-1)\(2 5 
as wi 1 =(5 uf Nl il 
= (ce 5 x 2k + 5(2*- a a (f° 5(2k1 — a) 
0 1 0 1 
So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 
2" 5(2*—- 1) 
Mea 


Challenge 3°91 °0 
Basis: n = 1: LHS = RHS = (0 1 0) 
0 -1 4 
3h 
3 
3 1 of [* “a ° 
Assumption:{0 1 0) =/0 1 0 
o -1 4/ |, ieee 4 
Induction: 
3 1 O\"' 73 1 O\'/3 1 OO 
o 1 0} ={0 1 o}fo 1 0 
0 -1 4 o -1 4/\o -1 4 
2 Btn 
» 2 301 «0 
=|0 1 offo 1 0 
1-4 oO -1 4 
1-4 4 
3 
git 384 3 0 gan BHI-1 og 
2 
=| 0 o |=| 0 1 0 
IaH ge ge 1-48 ges 
0 At 4 axat Lo 3 


So if the statement holds for n = k, it holds for n =k + 1. 
Conclusion: The statement holds for all n € Z*. 


Mixed exercise 8 
1 Let fn) = 9" - 1 where n € Z*. 
Basis: f(1) = 9! - 1 = 8 is divisible by 8. 
Assumption: f(k) is divisible by 8. 
Induction: f{k + 1)=9**1-1=9x 9-1 
f{k + 1) - f{k) = (9 x 9 - 1) - (9% - 1) = 8 x 9F 
So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all n € Z*. 


3) ve 6 a) 
s) 
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Answers 


c Basis: n = 1: LHS= RHS = (1 3) 


Assumption: BY = (1 3) 


wion: Bi =ni{?, 9)=(1 O\/1 0 
Induction: B= B'() 9) =( 9.)(5 3) 
=(140 ovo) (1 0 

0+0 043%) ~ lo 3h 


So if the statement holds for n = k, it holds for 

n=k+1. 

Conclusion: The statement holds for all n € Z>. 
Bas LHS =3x1+4=7; 


RHS = $x 13 x 1+ 11)=7 
i 


Assumption: )(3r + 4) = 4k(3k +11) 
= 
int t 


Induction: )(3r + 4) = )(ar + 4) + 3k +1) +4 
a oa 


= K(3k + 11) + 3k + 1) +4 = BK? + 17k + 14) 


= Hk + Bk + 1) +11) 
So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all n € 2". 


shinsenngd? 16 
a n= 1: LHS = RHS (3 3 
Assumption; At = (8k +1 16k 
4k 18k 
Induction: 
mica? 16)_(8k+1 16k \(9 16 
aan =e Sa 3) 


=( Eto ek 128k + 16 - 112k 
36k - 4+ 32k -64k - 7 + 56k 
iaornery 16(k + 1) ) 
-4(k+1)  1-8(k +1), 
So if the statement holds for n = k, it holds for 
n=k+1, 
Conclusion: The statement holds for all n € Z*. 
1-8n -1l6n 
Bi ( 4n- 8n+ ) 
a fn 1) = 5899-14 1 = 25 x 514d 
fn + 1) = flr) = (25 x 52°-' + 1) - (5! + 1) 
= 24 x 52-1 p= 24 
b Let fn) = 52-1! + 1 where n € Z. 
Basis: n = 1: (1) = 5*-' + 1 = 6 is divisible by 6. 
Assumption: {{4) is divisible by 6. 
Induction: f{k + 1) - f(k) = 24 x 5%-! = 6 x 4 x 5%! 
So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 
7"+4"+ 1 where ne Z*. 
:f(1) = 7! + 4'+ 1 = 12 is divisible by 6. 
Assumption: f(&) is divisible by 6. 
Induction: f(k +1) =7**'*4**'41=7x74+4x48e1 
Mk + 1) = fk) =(7 x 78+ 4x 414 1) - (7+ 4+ 1) 
=6x 74+ 3x 4 
where both 6 x 7* and 3 x 4 are divisible by 6, since 4 
is even. 
So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all n € Z. 
Basis: 
n=1:LHS = 1x 5 = 5; RHS =}x 1x 2 x(2 + 13)=5 


: 
Assumption: rir + 4) = 1k(k + 12k + 13) 


ket ‘ 


Induction: rir + 4) = Yorir +4) +k + 1k +5) 
i 


= 
= Tk + 12k + 13) + (k + 1k + 5) 
= MOK + 21k + 49k + 30) = Hk + 1k + 22k + 1) + 13) 
So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 

8 a Basis: n= 1: LHS=1+4=5;RHS=5x1x3x5=5 


Assumption: ) yr? = 1k(2k + 1)(4k + 1) 
ai ok 


Induction: Sor? = Sor + (2k + 198 + (2k + 2)¢ 


Sk(2k + ak +1) + (2k + 1)? + (2k + 2)? 
8k? + 30k? + 37k + 15) 


Hk + D2K+ D+ DEK+ 141) 
So if the statement holds for n =k, it holds for 


The statement holds for all n € 2°. 


g a and the formula for Se, 
rT 


x 2n(2n + Wl4n + 1) = tkn(n+ W2n+ 1 
2n(2n + 1)(4n + 1) = kn(n + 1)(2n+ 1) 
16n* + 12n? + 2n = K(2n* + 3n* +n) 


2n(8n*+6n+1)_ 2(2n+ 1)4n+1)_ 8n+2 
k= = = 


n2n?+3n+1) (2n+iin+1) ont 
= kn +k=8n +2 nlk-8)=2-k>n=2=4 


9 a Basis: n= 1: LHS = RHS = (7 a) 


2-1 
‘Assumption: Mt = o(® c ) 
oo1 


Induction; M‘!= ‘(7 1) 


c 
2t—1 ata 

-o(® : Nes t)<en(2 < \(: Eh 

Qo. 4 $ o 1 /\o1 


0 1 0 1 


So if the statement holds for n = k, it holds for 
n=k+1. 
Conclusion: The statement holds for all n € Z*. 
b Consider n = 1: detM = 50 = 2c = 50 
So c= 5, since cis +ve. 
Challenge 
a Basis: n= 1: LHS = RHS = ( 


ale 
pe 


‘cosé pe 
sind cos@ 


‘on: Me = (COSKO -sinke) 
Assumption: M = (oe ata) 
Me = mr{case sind _ (cosh? sink) ons sin) 
sind cost) ~\sinka coske !\sind cosd 


_ (cosk# cos# - sink# sin? -coskd sind - sink cos@ 

~ \sinké cos@ + coské sind -sink@ siné + coské ool 

_ (cosl(k + 194) -sin((k + 1)4) 

7 es +19) cos((k + i) 

So if the statement holds for n = k, it holds for n =k +1. 
Conclusion: The statement holds for all n € Z*. 
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b The matrix M represents a rotation through angle 0, 
and so M" represents a rotation through angle nd. 


CHAPTER 9 
Prior knowledge 9 
1 a (>) b (3) 
a -7 
2 a 2i3 b 26 
3 a 29 b +i - 35+ 2K) 
4 (1-1) sd 
Exercise 9A 
6 2 2 1 
i! are 3) (3) b v-(5) i) 
-1/  \A 0, 1 
-1\ (3 2) /-3 
cine «) +3) a r= (0) (2) 
2 2 4 1 
a) 
e@ r=(-11]+4 5 
2 -2 
2 ai %+7j-3k ii (3i-4j + 2k) + 421+ 7]-3k) 
bi 2i-3j+4k ii. (21+ j — 3k) + A(2i- 3] + 4k) 
e© i -3i-j-2k ii (§- 2 + 4k) + A-3i-j - 2k) 
3 5 
a i (2) ‘) 
4 -3 
(3-43 
e ii (-2) +4 ‘) 
3 1 
i) 
3B oa +0) 
1 
' 2 -3 10 
4a 1) 2) ii r-(3)-(3) 
9 \ ) 2 
‘) 4 -2 14 
1 (2) iv r-(3)-{7) 
ct) \4 
x+3_y-5_z 
» 0 7 372 
w2t2973_2+7 
4° 7 4 
5a b p=-6},q=-21 


© p=-19,q=-15 


-1 2 =1 
2) direction of (4) - 2) 
4 -8 4 

— {2 2 
) x -( 3) : {3} ao parallel 
4 4) 4 


6 Direction of h: 


7 Direction of : | 


so parallel 


3; 
common 


3 1 2 1) /10) /1 9 

gear ec neae, 

s/ \-2/ \1o, 5/ \o/ \-2/ \2 
so not collinear 
10 a=2.5,b=-2 


1 r= (2i-7j + 16k) + A(2i- 4j +k) 
12 a a=14,b=-2,4=-6 b X19, 9, -10) 


Answers 


13 AB=9 


11 
14 3 
-2 


15 (4,4, 8), (7,5, 2) 


2) 1 0 1 
4(2).0(1) 5 + (2)(2) 
* 10, 3, L 

iv 1 
c ¢{1)0f 2) soe mip 
4, 2 


a A(10, 9, 8) 
b_ Tightrope will bow in the middle with acrobat’s 
weight 


Exercise 9B 

Toa r=i+2j+A2i-j-k) + p3i+j+ 2k) 
b r=3i+ 4j+k + A-4i- 6j-k) + w-i- 3) + 3k) 
© r= 2i-j—k+ Ali + 2j + 3k) + Wl2i+j + 2k) 
d r=-i+j+ 3k + AQ + 2k) + lit 35+k) 


16a 


a7’ 


2 -x+3y+2z=2 
3 a7 b -5 e 25 d 6 
4 ai 2-6+5=1 ii 4+12-15=1 
b 
Soa 


= 
eu 


7 Alllie on plane wi 


(9-4) 


8 A, Band Clie on plane with an equation 


ane 


Challenge 

A: 2i +6j +k lies on plane; 2 = -2, = 1 
AB= 5i-7j+ 6k 

B: Ti-j + 7k lies on plane; a= 1, = 2 
So line lies entirely within plane. 
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Answers 


2B 
7S , 
8 Use (*)(1 = 3 = 102? + 1 cos60° 
0) \a 
9 a i+2j+k b 3i+2j+3k ¢ 31+2j+4k 


10 64.7°, 64.7°, 50.6° 
11 a (ABl = /33, IBC = 173 
b 29.1° 
2% 


3 v53 
12 a cosd=57 7 


13 Let OA =a, OP = p; then OB = b =a and find scalar 
product 


Wa a-(0} a-(3) 


b area =} x9 x 3x 


—4) 6 
b ant 
c (9, -6, -6), (1, 4, 6), (3, 4, 6) 
d= 3101 


= {-3\— 2 
15 a PQ= ( 6 ) = (2): scalar product = 0 
2, 9 


b centre (0.5, 1, 0.5), radius = LES 
Challenge 
1 acb = [al[bj cosé, b.a = |bljalcosd so a.b = ba 
2 a 1 a(b+c)=|allb+e| cos6, but cos9 = —e_ 
Ib +e] 


so a.(b + ¢) = [al x PQ 


ii a.b = [al[b| cosa, but cosa = P® 
80 a.b =|al x PR _ 
ili.a.c = [allel cosa, but cosa = MN_ 22 
$0 ac = fal x RQ lel tel 


b ab +) =|al x PQ =|al x (PR + RQ) = (\al x PR) 
+ (lal x RQ) = a.b + a.¢; so ab +¢)=a.b+ac 


Exercise 9D 

1 a 795° b 407° ¢ 816° d 72.7° e 76.9° 
a n(2i+j+k) b (5i-j-3k)=0 
© nli+ 3) +4k)=-10 d r(4i+j - 5k) 

3 a 2x+y+z=0 b 5x-y-3. 
© x+3y+4z= d 4x+y-5z=9 

4 mx + my + nz =k 

5 

6 

7 8.3° (to 3 s.f.) 

8 a =40.2° (to 3 s.£) 

9 a Qlieson/,wheni=1 b 2% 


¢ (10,7, 2) or (-8, 1, 2) 
my Le 


10 a lies on onl: 


lies on on by ES3 = 4 
b 69.1° 
11 = (50.1° 
12 a Points A, B and C lie on plane with equation 


aieene 


but D does not. 
b 63.0° 


13 Find equation of plane for any two faces in the form 
rn, = p, and 


nym, 
ra, = pe and use cos? =| nme 


112 
14 Let F(0, 0, 20), A(O. 8. 2), B(12, -5, 3), Cl-2, 6, 5) 
angle between FA and FB is 50.9° 
angle between FB and FC is 54.8° 
angle between FC and FA is 7.4° 
No not stable. 


Exercise 9E 
1 a_ The two lines do meet at the point (3, 1, 10) 
b The lines do not meet. 
© The two lines do meet at the point (0, 13, 45) 
2 land /, meet when 4 = 4 and p = -2 
coordinates of point of intersection (-2, -4, 15) 
3 > No solution for 4 and w 
4 a (22440 b (1, 2,0) 


3 


24a 1 
5a (3 +a \ i) = 1 give 9 = 1 i.e. no solutions for 4 
2 + al \-2) 
b_ The line is parallel to the plane 
a p=3 b (2,5, -3) 


a (6,1,-1) b cos@=-~~ 


2 
8 -32=pand-1 + 54= 1 -2y give 4=-2 andy =6, but 
these are not consistent with 2 + 44 =-5 + 2u so the 
lines do not intersect. 


1 3 
Direction of 1, is (2) which is not parallel to ( 5 } 


2 4 
so lines are skew. 


-1\/9 
oa sive(2}(2)=0 
2/\-1 


b p=-2 


Al 
© (4, 14,-4) d (2) 
6 
10 a k=2 b 2x + 3y-z=2 
¢ N(4.1,9) 
b 57.9 
A or 2.81 (3 5.6) 
2 6 


3 a Lines do not meet 

Shortest distance = 2.41 (3 s.) 
b Lines do not meet 

Shortest distance = 4.24 (3 s.) 
¢ Lines do not meet 

Shortest distance = 3.61 (3 s.) 
3.54 (3 s.f) 


b 
b 


Perey 
° 
sine 
a 
- 


5413 
» (333) 
9 a Shortest distance from line AB to birdwatcher is 
0.45 km, which is less than 0.5 km so yes. 
b_ In practice the bird will not fly in a straight line 
from A to B 
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2\ (2 -3\ /2' 

b 2)() a ( 0 }(3)- 0 60 perpendicular 
3/ \2) 3/ \2, 

ce 82.6° 


13V2 
Wa eS 
un 


me) 


Mixed exercise 9 

1a r=(i-j+3k)+1Gj-k) 
1_z-2 

=3 


3 r= (2i + 3j- 4k) + A2j + 3k) 


b i+j+ik 


b a-t,p=$ 


5 7i+ 4j - 5k lies on / when 4 = 2 
9i + 3j — Ok = 3(3i + j - 2k) so parallel 


2) 1 
6 a r=|2 (3) 
—3, 4, 
b (0,8, 5) lies on / when 4 = 2 
‘) =I 2 
7 a r=(-1 4) (3) 
2 3. 3, 
b 21x-3y-11z-23=0 
6 2 4 
# +-(0) 53) «(0 
0, i) 3, 


9 a 3i+4j+5k,i+j+4k 
MEMN 27 _ 9 


b 
9 3 
10 a r=(-2}4y( 4 b p=6,q=11 
1 5 
© 39.8° d 314254 4k 
1 4 
ta r=(2}+y(-2 b 
-3 0 


ce 53.4° qd — 


12 a rj.r) = 0, therefore vectors are perpendicular 
b 5i-k e h:a=-3 d 1.5km 
13. 3V2 or 4.24 
14 No or 1.91 (3 s.f.) 
15 a n(2i-9j + 4k) 
b r(2i-j+k)=2 
© 4(8i-5j+k)=22 
16 -10x-2y + 16z=4 
17 a Gi+ 5j+ 46) 
v50 


-15 


b 3x+5y+4z=30 © 32 
Vector is perpendicular to both j and i- k. 


a 
b Sor0.707 to 3s.) 


19 a -15i-20j + 10k or a multiple of (3i + 4j - 2k) 
b 3x+4y-2z-5=0 


18 


© x+z=1 


20 


21 


22 


23 


24 


25 
26 


Answers 


2\ /1 2\ /1 

a |-2 (j= b [-1 (3)-° 
3/ \3, 1/ \3 

© r=2i-2j+3k+42i-j+k) 

ad (1,43) e 3.67 (3s.f) 

a_ intersect when d = 3, w= -2 

b r=7i+2j-6k e 

a a=11,b=7 b PG,9,4) © 122 


vel) +E 
@ 


meet when 4 = 2, » = 6, (7, 0, 2) 
80.4° 


lies on L, when 2 
2.42 


10° b 


intersect at (180, -5, 7) 


pass through same point but not necessarily at the 
same time 


° 


cee aeooe 


Challenge 


1 


2 


a ~2(-2x + y— 3z) = (-2) x (5) gives 4x - 2y + 6z = 10 
b= matrix A is singular if detA = 0 
A(c + 3b) + 2(-2c + 3a) + 6(-2b - a) = 6a - 6a + 126 
- 126+ 4e-4e=0 
ec i a=2n,b |, ¢= 30 wheren eR, ne3 
ii a=6, -3andc=9 
Centre of circle (9, -8, 1) radius = 51 


Review exercise 2 


1 


NA Heen 


bf 


10 
anf 
12 


a Does not exist: B doesn’t have 3 rows. 
@ 2q 4p 
9 4 3p4+1 
(34 + #) 
3p +25 
d_ Does not exist: C doesn’t have 2 columns. 


2 1 i 
» lige pe ine 


Rk: <2 “) 


0 p+2 0 


abd) AG 
pq \3p 4p, Pg \2p? 13pq, 
(1, 2,0) 
1060 Woolly, 900 Classic and 850 Suri 
a p=-3orp=11 
b_p=-3: planes form a sheaf 

p= 11: planes form a prism 
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Answers 


La oi 
v2 V2 
ies bs ig 
2 2 
ie ky ee 
v2 V2\f v2 v2 
. ( iy eo 
v2 V2 v2 v2 
e.2 gf fi 
u(2°2 2-2) 0) 
aii,ifrlo1 
2 2 2 2 
14a a=3,b=-4,c=2,d=-3 
3 -4)\/3 -4)_ (9-8 -12+12)_/1 0 
Bi 2 mi 3) 6-6 7329) (0 1) 
© p=36,q=25 
-1 2 
a (J 3) 
b A(2, 1), B(O, 5), Cl-2, 4) 
c y 
BA (0, 5) 
C(-2,4) 
A (2,1) 
‘ 
0} x 
_afl _|t =a), .f1 -1 
Aeie dota = 3); if FA ult 5h; 1 


= 3(u ~ 3) —(u+ 3) + 5(1 +1) =2u-1) 
1 [un3 ~u-3 2 
b 5 [-u+5 3u+5 -4 
2 


17a 


18 


19 a Scale factor 3 
45° anti-clockwise about (0, 0) 
p+q -p+ 
( 3V2" 3V2 ) 
20 Basis: When n= 1, LHS = RHS = 4 
Assumption: rir +3) = 2k + 1k + 5) 


ke & 


Induction: r(r +3) = Dorir +3) + (k + Dk + 4) 
a 


= kt + Wk + 5) +(k + Kk +4) 
Bk +5) +(k+4)) 


veocepes 
' 
sins 
e 
g 
rey 


Conclusion: The statement holds for all n > 1. 


{ Online ) Fulgqrq4gHeo[fpns are available in SolutionBank. et 


246 


au 


22 


23 


24 


25 


26 


Basis: When n = 1, LHS = RHS = 1 
‘ 


Assumption: )(2r - 1)? = 142k - 112k + 1) 


= 
bt & 


Induction: )(2r - 1)? = lar - 2 + (2k +2 - 1) 
= = 

= 1A(2k - 12k + 1) + (2k + 1)" 

= (2k + IGK(2k - 1) + 2k +1) 

=4k+ DAk+)- YAk+ +1) 


So if the statement holds for n = k, it holds for n =k + 1. 
Conclusion: The statement holds for all n € Z*, 


Basis: S, dxix(l+ ex (1 +2) 
Assumption: S,_4k(k + 1)%(k + 2) 

Induction: 

Seip = Set dy, = Leth + Wk + 2) + (b+ Dk + 22K + 3) 


+ 1k + 2GK(K + 1) + (2k + 3) 
Uk + 1k + 2k +3) 
So if the statement holds for n = k, it holds for n =k + 1. 


Conclusion: The statement holds for all n 2 1. 
Basis: When n = 1, LHS = RHS = 0 
é 


Assumption: }0r2(r~ 1) = bk(k ~ I(k + 113k + 2) 
= 


Ma ‘ 
Induction: )or(r = 1) = Dorr = 1) + (e+ DH 
ia iat 


= ayktk ~ 1k + 13k + 2) + (k + DE 


= lk + Wk(k + 2)(3(k + 1) + 2) 
So if the statement holds for n = k, it holds for n =k +1. 
Conclusion: The statement holds for all n > 1. 


a fk + 1) ~ Mlk) = 384 4 Bere git ieee 
= 3434 — 1) + 24 °4(24 — 1) = 80 x BM + 15 x 2062 
The first term is divisible by 15 since it is 
clearly divisible by 3, and 5 divides 80. Therefore 
flk + 1) - f{k) is divisible by 15. 
b Basis: When n = 1, fin) = 3° + 2° = 145 =5 x 29 
Assumption: f(k) is divisible by 5. 
Induction; From part a, f(k + 1) - f{k) is divisible by 
yy 5. Since f{k) is divisible by 5, 
le by 5. 
So if the statement holds for n = k, it holds for 


: The statement holds for all n € 2°. 
a 24 x 2M 4 Biot) _ 94 y Din Bin 
b Basis: When n = 1, fin) = 24 x 24 + 34 = 465 =5 x 93 
Assumption: {{k) is divisible by 5. 
Induction; From part a, 
flk + 1) = 1k) = 24 x 2H 44 Biot 24 x 2H BH 
= 24 x 24(24— 1) + 3434-1) 
= 5(72 x 2 + 16 x 3) 
So if f{k) is divisible by 5, f{k + 1) is divisible by 5. 
Conclusion: f\n) is divisible by 5 for all n € Z*. 


Let f(r) m+ 441. 

Basis: f{1) =7 +4 + 1 = 12, which is divisible by 6. 

Assumption: {{k) is divisible by 6. 

Induction: f{k + 1) — f{k) = 7814 48*141-7*- 48-1 
= 747 - 1) + 44-1) =6 x 7+3 x 4* 

The first term is divisible by 6, and since 4*is even, the 

second term is divisible by 6. So if f{k) is divisible by 6, 

then fk + 1) is also divisible by 6. 

Conclusion: fin) is divisible by 6 for all n € Z*. 


cial 


28 


29 


30 


31 


32 
33 


34 


Let f(n) = 4" + 6n-1. 
Basis: When n = 1, f(n) = 4' + 6(1) - 1 = 9, which is 
divisible by 9. 
Assumption: {{k) is divisible by 9. 
Induction: f(k + 1) - f{k) = 4**! + 6(k + 1)- 1-4*-6k +1 
=4(4-1)+ 3448-1) +9 
4*— 1 is divisible by 4-1 = 3. 
First term has two factors of 3 so is divisible by 9 and 
the second term is divisible by 9. So if f(k) is divisible 
by 9, then f(k + 1) is also divisible by 9 
Conclusion: f{n) is divisible by 9 for all n € Z*. 
Let fl) = 3-1 + 24-145 
Basis: f(1) = 3° + 2° +5 =27+8+5=40=10x4 
Assumption: {(k) is divisible by 10. 
Induction: f(k + 1) - fk) = 3% +5 + 243 — 3-1 4 Bit 
= BH-1(34 — 1) + 2H-1(24 — 1) = 80 x 3-14 15 x 2-1 
This is divisible by 10: 15 is divisible by 5 and 2*~! is 
even. 
So if {(k) is divisible by 10, then flk + 1) is divisible by 
10. 
Conclusion: {(n) is divisible by 10 for all positive 


integet 

i = r-(1 e)_(1 (2'-De' 
Basis: When n = 1, A' =(5 5)=(6 2 ) 
Assumption: Af = A Pat) 


Inducti nA = t(D )-(5 seed 2) 


_ (1 e+ 2c(2t-1)) _ (1 (2 1e\ 
*\o Diet =\o gest 
So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all positive 


integers, n. 
Basis: 
etAte(3 1)2(2«141 1 
Whenm=1Ab= (4) acted) 
Assumption: At=(2 +1 k ) 
—4k  -2k+1 
Induction: 
eical#3 1) (2k+1 & Y3 1 
a =a -1 = (Pi oes 4) 
=(ce3 4 2k+1-k 
-12k+8k-4 -4k+2k-1 
= (Rent kel ) 
—4k+ 1) -2(k+1)+1 


So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all positive 
integers, n. 
a He has not shown it true for k = 1 
b Let fn) = 2-1 

Basis: When n = 1, fin) = 2?-1=3 

Assumption: f{k) = 2% — 1 is divisible by 3. 


Induction: fk + 1) = 22° — 1 = 4fk) +3 
So if {k) is divisible by 3, then f{k + 1) is divisible 
by 3. 
Conclusion: {{n) is divisible by 3 for all positive 
integers, n. 
5vi4 i 2 
a=3,b=13,r=(-1]}+2(4] or any equivalent 
3 5 


1 
a *44%21 p (1)oranyequivalent ¢ 0 
22 ai 
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Answers 


a_ As the solution 4 =-2, » =-3 satisfies all three 
equations, the lines do meet. 
b (3, 1,-2) is point of intersection. 
© #3 
aa=18 6=9 
b (6, 10, 16) 
© 142 
a a(4i+j + 2k).(i- 5j + 3k) = al4-5+6)=5a 
b BA =al2i- 10j + 6k) 
‘dite (2450+ 18) 
22+ (10) + © xy 
‘Therefore BA is perpendicular to the plane. 
22.3° (nearest one tenth of a degree) 
k=-10 
=x+2y+z=-10 
ea -, 3) 
3 373 


eo see 


b 1.061 


(3, -2,-1) 
5V2 


J+ 3k + A(3i + 4j- 5k) 
-1 


aore ep 


° 


a 

a Lines do not intersect. 

b Unlikely that the shark will not adjust course to 
intercept flounder. 


Challenge 
0 0 -1 
1 ( 0-1 0 ) 
-1 0 0 
2 (4,-1.4), radius = 
3 Basis: When n= 1,r=2 = 2(1) <2 =412+1+2) 
Assumption: 2k <r< jk? +k +2) 
Induction: 
Lower bound all lines pass through a single point, 
r= 2k 
One more line added = two more regions. 
Teo = 2k + 2 = 2k + 1) 
Upper bound - lines do not pass through the 
intersection of any other pairs of lines, r, = {k* + k + 2). 
One more line added + k + 1 more regions. 
Tey = Uke +k + +k 1 = Uke + 3k +4) 
= Hk + 1)? +(k +1) +1) 
So if the statement holds for n = k, it holds for n = k + 1. 
Conclusion: The statement holds for all positive 
integers, n. 
Exam-style practice 
3 + 52) 
1 General point A on J, is ( “4 } 
5+4 
10 + 6 
General point B on J, is | -1 - 2]. 
15 + 4y 
13 - 5A + 6 
AB=| -1+4-2y 
10-44 4y 
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Shortest distance between /, and J, is when AB is 
perpendicular to /, and /,, so the scalar product with 
their direction vectors is 0, which gives equations: 
76 — 274 + 36, Dead 30: ened 0 


Solve to get 4=-S and y= 


— ,f1\ (0 
Then AB = }3 ) = (0) so the lines do not meet. 
2) \o, 


a detM=k+14 
b Equations do not form consistent system. Planes 
form a prism. 
-17w - 20 =0.p=1,q=0,r=-17,s=-20 
a Basis: When n = 1, LHS = RHS = 1. 
S 


Assumption: > or? = 44(k + 1)* 


Kel 


: 
Dor = or + ee = ek +? + (+ DP 
ae: 


= (k + DEGREE +k + 1) = Hk + DAK + 2)? 
So if the result holds for n = k, it holds for n =k + 1. 
Conclusion: The statement holds for all positive 


integers n. 
re D3 


b Lens = 


“2x dna n+ 2)+2% Iain +1) 
= nin + 1)(n +2) 


© nn + 1 =2nln + Din + 2) 
= Bnt + dn? - Bn? - 4n=0 
= nln — ln + DiBn + 4) = 
Son=0,1,-1 or -4 
The only positive integer that the result holds for is 
n=l. 

a 34+ 2iand 3 -2iare roots, so 
(2 - (3 + 2i))(z - (3 - 2i)) is a factor of lz). 

(= (3 + 2) - (3 - 21) 
=2'- (3+ 2143 -2iz + (3 + 213 - 21) 
= 2'-62 + (3° + 6i - i - (2i)") = 2* -62 + 3° - (-4) 
=2'- 62 +13 

So z? ~ 6z + 13 is a factor of fiz). 

b -206 

2=3-2i,3+2i,4-iord+i 

my 

Lf {5} | | = 


4 


° 


zy 


2 oO 


1 


1. 
v6 
a = b (-2,-1, 2); 0.92 radians 
v 
2 
a £2680.83 


b_ e.g. Doesn't account for a hole through the middle 
of the bead. 


as b_ Rotation 135° anticlockwise 
-a + b) 
5v2 
© |-a-b 
5y2 
Ima 


3 i 
argiz-2+ i) <= fargi-2+ i) > 5 


je-2i] <3 


10 a Yes: closest point is 5.6...m from the origin. 


b e.g. The car would be unlikely to drive in a perfectly 
straight line. 
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addition 
complex numbers 2, 18 
matrices 95-6 
series 45-9 

alternating signs, rule of 112 

angles 
between lines 184-5 
between planes 187 
between two vectors 178-82 
complex numbers 21 
rotations through 133-4, 

145-6 

area scale factor 137 

arg = 20 

Argand diagrams 17-42 
addition and subtraction 

18-19 

axes 18 
loci 28-33 
modulus and argument 20-7 
regions 36-7 
vectors 18-19 

argument 20-7 

arrays see matrices 

associative property 101 

assumption step 156 


basis step 156 


Cartesian coordinates 18 
Cartesian equations 
line 170-1 
plane 176-7 
circles 28-31 
coellicients, relationship between 
55-60 
cofactors 112-14 
collinear points 173 
columns, matrices 95, 99 
completing the square 4 
complex numbers 1-16 
addition 2, 18 
Argand diagrams. 17-42 
argument 20-7 
complex conjugates 6-7, 8-9, 


18 
division 7, 25-7 
format 2 
modulus 20-7 


modulus-argument form 23-7 
multiplication 5, 25-6 
polynomial equations 10-12, 
54-70 
simplification 5 
square roots 6 
subtraction 2, 18-19 
conclusion step 156 
cones, volume 78-9 
conjugate pairs 6-7, 8-9, 18 
cubes, sums of 47, 49, 63 
cubic equations 10-11, 57-8, 
62-3, 65 
curves 
rotation around x-axis 72-3 
rotation around y-axis 76 
cylinders, volume 78-9 


definite integration 72 
determinants 104-6 
notation 104 
direction vectors 168 
discriminant 2 
divisibility 160-1 


division, complex numbers 7, 
25,27 
dot product 179 


elements, matrices 95 
enlargement 136-7 
equations 
Cartesian form see Cartesian 
equations 
complex roots 3-4, 8-11 
polynomial 10-12, 54-70 
‘quadratic see quadratic 
equations 
simultaneous linear see 
simultaneous equations 
vector form 168-72, 175-7 


formulae, sums of series 44-9 
half-lines 32-3 


i (imaginary number) 2, 5 
see also complex numbers 
identity matrix (I) 95 
images 127-9 
imaginary axis 18 
imaginary numbers 2 
imaginary part 2 
induction see mathematical 
induction 
inductive step 156 
integration, definite 72 
intersection 37, 189-90 
invariant lines 131-32, 137 
invariant points 131, 133, 137 
inverse matrices 108-10, 112-15 
linear transformations 148 
simultaneous equations and 
116-18 


linear transformations 126-4 
area scale factor 137 
enlargement 136-7 
matrix representation 127-8 
and origin 127 
properties 127, 130 
reflection 131-2, 137, 144-5 
reversing 148 
of roots 65-6 
rotation 131, 133-4, 137, 

145-6 
successive 140-1 
in three dimensions 144-6 
in two dimensions 127-41 
lines, vector equations 168-72 
locus of points 28-33 


mathematical induction 155-66 
divisibility 160-1 
matrix multiplication 162-4 
steps 156 
sums of series 156-8 
matrices 94-125 
addition 95-6 
additively conformable 95 
area scale factor 137 
determinants 104-6 
enlargement 136-7 
identity (I) 95 
inverse 108-10, 112-15 
linear transformations 
using 126-54 
multiplication 99-101, 140-1, 
162-4 


multiplicatively 
conformable 99 
gular 104, 108-9 


powers of 162-4 
product 99-101, 140-1 
reflection 131-2, 137, 144-5 
rotation 131, 133-4, 137, 
145-6 
scalar multiplication 96-7 
self-inverse 115 
simultaneous equations and 
116-20 
singular 104-6, 118-19 
size 95,99 
square 95, 104 
subtraction 95-6 
transpose 112 
zero (0) 95 
minors 104-6, 112-14 
modelling, with volumes of 
revolution 83-4 
modulus 20-1, 25-6 
modulus-argument form 23-7 
multiples of series 45 
multiplication 
associative property 101 
complex numbers 5, 25-6 
matrices 96-7, 99-101, 140-1, 
162-4 


natural numbers, sums 44, 47, 
156-8 
non-singular matrices 104, 108-9 
normal vectors 176 
notation 
complex numbers 2, 20 
determinants 104 
matrices 95 
sigma ({) 44-5 
origin 
Argand diagrams 20-1 
linear transformations 
and 127 


perpendicular bisectors 29, 
31-2 
perpendicular distance 193-200 
perpendiculars 193-200 
planes 118-20, 175-7 
reflections in 144-5 
vector equations 175-7 
polynomial equations 10-12, 
54-70 
position vectors 168 
powers 
ofi 5 
of matrices 162-4 
products of 62 
principal argument 20 
principal square root 6 
products 
of powers 62 
see also multiplication 
proof by induction 
see mathematical induction 


quadrants 21 
quadratic equations 
complex roots 3, 8-9, 10-12, 
34-70 
conjugate pairs 8-9, 11 
discriminant 2 
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Index 


quartic equations 11-12, 59-60, 
62-3, 65 


real axis 18 
real part 2 
reciprocals 62 
reflection 131-2, 137, 144-5 
roots of polynomials 3-4, 10-12, 
54-70 

linear transformations 65-6 
rotation 131, 133-4, 137, 145-6 
rows, matrices 95, 99 
rule of alternating signs 112 


scalar product 178-82, 185-6 
scalars 96, 168 
scale factors 137 
self-inverse matrices 115 
series 43-53 
addition 45 
cubes 47, 49 
multiples 45 
polynomial 47-9 
sigma notation 44-5 
squares 47, 155 
summation formulae 44-9, 
156-8 
sigma ({) notation 44-5 
simplification, complex 
numbers 5 
simultaneous equations, solving 
using matrices 116-18 
singular matrices 104-6, 118-19 
size, matrix 95, 99 
skew lines 190 
square matrices 95, 104 
square roots, complex numbers 6 
squares, sums of 47, 62, 157 
stretches 136-8 
subtraction 
complex numbers 2 
matrices 95-6 
sums of series 44-53 
first natural numbers 44 
proof by induction 156-8 
sigma notation 44-5 


3, 18-19 


transformations see linear 
transformations 
transpose, of matrix 112 


unit vectors 131, 144 


vectors 95, 167-208 
Argand diagrams 18-19 
direction 168 
normal 176 
parallel 179 
perpendicular 179 
position 168 
unit 131, 144 

volumes of revolution 71-88 
adding 78-80 
around x-axis 72-3 
around y-axis 76 
modelling with 83-4 
subtracting 78-80 


67 
{| 20 
zero matrix (0) 95 
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